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Abstract

The research of different materials and their properties is a central part of modern
physics and materials science. Our modern technology would be unthinkable with-
out the enormous variety of phenomena in solids. These phenomena are of different
kinds such as electronic, thermal, optic, and mechanical. They are mostly based
on quantum mechanical properties, i.e. properties of the basic building blocks such
as electrons, atoms, and photons. In the present work investigations into multiple
such quantum phenomena are presented, in which the focus is set on transport
properties.

In thin superconducting films the region around the critical transition is strongly
influenced by superconducting fluctuations. In thin NbN films it could be shown
how the superconducting fluctuations influence the Hall effect and cause a sign
change in the Hall resistance. At the other extreme of the phase diagram under
very high magnetic fields and at lowest temperatures a quantum phase transition
could be shown. In even thinner films the appearance of the pseudogap and of
topological vortex pair separations leads to even more extensive behaviour and
multiple sign changes in the Hall resistance. Thin films of NbN with their simi-
larity to cuprate high temperature superconductors are good candidates to learn
more about the still enigmatic properties of the cuprates, especially the pseudogap.

In the material Ca1.8Sr0.2RuO4 the proof for a quantum critical point could
be established, in contrast to earlier publications. With this a connection to the
related material Sr3Ru2O7 could be made. Further parallels to the structurally
identical superconductor Sr2RuO4 complete the picture.

In the topological semimetal PrAlGe the influence of the Berry curvature on
the Hall and Nernst effects was investigated. Here it could be shown that the
topological influences in absence of a magnetic field are hidden due to the formation
of domains. After the application of a magnetic field the anomalous transport
properties emerge for which an excellent agreement with theoretical calculations
could be shown.
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Zusammenfassung

Das Erforschen verschiedener Materialien und ihrer Eigenschaften ist ein zentraler
Bestandteil der modernen Physik und Materialwissenschaften. Unsere moderne
Technologie wäre ohne die enorme Vielfalt an Phänomenen in Festkörpern un-
denkbar. Diese Phänomene sind verschiedenster Natur, wie beispielsweise elektro-
nisch, thermisch, optisch und mechanisch. Sie basieren dabei meistens auf quan-
tenmechanischen Eigenschaften, d.h. Eigenschaften der grundlegenden Bausteine
wie Elektronen, Atomen und Photonen. In der vorliegenden Arbeit werden Un-
tersuchungen zu verschiedenen solcher Quantenphänomenen aufgezeigt, wobei das
Hauptaugenmerk auf deren Transporteigenschaften liegt.

In dünnen supraleitenden Filmen ist die nähere Umgebung des kritischen Über-
gangs stark beeinflusst durch supraleitende Fluktuationen. In dünnen NbN-Filmen
konnte gezeigt werden, wie die supraleitenden Fluktuationen den Hall-Effekt be-
einflussen und dabei zu einem Vorzeichenwechsel des Hall-Widerstandes führen.
Am anderen Extrem des Phasendiagramms, unter sehr hohen Magnetfeldern und
bei tiefsten Temperaturen, konnte ein Quantenphasenübergang gezeigt werden. In
noch dünneren Filmen führt das Auftreten der Pseudolücke und von topologischen
Vortex-Paar-Separationen zu noch umfangreicherem Verhalten und mehreren Vor-
zeichenwechseln des Hall-Widerstandes. Dünne Filme aus NbN sind mit ihrer
Ähnlichkeit zu Kuprat-Hochtemperatur-Supraleitern gute Kandidaten, um mehr
über die immer noch rätselhaften Eigenschaften der Kuprate zu lernen, insbeson-
dere innerhalb der Pseudolücke.

Im Material Ca1.8Sr0.2RuO4 gelang im Gegensatz zu früheren Veröffentlichun-
gen der Nachweis eines quantenkritischen Punktes. Damit konnte ein Bezug
zum verwandten Material Sr3Ru2O7 hergestellt werden. Weitere Parallelen zum
strukturgleichen Supraleiter Sr2RuO4 vervollständigen das Bild.

Im topologischen Halbmetall PrAlGe wurde der Einfluss der Berry-Krümmung
auf den Hall- und Nernst-Effekt untersucht. Dabei konnte gezeigt werden, dass
die topologischen Einflüsse in der Abwesenheit eines Magnetfeldes aufgrund von
Domänenbildung versteckt sind. Nach dem Anlegen eines Magnetfeldes treten die
anomalen Transporteigenschaften hervor, wobei eine ausgezeichnete Übereinstim-
mung mit theoretischen Berechnungen gezeigt werden konnte.
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Chapter 1

Introduction to Quantum Matter

The topic of this thesis covers different areas of materials research. It focuses on
transport properties, especially the Hall effect. All materials investigated can be
considered to be quantum materials, which means that their properties can only
be understood through quantum physics. For this reason the first chapter gives
a broader overview and an introduction to different concepts of condensed matter
physics with a focus on what is relevant for later chapters of this thesis. Any
mathematical equations are avoided and left for later chapters.

