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Exercise 1 We consider source-free electrodynamics, i.e. the theory described by the Lagrangian
density

L = −1
4
FµνF

µν , (1)

where

Fµν = ∂µAν − ∂νAµ (2)

is the electromagnetic field strength.

a) For a general coordinate and field transformation such that

Aµ → Aµ + αδAµ (3)
L → L+ α∂µJ µ, (4)

where α is an infinitesimal parameter, the conserved Noether current reads

jµ =
∂L

∂ (∂µAν)
δAν − J µ. (5)

Show that for translations, that is for transformations of the form

Aµ → Aµ + αν∂νA
µ (6)

L → L+ αν∂νL = L+ αν∂µ (δµνL) , (7)

one obtains four conserved currents (jν)µ ≡ Tµνcan given by

Tµνcan =
∂L

∂(∂µAλ)
∂νAλ − ηµνL. (8)

The tensor Tµνcan is called the energy-momentum tensor.

b) Show explicitly that Tµνcan is neither symmetric nor gauge invariant.

c) The general form of the Belinfante tensor Tµν reads

Tµν = Tµνcan +
1
2
∂κ

[
∂L

∂ (∂κΨl)
(Iµν)lm Ψm − ∂L

∂ (∂µΨl)
(Iκν)lm Ψm − ∂L

∂ (∂νΨl)
(Iκµ)lm Ψm

]
, (9)

where the matrices Iµν encode the transformation of the fields ψl under infinitesimal Lorentz trans-
formations:

xµ → xµ + ωµνx
ν (10)

Ψl → Ψl +
1
2
ωµν (Iµν)lm Ψm. (11)

For spin-1 (vector) fields Aµ, the matrices Iµν have the form

(Iµν)κσ = δ κµ ηνσ − δ κν ηµσ. (12)

Show that Tµν can be written in a manifestly symmetric and gauge invariant way as

Tµν = ηκσF
κµF νσ − ηµνL. (13)

As it is also conserved, it can be used instead of Tµνcan as ‘the’ energy-momentum tensor.



d) Use Ei = −F 0i and εijkBk = F ji to express Tµν in terms of the electric and magnetic fields
and show that it takes its classically expected form

E ≡ T 00, Sk ≡ T 0k, where (14)

E =
1
2

(
~E2 + ~B2

)
, ~S = ~E × ~B. (15)


