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Exercise 1 We consider source-free electrodynamics, i.e. the theory described by the Lagrangian
density

L= —EFH,,F“”, (1)
where
Fu=0,A, — 0,A, (2)
is the electromagnetic field strength.

a) For a general coordinate and field transformation such that

At — AP 4+ ad A* (3)
£—>£+aa,u,ju7 (4)
where « is an infinitesimal parameter, the conserved Noether current reads
oL
= ——"F5A" — J". 5
I 98,47 J (5)

Show that for translations, that is for transformations of the form

A — AP 4+ 0”0, A" (6)
L—L+a"0,L=L+a"d, (0" L), (7)

one obtains four conserved currents (j*)" = T#" given by
TH = Lawﬁ — L. (8)

The tensor Tk, is called the energy-momentum tensor.

b) Show explicitly that T# is neither symmetric nor gauge invariant.

c¢) The general form of the Belinfante tensor THY reads

T =TH + %m a(g,ipl) ()t mgjm (1), o — a(gf@) (et e (9)
where the matrices I*” encode the transformation of the fields ' under infinitesimal Lorentz trans-
formations:

=zt + wh a” (10)
UL L %wﬂ” (L)' W™ (11)

For spin-1 (vector) fields A*, the matrices I*” have the form

(IMV)HU = 6uﬁnVU - 51/&77!1«0‘ (12)
Show that T*” can be written in a manifestly symmetric and gauge invariant way as

T = e F™FY7 — gtV L. (13)

As it is also conserved, it can be used instead of T#” as ‘the’ energy-momentum tensor.



d) Use B = —F% and ¢¥*B* = FJ% to express T"" in terms of the electric and magnetic fields
and show that it takes its classically expected form

E=T%, Sk =T1% " where (14)

5:%(5%}?2), S—FxB. (15)