1.1 Materials Research

A big factor in the advancement of human civilization has been the discovery and
mastery of new materials and the understanding of new effects and behaviours in
materials, which often lead to new technological innovations. This is so important
that entire archaeological ages are named after the most advanced materials used.
From the stone age, where wood, stones, and animal parts were used to make tools,
clothes, and weapons to the Bronze Age and the Iron Age, where humans learned
to use metals to make tools and weapons. This development has in modern times
also been reflected in the awarding of many Nobel prizes for the discoveries of new
materials and new material properties. More modern developments lead to the
widespread use of computers and related gadgets such as cell phones. Certain dis-
coveries could quickly be used in applications, such as the giant magnetoresistance
which is used in the read heads of hard disks. Other discoveries, such as graphene,
still await their industrial scale utilization.

The greatest leap forward in our understanding of materials came through
quantum theory and its applications on electrons in crystalline lattices. It forms
the basis for understanding the differences of insulator and metals and their varia-
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Chapter 1. Introduction to Quantum Matter

tions in the form of semiconductors or semimetals, essential factors in our modern
technology.

Many modern challenges require new technologies based on novel electronic
properties. In order to combat climate change, renewable energies from solar
or wind based power generation needs to be stored in batteries. In computer
technology, great efforts are being made to build quantum computers. These
computers are based on quantum effects such as superposition of quantum states,
to solve certain problems much faster than a traditional electronic computer.

Currently some of the main focuses on materials research are in the areas of
superconductivity, materials with strongly correlated electrons, and topological
materials.

1.2 Quantum Criticality
The concept of phase transitions originates from thermodynamics. Such phase
transitions take place at finite temperatures and are driven by changes in a con-
trol parameter such as temperature, magnetic field, pressure, or doping. Examples
are plentiful, such as the every day experience of freezing or boiling water, to more
abstract concepts like the superconducting transition or the appearance of an
ordered ferromagnetic state upon reduction in temperature in certain materials.
Such phase transitions are linked to the destruction of an order state. Quantum
phase transitions are phase transitions occurring at T = 0. They originating purely
from quantum mechanics due to competing phases of the ground state [1]. In a
quantum phase transition (QPT) it is quantum fluctuations linked to Heisenberg’s
uncertainty principle that destroy the ordered phase. Ordered phases can be de-
scribed by an order parameter, which is finite in the ordered phase and zero in the
disordered state. A clear example is the magnetization in ferromagnets. For other
phase transition, it is sometimes very difficult to find the order parameter. Like
classical phase transitions, QPTs can be of different order. QPTs of first order,
with an abrupt change in properties, are less interesting than the transitions of
higher order, also termed continuous transitions with influences extending in a
large area of the phase diagram. In this section we discuss mainly the continuous
transitions.

Figure 1.1 shows two schematics for the two types of possible quantum critical
points (QCPs), illustrated as red dots. The QPT occurs for zero temperature at the
end of an ordered phase (blue). This ordered phase is either present only at T = 0
(left panel) or in an extended region in the phase diagram (right panel). In the first
case, no phase transition can ever be observed experimentally, as zero temperature
can not be reached. In the second region the classical part of the phase transition

2



1.2. Quantum Criticality
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Fig. 1.1 Illustration of the position of a quantum critical point (red dot) at the
end of an ordered phase (OP, blue) and the quantum critical region in
which its effects extend (red shaded region). The ordered phase can
either be a pure T = 0 ground state (left panel) or an extended phase
(right panel). The regions outside the quantum critical region are either
thermally disordered (TD) or quantum disordered (QD). Adapted from
Ref. [1].

can be reached, depending on the temperature range available in the measurement
setup, and the QCP is the unreachable endpoint of the finite-temperature classical
phase transition. The region of the phase diagram in which influences of the QCP
can be measured is shaded in red. Depending on the material this region can be
narrower or wider [2]. Outside of the quantum critical region and the ordered
phase, the system is influenced by either thermal disorder or quantum disorder
for two sides of the QCP. These two regimes also indicate how the ordered phase
is destroyed. In the case of thermal disorder, thermal fluctuations of the order
parameter can be observed. In the case of quantum disorder, the fluctuations
observed are quantum fluctuations of the order parameter. In this regime the
system at finite temperature and at absolute zero are very similar.

In the quantum critical region, both the thermal and quantum fluctuations
are of significance. Experimentally it is characterized by power law behaviour of
quantities such as the correlation length ξ and the correlation time τ as well as
observables like the heat capacity. This region is also governed by non-Fermi liquid
behaviour. An example of this is shown in figure 1.2. Fermi liquid behaviour is
found to the left and right of the QCP, while at the QCP a strong deviation is
observed. This is indicated by the exponent ε in ρ ∝ T ε, which has the Fermi liquid
value of 2 away from the QCP while in the quantum critical region influenced by
the QCP it has a value of 1.

