Dr. M. Grazzini FS 2014

Advanced Field Theory: Exercise Sheet 5

Due: Thursday, 27.3.2014

Exercise 7 We want to compute the width of the 7+ — £Tv, decay. The relevant Lagrangian is given
by

Ling = 45; (€Ly*vr) (aryudr) + hec., (1)

where vy, = Pryp, = 1/2 (1 - 75) V.

a) Give a qualitative argument — based on angular momentum conservation and the V — A structure
of weak interactions — why the semi-leptonic pion decay is forbidden for vanishing lepton masses
my = 0.

b) Defining
T = QyiQ, T = Qi e, 2)

where Q = (Z) is the quark doublet and 7* = 0% /2 are the generators of SU(2), show that

apytdyp = < (JM 4 g8 — JESt — i Jre?) (3)

N =

c¢) The matrix element of J#5* between the vacuum and an on-shell pion can be written as
(O () = —ip* frie 0" (4)
where f is a constant with the dimension of a mass.

d) Using this identification together with the result of part b, show that the amplitude for the
decay 7t — £Tv (|nt) = %(|7T1> +1i|m?))) is given by

iM = Gpfra(@p(l — *)o(k) (5)
where p, k and ¢ are the momenta of the 7, /T and v respectively.

Hint: Write down Ly in terms of J** and J*5% and compute (out|Line|in).

e) Show that the sum over final-state spins gives

3" IMI? = 4G f2mim? ( - m?) (6)
- FJallonttty m2 )’

spins

f) The decay width of a particle of mass m through the channel corresponding to M is given by

_ 1 2
= %/dCI)HQM/l\ , M)

where the phase-space measure is

d4p1 d4P2

W12 = o1 (g

(2m)5(p} —m3)(2m)é(p5 — m3)(2m)*8 ) (p — p1 — p2). (8)
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Figure 1: Feynman diagram for the semi-leptonic pion decay.

Show that
+ + L oo 2 m;
F(’/T —/ I/Z) = EGFfﬂmﬂ—m - ﬁ . (9)

In particular, the decay width vanishes for a vanishing lepton mass and we have the f,-independent
prediction

T(r+ — etv) (me )2 (1= mz/m2)” 104, (10)

T(rt — uty) 2
L(rt — ptv) M/ (1—m?2/m2)

g) From the measured pion lifetime, the Fermi constant G, and the pion and muon masses deter-
mine the value of f.

Hint: You might want to take a look at hitp://pdg.lbl.gov/.



