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Advanced Field Theory: Exercise Sheet 11
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Exercise 15 We will derive the Adler-Bell-Jackiw anomaly from the non-invariance of the functional
measure DyYD in the fermionic functional integral

7 = /Dwz)z/?exp [z’/d‘lm/) (i) w} (1)
under axial transformations,

Y(2) = ¢ (2) = (1 +ia(2)7°) ¥(x) (2)
Y(x) = P () = () (1 +ia(x)y). 3)

The Lagrangian is manifestly invariant under this transformation. To analyze the functional measure,
we expand the fermionic fields in terms of right and left eigenstates ¢, and ¢,, of Ip:

(D) bm = Anbm,  Om (i) = =iDudmy" = A (4)
Then for ¢ and v

¢($) = Zamﬁbm(x)v 1;(],‘) = Z&ml&m(x)a (5)
where a,, and a,, are anticommuting coefficients. The functional measure can be defined as
DYDY = | [ damdan. (6)
a) Show that

a’m = Z / d*z Qﬁin(x) (1 + ia(x)'y5) ¢7L($)an = Z (5mn + Omn) Qn, (7)

where a/, are the expansion coefficients of v’.

The functional measure transforms as (remember the rules for a change of integration variables when
integrating over fermionic fields)

DYDY’ = T *DyDy, (8)
where J is the Jacobian of (1 + C),
J =det(1+C). (9)

b) Show that in leading order in «, J can be expressed as

log J = ]\}i_r,nooi/d4xa(x)Z¢L($)75¢n(x)€>\i/M2 (10)

M—o0

= lim i/d4xa(x)(x|tr [v5e(iw)2/M2] |z). (11)



¢) Show that
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where o’ = % [, ]
Hint: Use (ip)* = —D* 4 S0 F),,,.
d) Show that
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and thus
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i.e. for the functional integral
2
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™

Varying the exponent with respect to a will give the known result for the Adler-Bell-Jackiw anomaly.