One experimental challenge is the accessible temperature range. Since the
quantum critical point is a single point residing at T = 0, which can experimentally
never be reached, all experiments are conducted at finite temperatures and only
observe the fluctuation effects in the region influenced by the QCP. All results on

3



Chapter 1. Introduction to Quantum Matter

Fig. 1.2 Quantum critical behaviour of the resistivity in two heavy fermion com-
pounds. The exponent ε of ρ ∝ T ε changes from the Fermi liquid value of
2 away from the QCP to a value of 1 at the QCP. The fan-like structure
of the quantum critical region is clearly visible. Taken from Ref. [2].

the QCP itself are thus only extrapolations to zero temperature. In the case of
an ordered phase for T = 0 only, the observations of a quantum critical region is
the only way of gathering experimental evidence of such an unreachable ordered
ground state.

The fluctuations observed in the disordered state are fluctuations of the order
parameter. The correlations of these fluctuations of the order parameter increase
as the critical point is approached. At the QCP they diverge. In order to quantify
the correlation of the fluctuations, the correlation length ξ and the correlation
time τ are used. Close to the QCP ξ is the only relevant length scale and τ is the
only relevant time scale. At the QCP both quantities diverge. The fluctuations
are now present on all time and length scales which means the system becomes
scale invariant, implying that the microscopic details of the system are irrelevant.
The critical exponents describing the divergence of the relevant quantities are
independent of the system under investigation and describe entire universality
classes according to the symmetry of the order parameter and the dimension d of
the system. This makes easy model systems very valuable for investigating entire
universality classes on a simple example system.

4



1.3. Superconductivity

Quantum phase transitions are linked to classical phase transitions in the way
that quantum phase transitions in d dimensions can be mapped to classical phase
transitions in d + z dimensions, where z is the dynamic critical exponent and
is often = 1. The quantum-to-classical crossover in phase transitions at nonzero
temperature is thus equivalent to a dimensional crossover. Upon reaching the limit
τ/~ > 1/kBT the perceived dimensionality changes from d+ z to d. Nevertheless,
quantum phase transitions and classical transitions are not the same and not all
properties of a quantum system can be obtained from the classical theory.

1.3 Superconductivity
Superconductivity was discovered by Heike Kamerlingh Onnes in 1911 in his lab-
oratory at the University of Leiden [3–6]. It is a state of matter which can carry
a current without dissipation (R = 0) and which displays the Meissner effect as
a perfect diamagnet (χ = −1). The superconducting phase is limited by differ-
ent parameters such as temperature, magnetic field, and current density. It is
achieved by a macroscopic coherence of the electron wave function. The mecha-
nism leading to superconductivity was described in 1957 by Bardeen, Cooper, and
Schrieffer [7,8]. This theory is termed the BCS theory after its discoverers. It de-
scribes how an attractive interaction between electrons forms Cooper pairs [9] and
leads to superconductivity. In classical superconductors, this attractive interaction
between electrons is mediated by phonons.

1.3.1 High-Temperature Superconductors

For a long time the known superconductors consisted of metals, of which those
with relatively high Tc often contained Nb. The discovery of high temperature
superconductivity in the cuprate La2−xBaxCuO4 in 1986 by K. A. Müller and
J. B. Bednorz [10] thus came as a great surprise, as these ceramic materials are
bad conductors. This discovery sparked a hunt for ever increasing Tc, which soon
lead to the discovery of YBCO. The current record Tc in a cuprate without external
pressure is held by HgBaCaCuO, discovered in 1993 by A. Schilling, with its Tc of
slightly above 130 K [11]. In the conventional phonon-mediated superconductors
the compound MgB2 with Tc = 39 K [12] is already above the limit of what was
thought to be the maximum reachable Tc according to BCS theory [13]. Figure 1.3
gives an overview of the different critical temperatures of various materials.

The cuprate superconductors are located close to insulating antiferromagnetic
states. Since antiferromagnetism is usually obtained from repulsive interactions
between electrons, while superconductivity depends on an induced attraction be-

5
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Fig. 1.3 Critical temperatures of different superconducting compounds plotted as
function of the time of their discovery. Three important temperatures
are indicated by dotted lines. Adapted from Ref. [14].

tween electrons in order to form Cooper pairs. This apparent paradox makes the
cuprates a very interesting class of materials.

The phase diagram is shown in figure 1.4 [15] and given as a function of hole
doping, which is created by changing the charge reservoir layers between the Cu-O
planes. Electrons from the Cu-O layers can then move into the charge reservoir
layers, thus creating holes in the Cu-O layers. The cuprates accommodate a very
rich phase diagram. For low doping an antiferromagnet is found. Starting at
a doping pmin superconductivity emerges and remains until a doping pmax after
which a Fermi liquid is established. Outside the superconducting dome two in-
teresting normal-state phases are found. The first is a so-called strange metal,
which is dominated by strong electron correlations and generally not well under-
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1.3. Superconductivity

Fig. 1.4 The phase-diagram of the cuprates. The superconducting region, lim-
ited by Tc is drawn in green. The pseudogap phase (yellow), limited by
T ∗ dominates the low doping region while a strange metal is found in
the overdoped region. For very low doping, an antiferromagnetic (AF)
phase is found, while for high doping a Fermi liquid is recovered. Within
the pseudogap phase a small region is subject to charge density waves
(CDW). Taken from Ref. [15].

