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HS of CL

System of conservation laws

o U+0,F=0
- Vector of conservative variables U = (p, pu, E)
- Flux function TF = (ou, pu* + P,(E + P)u)
Integral form
t
# X2 15}
I oy f f dxdt(o,U + 0,F) =0
| | X 1
i | X2 5]
[ exm - ven+ [ @@ - o =0
X1 n
X X, U)-UH)+F(x2) - F(x1) =0
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Finite difference scheme

® ® ® ® ° t"+1 =1"+ At
® ® ° ® ® t"
Xi-1 X; Xi+1 = X; + Ax
u | —u" urtl — oy
n i+1 i—1 [ [
u! = u(x;, t" O =~ oy ~ ———
i ( l ) N 2Ax ! At

Finite difference approximation of the advection equation

n+l _ .,n u" n

. . . u'
O+ adyu =0 —> ’A—t‘+a l+12A =l-0
X
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The Modified Equation

ytl —yn u . —u

i i + i+1 i—1 =O
A ToAx

Taylor expansion in time up to second order
s +At|— |+ (Ae)” (%
u;” =u;
: at 2 \or

Taylor expansion in space up to second order

0 (Ax)* (8*u
ui+1—ui+Ax(ax)+ > (6x2

o on u\ (Ax)?* [6°u
i1 T Ax(ax) ) (axz)

The advection equation becomes the advection-diffusion equation

Ou ou At 0*u
(5)”(_ =-3 (6t )+0(At2 Ax?)

/
Oou \ | LA 82

Negative diffusion coefficient: the scheme is unconditionally unstable
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The Upwind scheme

° ° ° ® ° tn+1 ="+ At
® o/l ® ® "
Xi-1 Xi Xi+1 = X + Ax

a>0: use only upwind values, discard downwind variables

u! —ul | w™l—yr ut—y"

O U ~ ——t I — ’—‘“120
> e - At YT Ax

Taylor expansion up to second order:

(6_u) (au) A’(az)mﬁ(i)mw,mz)

ot O0x or? O0x?
Upwind scheme is stable if C<1, with C = a%
X
2y
(a—”) (a“) - a—(l - C)("j )+ O(A2, Ax?)
ot 0x
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Von Neumann analysis

Fourier transform the current solution: u; = Z A exp(—ikx;)

k
Evaluate the amplification factor of the 2 schemes.
r.z+1 . ..n C C n

Fromm scheme: u, =u; — 5"‘211 + 5“;‘-1
C C
AT = Al (1 — 5 exp(—ikAx) + — exp(ikAx))
AZ+1|2
|AZI?
w>1: the scheme is unconditionally unstable

2 = | = 1 + C? sin(kAx)?

w

Upwind scheme: u™ = w1 -C) + Cul

AP = A7 (1 - C + C exp(ikAx))
- |Az+1|2
w = P
A

w<1 if C<1: the scheme is stable under the Courant condition.

=1-2C(1 - C)(1 - cos(kAx))
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The advection-diffusion equation
Finite difference approximation of the advection equation:
ou ra ou\ 0%u
ot ax) = "\ a2

Central differencing unstable: 7 <0

Ax
Upwind differencing is stable: >0 7 = aT(l - )

2.0[ - T T
1.8} E
Smearing of initial : Thickness increases
discontinuity: 16} !
y . , as \nt
“numerical diffusion” 7 | ;
1.4} '
| m
1.2f :
tol e v oL

0.70 072 0.74 0.76 0.78 0.80
X
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The Godunov method

Sergei Konstantinovich Godunov

. == LA
Sergei Konstantinovich Godunov
Born 17th July, 1929
Moscow
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Finite volume scheme

Xi-1/2  Xit1/2 = Xi—1/2 + Ax

Finite volume approximation of the advection equation:
1 Xi+1/2

ul = " . u(x, t")dx

Use integral form of the conservation law:

tn+1

dxdt (0;u + adu) =0

Xi+1/2

Xi-1/2 "

Exact evolution of volume averaged quantities:
n n+1/2 n+1/2

n+1
u;,"" —u Uis1/2 ~ Y12
I

At Ax

=0

+1
. . 1 (™
Time averaged flux function: u?jll//zz = A f U(Xi+1/2, £)dt
tn
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Godunov scheme for the advection equation

tn+l
The time averaged flux function: “7:1 //2 = A7 ) u(xis1/2, )dt

is computed using the solution of the Riemann problem defined

at cell interfaces with piecewise constant initial data.

U

—_

Uis1q

Xi-1/2 Xi+1/2

u(xis1y2,) =u; if a>0
For all t>0: i
u(Xiz12,8) = ur,, if a<0

The Godunov scheme for the advection equation is identical to
the upwind finite difference scheme.
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Godunov scheme for hyperbolic systems

The system of conservation laws

Piecewise constant

oU+0,F=0 Ui, initial data
is discretized using the following
integral form: Ul
n+1/2 n+1/2 n
U?H - Uj 4 12 Cti-1/2 0 Uiy
At Ax

The time average flux function is
CompUted USIﬂg the Self-SImIIar = Godunov, S. K. (1959), A Difference Scheme for Numerical Solution of

solution of the inter-cell Riemann biscontinuos Solution of Hydrodynamic Equations, Math. Sbornik, 47, 271-3086,
problem . translated US Joint Publ. Res. Service, JPRS 7226, 1969.

