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Exercise 15 We will derive the Adler-Bell-Jackiw anomaly from the non-invariance of the functional
measure DψDψ̄ in the fermionic functional integral

Z =
∫
DψDψ̄ exp

[
i

∫
d4x ψ̄

(
i /D
)
ψ

]
(1)

under axial transformations,

ψ(x)→ ψ′(x) =
(
1 + iα(x)γ5

)
ψ(x) (2)

ψ̄(x)→ ψ̄′(x) = ψ̄(x)
(
1 + iα(x)γ5

)
. (3)

The Lagrangian is manifestly invariant under this transformation. To analyze the functional measure,
we expand the fermionic fields in terms of right and left eigenstates φm and φ̂m of /D:(

i /D
)
φm = λmφm, φ̂m

(
i /D
)
≡ −iDµφ̂mγ

µ = λmφ̂m. (4)

Then for ψ and ψ̄

ψ(x) =
∑
m

amφm(x), ψ̄(x) =
∑
m

âmψ̂m(x), (5)

where am and âm are anticommuting coefficients. The functional measure can be defined as

DψDψ̄ =
∏
m

damdâm. (6)

a) Show that

a′m =
∑
n

∫
d4xφ†m(x)

(
1 + iα(x)γ5

)
φn(x)an ≡

∑
n

(δmn + Cmn) an, (7)

where a′m are the expansion coefficients of ψ′.

The functional measure transforms as (remember the rules for a change of integration variables when
integrating over fermionic fields)

Dψ′Dψ̄′ = J−2DψDψ̄, (8)

where J is the Jacobian of (1 + C),

J = det(1 + C). (9)

b) Show that in leading order in α, J can be expressed as

logJ = lim
M→∞

i

∫
d4xα(x)

∑
n

φ†n(x)γ5φn(x)eλ
2
n/M

2
(10)

= lim
M→∞

i

∫
d4xα(x)〈x|tr

[
γ5e(i /D)2/M2

]
|x〉. (11)



c) Show that

lim
M→∞

〈x|tr
[
γ5e(i /D)2/M2

]
|x〉 = lim

M→∞
tr
[
γ5 1

2

( e

2M2
σµνFµν

)2
]
〈x|e−∂

2/M2
|x〉, (12)

where σµν = i
2 [γµ, γν ].

Hint: Use (i /D)2 = −D2 + e
2σ

µνFµν .

d) Show that

〈x|e−∂
2/M2

|x〉 = i
M4

16π2
(13)

and thus

J = exp
[
−i
∫
d4xα(x)

(
e2

32π2
εµνλσFµν(x)Fλσ(x)

)]
, (14)

i.e. for the functional integral

Z =
∫
DψDψ̄ exp

[
i

∫
d4x ψ̄

(
i /D
)
ψ + α(x)

{
∂µj

5µ +
e2

16π2
εµνλσFµν(x)Fλσ(x)

}]
. (15)

Varying the exponent with respect to α will give the known result for the Adler-Bell-Jackiw anomaly.