stood. In resistivity measurements a linear behaviour on temperature is found
up to extremely high temperatures [16]. This phase could also be connected to a
quantum critical point. In the underdoped region one of the greatest puzzles in the
cuprates emerges as the occurrence of the so called pseudogap phase. It extends
to temperatures far above the superconducting transition and manifests itself as a
depletion in the density of states which can be observed, for example, by scanning
tunneling spectroscopy (STS) [17] or angle resolved photoemission spectroscopy
(ARPES) [18]. Examples of STS spectra and ARPES intensities of BSCCO2212
are shown in figure 1.5. Other measurements are also capable of seeing the ef-
fects of the pseudogap, such as resistivity or Nernst effect measurements [19]. In
the Fermi surface it manifests itself as Fermi arcs because of the gapped nodal
regions. An explanation for the reduction of the density of states is the pairing

7



Chapter 1. Introduction to Quantum Matter

Fig. 1.5 Depletion in the density of states in the pseudogap phase in underdoped
BSCCO2212 measured by STS (left panel) and ARPES (right panel).
Above Tc (61 K in the left panel and 92 K in the right panel) the effect
of the pseudogap is seen, extending up to much higher temperatures.
Taken from Refs. [18] and [17].

of electrons into Cooper pairs. These pre-formed Cooper pairs are not yet phase
coherent and do thus not yet conduct current without resistance. The pseudogap
region is furthermore subject to different types of orders, such as charge order,
spin order, and charge density waves, which are related to the parent compound’s
antiferromagnetism and Mott physics [15, 20]. The pseudogap phase thus poses
many questions as to its origin and to its meaning [21].

In the end, the record for the highest Tc went back to the conventional BCS
superconductors, when superconductivity with Tc = 203 K was discovered in sulfur
hydride under very high pressure of ≈ 155 GPa [22]. This record was surpassed
shortly after by lanthanum hydride with a Tc of around 250 K at pressures of
≈ 170 GPa [23, 24]. This temperature corresponds to about −23 ◦C and room
temperature superconductivity now seems again to be within grasp, at least under
pressure. Despite the lost records, cuprates still offer plentiful possibilities for new
discoveries and even after more than 100 years of superconductivity it is still a very
active area of research. Other long standing problems in superconductivity besides
the cuprates include the so-called heavy fermion superconductors discovered in

8
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1979 [25] and the more recently discovered iron pnictides [26], another class of
high-temperature superconductors next to the cuprates.

1.3.2 Superconducting Fluctuations
The superconducting transition at Tc is not a step function from the normal state
resistivity to 0 but instead a gradually accelerating decrease in resistivity. In many
superconductors, especially the cuprates, the transition is widened due to inho-
mogeneities and defects in the crystals. But even in clean materials influences of
superconductivity can be seen above Tc. These influences are caused by fluctu-
ations of superconductivity, where for a short time phase-coherent Cooper pairs
exist, before they decay again. These fluctuations generate a second conduction
channel, thus reducing the resistivity even above Tc. Superconducting fluctuations
occur in the normal state, usually only in the vicinity of Tc, but occasionally even
far from Tc [27]. A good introduction into the topic can be found in a book by
Larkin and Varlamov [28].

Besides the resistivity, superconducting fluctuations can influence many dif-
ferent properties of a superconductor, such as the Hall effect, magnetization [29],
Seebeck effect [30], and Nernst effect [30–33]. The fluctuations manifest them-
selves again predominantly in the smearing of the superconducting transition due
to precursor effects above Tc.

Results from superconducting fluctuations can even be useful in fields beyond
condensed matter physics. For example the Aslamazov-Larkin theory [34] has been
used for descriptions of quark matter [35] and the superconducting fluctuations in
the Nernst effect have been linked to black holes [36].

The superconducting order parameter describes superconductivity within the
superconducting phase. Outside of the superconducting phase, the superconduct-
ing condensate of Cooper pairs does not exist. There are two ways in which
superconductivity can be destroyed, originating from the superconducting order
parameter ψ = |ψ0| eiφ. The first is when the pairing amplitude |ψ0| goes to 0,
in the absence of which the phase loses its meaning. In the first case the Cooper
pairs exist for a short time before decaying again. During their brief existence
they influence different physical properties. This case is called the amplitude fluc-
tuating or Gaussian case. The second case is when the phase coherence of φ is lost
while the amplitude remains finite. In this second case the Cooper pairs still exist,
but can not become superconducting, except in the form of phase fluctuations in
which the permanently existing Cooper pairs will gain phase coherence for a short
time before losing it again. During their short lifetime these fluctuations influence
again the material’s normal state properties. This second case is termed phase
fluctuating scenario. The observed influence on measured quantities is different to
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the case of amplitude fluctuations. By investigating superconducting fluctuations
one can thus learn about the mechanism that causes superconductivity and about
what mechanisms destroy superconductivity above Tc.