X Xin

n+1
U(x)

Uiip(x/t) = RP [U?’ ?+1]

F// 12 = F(U;,, ,(0)

This defines the Godunov flux:

n+1/2 _
Fi+1/2 =F (U?’U?+l

Advection: 1 wave, Euler: 3 waves, MHD: 7 waves
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Higher Order Godunov schemes

Godunov method is stable but very diffusive. It was
abandoned for two decades, until...

VY.
P

: , L
,-‘_'

Bram Van Leer

= van Leer, B. (1979), Towards the Ultimate Conservative Difference Scheme,
V. A Second Order Sequel to Godunov's Method, J. Com. Phys.., 32, 101-136.
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Second Order Godunov scheme

U;

Piecewise linear Uit q
approximation of the solution:

Xi-1/2 Xi+1/2

The linear profile introduces a length scale: the n+1/2 i
Riemann solution is not self-similar anymore: Fi+1/2 # F(Ui+l/2(0))

The flux function is approximated using a predictor-corrector scheme:

1 At
2 ’
F?:ll//z = A7 ., F(xi112,1) dt mmmm) F?:11//22 = F(Ui+1/2(7))

The corrected Riemann solver has now predicted states as initial data:

* _ n+1/2 n+1/2
Uis12(x/1) = RP [Ui+1/2,L’ Uir ]
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Predictor Step for the advection equation

The predicted states are computed u
using a Taylor expansion in space

and time: \
n+1/2 At (@) Ax (3u) \ Ui

U ! + — =
0x N

_py A
. 2

i+1/2,L — i 2
At [ Ou Ax [ Ou
n+1/2 n
o =U. .+ —\|\— _—
Uii1/2.R = Yis1 2 (6t )H1 2 ((’)x)i+1 ’sl\x

Xi-1/2 Xi+1/2

Second order predicted states are the new initial conditions for
the Riemann solver:

Ax (Ou Ax [ Ou
n+l/2 _ _n n+l/2 _ _n
ui++l/2,L =u; +(1- C)T (a)l ui:l/Z,R =up —(1+ C)T (5),-“

The corrected flux function is the upwind predicted state:

n+1/2 _ n+1/2 . n+1/2 _ n+1/2 ;
fiv1p =auiyn, 1 a>0 Ji1pp =au e i a<0
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Modified equation for the second order scheme

Wt —u! Wl —ul Ou Ou
At A (I_C)[(ax) (a_x),._ll_o

Taylor expansion in space and time up to third order:

n+1 (At)z 0u (At)3 & u
“ = +At(6t)+ 2 (61‘2 "7 \ar
a2 (Pu)  (A° (9%
=1 ax 2 \ox? 6 \dx3

ou\ _ [(ou) Ax 0*u | (Ax)? (PPu
ox). , ~\ox ; 0x? 2 \ox3

We obtain a dispersive term as leading-order error.

Von Neumann analysis says the scheme is stable for C<1.

(au) +a(8u) - aA—x(l —C)(l —C)(63 )+O(At AX’)
ot Ox
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Monotonicity preserving schemes

We use the central finite difference approximation for the slope:

ou Au; Uil — Ui .
(6_ — =4 _ G+l ™ el Second order linear scheme.
x/.
l

Ax 2
In this case, the solution is oscillatory, and therefore non physical.

2.0F

o]

first i ” ] second 2.0F - :
order Lol a ] order Laf : .
Lo ] 18F : ]
s ? = 1 ]
1.af ' ] L4 | 7
_ : ] 3 : E
12| : ] ol B ]
[ \a ] o L
1.0 \ \ ! ] 1op , , = ,
0.70 0.72 0.74 0.76 0.78 0.80 0.70 0.72 0.74 0.76 0.78 0.80

X X

Oscillations are due to the non monotonicity of the numerical scheme.
A scheme is monotonicity preserving if:
- No new local extrema are created in the solution

- Local minimum (maximum) non decreasing (increasing) function of time.
Godunov theorem: only first order linear schemes are monotonicity preserving !
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Slope limiters

Harten introduced the Total Variation of the numerical solution:
n
TV" = Z i1 — ul
i

Harten’s theorem: a Total Variation Diminishing (TVD) scheme is
monotonicity preserving. Ty < TYn

Design non-linear TVD second order scheme using slope limiters:

%) = 2 LGy, )(”"*‘_“"“)
6xl- Ax - i—1s %iy Bj+1 2

where the slope limiter is a non-linear function satisfying:

0 < lim(u;—1, ui, uiz1) <1

- Harten, Ami (1983), "High resolution schemes for hyperbolic conservation laws", J. Comput.
Phys 49: 357-393, doi:10.1006/jcph.1997.5713#
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No local extrema