The pseudogap is a typical region in which phase fluctuations are expected due
to the pre-formed Cooper pairs, although it is not necessarily the case that the
pseudogap leads to phase fluctuations. The link between the two effects is due to a
low phase stiffness [37], which is linked to a low superfluid density. The superfluid
density in turn decreases with decreasing Tc, as evidenced by Uemura’s law [38].
A question arising from these considerations is whether superconductivity can set
in at T ∗ if the phase can somehow be stabilized.

1.4 Topological Effects

In mathematics the field of topology considers objects to be equivalent if they
can continuously be deformed into one another. An example would be that a
coffee cup and a donut are the same (they both have one hole), while a muffin is
different (no holes). This concept is of great use in physics, where integer numbers
can be assigned to certain conceptual objects, which can be tweaked and changed
only in ways that leave this integer number constant. The introduction of such
topological concepts into physics was recently rewarded by awarding the 2016
Nobel prize in physics to David Thouless, Duncan Haldane, and John Kosterlitz.
In recent years a lot of research has focused on topological effects in condensed
matter systems. Great successes were made especially on the theoretical side
while the experimental verification of the predictions is often a challenge. The
most famous examples of topological materials include topological insulators, Dirac
and Weyl semimetals, and topological superconductors, which are topologically
different from the Bose-Einstein condensate of Cooper pairs [39]. The quantum
Hall effect with its quantized conductivity plateaus is another example present in
two-dimensional materials.

1.4.1 Weyl Semimetals

In the case of Dirac or Weyl semimetals, the topology originates from the elec-
tronic band structure of the material, where around certain nodes, termed Dirac
or Weyl nodes, a linear dispersion relation is observed. This is similar to the two-
dimensional material Graphene, which also exhibits linear dispersion around the
Fermi level. The topological Dirac and Weyl semimetals are the three-dimensional
analogue of Graphene.
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In Weyl semimetals the Weyl points are the sources and sinks of the Berry
curvature, a property equivalent to the magnetic field in momentum space. These
sources and sinks correspond to Weyl points of positive and negative chirality,
respectively. Weyl points of different chirality must always appear in pairs. Such
Weyl points can only appear in the presence of either the breaking of time reversal
symmetry or the breaking of inversion symmetry. Without such symmetry break-
ing, the Weyl points of different chirality are degenerate and a Dirac semimetal is
obtained. The Chern number is the accumulated Berry curvature on a plane in
the Brillouin zone and takes on different integer values, depending on the location
of the plane with respect to the location of the Weyl nodes. In a system with
two Weyl nodes the Chern number of a plane intersecting the line connecting the
two nodes is 1 while the Chern number is 0 if the plane does not intersect the
connecting line.

Closely related to the topological semimetals are topological insulators, which
are characterized by an insulating bulk and a conducting surface, independently of
the surface details. The common origin of topological insulators and semimetals
is found in the band inversion [40,41] and explained in figure 1.6. The inversion of
bands together with spin orbit coupling leads to an opening of an energy gap. In
the case of topological insulators, the gap is present everywhere, while in the case
of the semimetals the gap closes with a linear dispersion at certain points. This
band inversion is what leads to the conducting surface in topological insulators
and distinguishes topological insulators from ordinary band insulators that do not
exhibit a band inversion. The concept of topological insulators is taken to the next
level by higher order topological insulators, in which only one-dimensional edges
are conducting while the bulk and the surface are insulating [42,43].

Weyl fermions were predicted in 1929 by Hermann Weyl [44] as a massless
solution for the Dirac equation used in high-energy physics. All fermionic particles
in nature are Dirac fermions, as no massless fermions could ever be observed. Weyl
semimetals are thus a further example of the realization of theoretical possibilities
of elementary particles in the form of quasiparticles in condensed matter systems.

The Weyl nodes within the bulk of a Weyl semimetal have an important effect
on the surface of these materials. The projections of the Weyl nodes onto the
surface are the end points of so-called Fermi arcs. These arcs are open Fermi
surfaces on the surface of the sample and can be observed experimentally with
ARPES. This has been shown first in TaAs [45–47]. Figure 1.7 shows experimental
ARPES data on TaAs with clear Fermi arcs originating from the projections of
the Weyl nodes. Scanning Tunneling Microscopy (STM) is another method of
investigating the surface states [48, 49], but less direct than ARPES as the Fermi
arcs appear in reciprocal space while STM probes the real space.
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Fig. 1.6 Topological bandstructure. Band inversion and spin orbit coupling
(SOC) lead to topological insulators (TI) or Weyl and Dirac semimetals
(WSM and DSM), depending on whether the system is gapped every-
where or gapless in certain points. Taken from Ref. [41].

Other intriguing effects on transport properties originate from the Adler-Bell-
Jackiw anomaly, or simply the chiral anomaly [50–52]. It manifests itself as a
negative magnetoresistance in the case of a nonzero value of the scalar product
~E · ~B, which leads to an imbalance of left and right handed electrons. This effect
could be observed in the prototypical TaAs [53], which is, however, not without
any doubt, as the observed phenomenon could also be explained by current jet-
ting, an inhomogeneous current distribution [54]. The regular magnetoresistance
( ~E ⊥ ~B) is usually expected to be positive and very high due to a large carrier
mobility. Other influences on transport properties are the anomalous Hall effect
and the anomalous Nernst effect, which can be very large compared to regular
ferromagnets.

Weyl semimetals can be classified into type I and type II depending on whether
the Lorentz symmetry is respected or not [55]. In type II Weyl-semimetals the Weyl
cones are tilted such that the Fermi surface is no longer point-like. The Weyl node
appears at the boundary between electron and hole pockets.

Weyl semimetals are expected to lead to useful devices in applications. The
large magnetoresistance could be exploited in electronic devices. Other effects
based on the spin orbit coupling and the large Berry curvature could lead to
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Fig. 1.7 Fermi arcs and Weyl nodes in TaAs measured using ARPES. The green
color map shows the surface state Fermi surface map. The bulk Fermi
surface is superimposed in orange. Taken from Ref. [45].

applications in spintronics devices. As the field of Weyl semimetal is still young,
future developments, although hard to predict, are expected to be plentiful.

1.4.2 BKT Transition

Another well-established topological effect is the occurrence of a Berezinskii-Koster-
litz-Thouless (BKT) transition. Since the original works of Berezinsky [56,57] and
Kosterlitz and Thouless [58, 59] this theory has had a great impact on solid state
physics and beyond. It is a two-dimensional phase transition in the XY-model,
a spin model with U(1) symmetry. The main ingredient in the BKT transition
are vortex-antivortex pairs. At the phase transition, whose temperature is called
TBKT, these pairs are broken up into free vortices and antivortices (vortices of op-
posite sign). The vortex-antivortex pairs have lower energy than the free vortices,
while the free vortices have higher entropy, leading to the competition of the two
states. A requirement for the BKT transition is an interaction potential between
vortex-antivortex pairs that is logarithmic in their separation. The BKT transition
can be seen as a phase transition of infinite order, as no singularities are observed
in any derivatives of thermodynamic quantities.
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The vortex proliferation breaks the phase coherence of the Cooper pairs. Fur-
thermore, separated vortices are subject to movement with an applied current in
the sample, which as a dissipative process leads to a higher resistance. This vortex
movement is perpendicular to the current, thus the vortices move in the direction
of the Hall channel. The resistivity in this regime is then given by an exponential
dependence on the temperature separation to TBKT. Another test for the BKT
transition is the dependence of the voltage on the current. As opposed to the
standard Ohm’s law the current dependence of the voltage is given by an expo-
nent of 3 below the BKT transition and 1 above. It is furthermore marked by the
superfluid density discontinuously reaching zero.

Observation of BKT transition has also been achieved in atomic gasses [60],
Josephson junction arrays [61], superconducting interfaces between insulating ox-
ides [62, 63], and liquid gated interfaces [64]. On the insulating side in the super-
conductor insulator transition in NbTiN films a BKT transition of charges could
be observed as the duality to the vortex BKT transition on the superconducting
side [65].

1.5 Scope of the Thesis
This thesis covers a range of materials exhibiting the different quantum effects
introduced in this introductory chapter. After an overview of the experimental
concepts and the experimental methodology in chapter 2 the investigations of this
thesis are laid out. In chapters 3 and 4 the influence of superconducting fluctua-
tions in thin films of NbN are investigated and further extended to the quantum
region at very low temperatures and high fields in chapter 5. Chapter 6 describes
the discovery of a quantum critical point in Ca1.8Sr0.2RuO4 through resistivity
measurements. Finally, in chapter 7 the predicted Weyl semimetal PrAlGe is
investigated in detail by various techniques.
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Chapter 2

Methods and Models

Research in condensed matter physics uses various techniques to investigate the
different properties of interest. Of special importance are bulk measurements such
as resistivity, thermoelectricity, and magnetization. In this chapter the measure-
ment methods and apparatuses relevant for this thesis are presented. Furthermore
different models for the various transport effects encountered are explained.

2.1 Resistivity and Hall Effect

2.1.1 Measurement Procedure

Ohm’s law describes the relation between current and voltage as

V = RI, (2.1)

where R is the resistance. Its microscopic version, independent of the sample
geometry, relates the local current density and electric field through the resistivity
ρ or the conductivity σ = ρ−1:

E = ρj and σE = j. (2.2)

Here the electric field and the current density can both be seen as vectors, in
which case the resistivity and conductivity are tensors, each represented by a
matrix which can be written as

ρ =
(
ρxx ρxy
ρyx ρyy

)
and σ =

(
σxx σxy
σyx σyy

)
. (2.3)
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Using the symmetries ρxx = ρyy and ρxy = −ρyx and equivalent relations for σ,
which are valid for isotropic materials, this can be simplified to

ρ =
(
ρxx ρxy
−ρxy ρxx

)
and σ =

(
σxx σxy
−σxy σxx

)
. (2.4)