Ou) A e, ) (B
Ox ,-— Ax = i—1s Wiy 4i+] N

We define 3 local slopes: left, right and central slopes

Uil — Uj-1
AuL =U;j — Ui AuR = Uj+1 — U and Auc o )
New maximum !
Ui_q
Uit

Xi-1/2 Xi+1/2
For all slope limiters: Auy; =0 if Au;Augp <0
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The minmod slope

Uisq

Xi-1/2 Xi+1/2
Linear reconstruction is monotone at time t"
n __ ..n Aul un — un _ Aul
Uiipr = U + BN i-1/2.R i T

Minmod slope limiting is never truly second order !

n n o
U120 S Uis1/2R Au; = min(Auy, Aug)
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The moncen slope

Uit q
U
U1
» X
Xi-1/2 Xi+1/2
Extreme values must be bounded by the initial average states.

u’ =u! - Au; u’ =u’ + Au;

i-1/2,R — “i 2 i+1/2,L — %i 5

n r r n n n
Ui | SU_1pr S UY; Uy S Uiy < Uiy

Au,- = mm(2AuL, Auc, 2AuR)
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The superbee slope

Predicted states must be bounded by the initial average states.

WU =yt (1-0) =

n+l/2 _ n
Ui pg = Uiz — (1 +0)

TVD constraint is preserved by the Riemann solver.

n+l/2 n

u' <u <u

i — Ti+1/2,L — i+l
n n+1/2 n
Uiy SUi_1pr S U

The Courant factor now enters the slope definition.

2 2
A
1+C P1-C

Au; = min( Aug)
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The ultrabee slope

Use the final state to compute the slope limiter.

l

C
Ut = (1 =€)+ u € — —(1 = C) (A — Auig) = 0

Upwind Total Variation constraint.

n n+1 n
U, 1 <u;  <u

Strict Total Variation preserving limiter.

2 2
if C>0 i = in(— ,
Au mln(CAuL 1—CAuR)
if C<0 Au; = min( 2 A 2A )
i = UL, —
1+C R
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Summary: slope limiters

2.0 F T : T T
. - o H
first order . : ]
181 o ]
1
r 1
r 1
Ler ; ]
=] r ?
1.4 X ]
C ' ]
i B ]
1.2¢ ' ]
[ 1o ]
1.0l . . L)
0.70 0.72 0.74 0.76 0.78 0.80
X
2.0F N T T ] 2.0 ! j "
F T ]
. - | 4 L ) i
minmod - o ] moncen [ i ]
Lar i ] 1.8f H -
1 r i 1
r 1 1 -
L 1 - 1 1
Ler a ] L6 3 ]
7 : ] = : 1
1.4f | . 1.4F ! ]
C ' i [ ! ]
! L 1 4
L 1 L 1 4
1.2F i - [ | ]
r . ] L.2f b .
- 1 o 1
ol - N 1.0l . ~ i
0.70 0.72 0.74 0.76 0.78 0.80 0.70 0.72 0.74 0.76 0.78 0.80
X X
2.0F : T T 2.0F T T T ]
- uI -4 - 1 -
superbee i - ] ultrabee [ | ]
1.8 . - 1.8F , =
[ ' ] i : ]
[ H L q
1.6 r : ] 1.6 r : ]
= ; ] =t ; ]
1.4 ' - 1.4F ' -
L 1 B + 1 -
- 1 N 1
- 1 L 1
1.2¢ , . 1.2+ i .
r ' ] [ ' ]
r [ =] r 1
1.0l . \ ) Lol . . .
0.70 0.72 0.74 0.76 0.78 0.80 0.70 0.72 0.74 0.76 0.78 0.80
X X
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Summary: slope limiters

The previous analysis is valid only for the advection equation.

Non-linear systems: the wave speeds depend on the initial states (L and R).

U1

Xi+1/2

MinMod is the only monotone slope limiter before the Riemann solver !
Superbee and Ultrabee must not be used for non-linear systems !

MonCen can be used, but with care: the characteristics tracing method.
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Non-linear systems: characteristics tracing.

Uis1 Non-linear Riemann problems: waves speeds
depend on the input states.
Y TVD schemes are not necessary monotone.
Modify the predictor step according to the local
Riemann solution: Piecewise Linear Method
(PLM) and Piecewise Parabolic Method (PPM).
(Aay);
If (Cr); >0 (ak{z+l/2 = a/k’.1+ 1 - Ck'
Xi_1/2 Xi+1/2 N ( k)t )l+1/2,L ( ), ( ( )l) 2
As o8 (e, = (@)
C_=- a)A—
. n+l/2 . (Aay);
Co = uﬂ If (Coi+v1 <0 (@)1 p = (@i — (1 + (Ck)i+l)T
Ax
I 172 _
At oS (@, nr = (@i
Ci=Ww+a)—
Ax

- Colella, P. and Woodward, P., "The Piecewise parabolic Method (PPM) for Gasdynamical
Simulations", J. Comput. Phys., 54, 174-201 (1984).
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