As σ and ρ are the inverse elements of one another, the relation between the
elements can be obtained by performing a matrix inversion and using σ = ρ−1.
This results in

σxx = ρxx
ρ2
xx + ρ2

xy

. (2.5)

Usually ρxx � ρxy, which is the case for low magnetic fields or the absence of
magnetic fields, and the equation simplifies to the well known formula

σxx = 1
ρxx

. (2.6)

For the Hall component the equation becomes

σxy = − ρxy
ρ2
xx + ρ2

xy

, (2.7)

which simplifies to
σxy = −ρxy

ρ2
xx

(2.8)

if ρxx � ρxy. It is interesting to note here that σxy is proportional to ρxy and
opposite in sign, contrary to the longitudinal case. Furthermore, in the ρxx � ρxy
case the ratio of the resistivities and conductivities is the same up to a minus sign:

ρxy
ρxx

= −σxy
σxx

. (2.9)

The geometrical configuration used for resistivity and Hall measurements is
shown in figure 2.1. The longitudinal and transverse resistances are calculated as

Rxx = Vx
Ix

and Rxy = Vy
Ix
. (2.10)

It is important to connect the wires with the correct polarity. In the case of
the longitudinal resistivity a sign mistake becomes obvious immediately, but in
the case of the Hall resistivity both signs are possible, depending on the charge
carriers. A reversed polarity might then lead to incorrect results. If done correctly,
the sign of the Hall resistivity will reflect the sign of the charge carriers.
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Fig. 2.1 Measurement geometry of a combined resistivity and Hall measurement.
The magnetic field is usually applied in z-direction. Upon application
of a current Ix, voltages Vx and Vy appear along and across the sam-
ple, respectively. Care is needed not to reverse the polarity of the Vy
measurement. All negative poles point towards the positive direction of
the coordinate axis, while the positive poles point towards the negative
direction.

The Hall angle is a quantity used to describe the relative magnitude of the Hall
and longitudinal resistivities. It is defined as the ratio of the two resistivities and,
provided that ρxy � ρxx, is equal to the ratio of the conductivities:

tan ΘH = ρxy
ρxx
≈ σxy
σxx

. (2.11)

The measurement always records V and I, from which R can be calculated and
subsequently converted into ρ according to

ρxx = Rxx
A

l
, (2.12)

valid for rectangular cuboids, where A = hw is the cross section through which the
current flows and l is the separation of the voltage leads. The equivalent conversion
for the Hall resistivity only depends on the height of the sample:

ρxy = Rxyh. (2.13)

It is thus easier to measure the Hall effect in a thin sample than in a thick sam-
ple of the same material, as a constant material parameter ρxy implies inverse
proportionality of h and Rxy.
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2.1.2 Making Electrical Contacts

In order to connect wires to a sample, electrical contact needs to be established
between the two objects. Good contacts for the samples used in this thesis typically
have a resistance on the order of 1 Ω when measured with a multimeter. A further
requirement is to have sufficient mechanical stability for the contacts to hold on to
the sample under stress. A typical method for contacting is to use silver wires or
gold wires that are soldered to the regular wires or connectors of the measurement
setup on one side and glued to the sample with conducting glue, usually based on
silver, on the other end. This can be in the form of silver paint, silver paste, or
two component silver epoxy. Depending on the exact product used it will solidify
within a few minutes at room temperature or it needs to be heated in a furnace to
higher temperatures for some time. A further advantage of heating the contacts in
a furnace is that some diffusion of the silver into the sample can take place which
improves the resistive properties of the contacts. If no good contact is established
after this process, a further way to reduce the resistance is to apply short high-
voltage pulses across the contact. This often leads to very good results. Which
exact process leads to the best result on a given sample is often a process of trial
and error.

2.1.3 Drude Model

A simple model to describe the resistivity is the Drude model, first formulated by
Drude in 1900 [66–68]. It made use of the new discovery of the electron in cathode
tube experiments by J. J. Thomson in 1897 [69,70]. The model was later extended
by Hendrik Lorentz [71–73]. It assumes that the electrons can be described as a
classical gas and undergo constant collisions with the atom cores.

The classical equation of motion for such a system is given by

m~̇v = −e ~E − m~vD

τ
, (2.14)

where ~vD is the drift velocity [74]. The first term on the right hand side causes
the electrons to accelerate, while the second term acts as a form of friction in the
opposite direction. The stationary case is obtained by setting ~̇v = 0, from which
follows that

~vD = −eτ
m
~E = −µ~E. (2.15)

In the second equality we introduce here the mobility µ = eτ/m. Together with
~j = nq~vD one obtains

~j = ne2τ

m
~E. (2.16)
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The comparison to equation 2.2 then yields the well known result

σ = ne2τ

m
, (2.17)

the Drude conductivity, arguably the greatest achievement of the Drude theory.

The Drude model also successfully describes related phenomena such as the
Hall effect and the magnetoresistance and it partially explains the Wiedemann-
Franz law. One of the biggest shortcomings of the Drude model is its strong
overestimation of the electronic heat capacity.

2.1.4 Sommerfeld Model

The Sommerfeld model takes the step from the classical to the quantum gas by
respecting the Pauli exclusion principle and using the correct quantum statistics,
i.e. the Fermi-Dirac distribution. It was established by Sommerfeld in 1927 [75–77].

The electrons move through a crystal with an average velocity 〈~v〉. The current
density j can then be written as [74]

~j = −en〈~v〉 = −en~〈
~k〉
m

= −e 1
V

∑
~k,σ

~~k
m

(2.18)

where the sum goes over all occupied k-vectors and spins, which is just the Fermi
sphere in the case of ~j = 0. In thermal equilibrium the k-vectors point in all
directions equally with 〈~k〉eq = 0, thus preventing a current from flowing. Outside
of equilibrium, the net current is caused by a different distribution of k-vectors
which stems from a shift of the Fermi sphere. We can write the out-of-equilibrium
current density as

~j = −en ~
m

(
〈~k〉 − 〈~k〉eq

)
= −en~δ

~k

m
, (2.19)

which can be interpreted as if every electron had the momentum δ~k, thus recovering
the ingredients of the Drude model and showing already here why the two result
in the same conductivity. The momentum can change according to

d〈~k〉
dt = ∂〈~k〉

∂t

∣∣∣∣∣∣
force

+ ∂〈~k〉
∂t

∣∣∣∣∣∣
scattering

, (2.20)
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which vanishes in the stationary case. Similarly to the Drude model we can make
a relaxation ansatz

∂〈~k〉
∂t

∣∣∣∣∣∣
scattering

= −〈
~k〉 − 〈~k〉eq

τ
= −δ

~k

τ
. (2.21)

The force term can be evaluated as

~F = −e ~E = d~p
dt = ~

∂〈~k〉
∂t

, (2.22)

from which
∂〈~k〉
∂t

∣∣∣∣∣∣
force

= −e
~E

~
(2.23)

can be obtained. From equation 2.20 we thus reach the result stating

δ~k = −e
~E

~
τ, (2.24)

which together with equation 2.19 results again in the Drude conductivity

σ = ne2τ

m
. (2.25)

In the Sommerfeld model the electrons undergoing the collisions that lead to the
electrical resistivity propagate at the Fermi velocity. The mean free time between
collisions, τ is related to the the Fermi velocity vF via the mean free path ` ac-
cording to

vF = `

τ
. (2.26)

The conductivities in the Drude and Sommerfeld model are the same despite
the differences in the two theories. The origin of this is that in the Drude model a
lot of electrons contribute with a small velocity to the conductivity, whereas in the
Sommerfeld model, a small number of electrons contributes with a large velocity
to the conductivity. In the case of more complicated Fermi surfaces, the picture
changes and only the Sommerfeld model can still explain the properties. Further
refinement of the model is obtained in terms of the Boltzmann transport equation
and Fermi liquid theory.
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2.1.5 Ordinary Hall Effect

The Hall effect was first discovered by Edwin Hall in 1879 [78]. It is also referred
to as the ordinary Hall effect to distinguish it from other types of effects combined
into the term Hall effect. The model to explain it is very simple and is based
on classical physics. It states that when a current is applied to a material in
a magnetic field and the magnetic field is not collinear to the current, then the
current is deflected according to the Lorentz force given by

~F = q~v × ~B. (2.27)

This leads to a charge build-up on one side of the material, which leads to an
electric field across the sample. Once the force exerted on the charge carriers by
this electric field cancels the Lorentz force, the equilibrium is reached. Assuming
magnetic field, current and Hall voltage are perpendicular to each other, this
happens at

qvxBz = qEy, (2.28)

which together with E = −V/w and j = nqvD results in the Hall voltage

Vy = −jxBzw

nq
. (2.29)

The Hall coefficient RH is calculated as

RH = Ey
jxBz

=


1
nq

holes

− 1
ne

electrons
(2.30)

The sign of the Hall coefficient reflects the sign of the charge carriers. One re-
markable result of this model is that, given a current in a specified direction, both
types of charge carriers, i.e. electrons and holes, are deflected to the same side of
the sample, as a reversal of the velocity and the charge lead to a force in the same
direction. This is the reason for the sensitivity of the Hall effect to the sign of the
charge carriers. The fact that the Hall effect in the single band picture essentially
depends only on the charge carrier density, makes it an ideal type of measurement
for investigating only a single variable.

The relation to the Hall resistivity can be obtained by combining equations 2.2
and 2.30, from which we see that

ρxy = RHB, (2.31)
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which show us that the Hall resistivity increases linearly in field and is independent
of temperature, at least not explicitly.

The Hall coefficient is related to the conductivity by the mobility, since, with
q = ±e,

|RHσxx| =
∣∣∣∣∣ 1
nq

ne2τ

m

∣∣∣∣∣ = eτ

m
= µ, (2.32)

or equivalently
σxy = ±µBσxx = ±ωcτσxx, (2.33)

where ωc = eB/m is the cyclotron frequency and + is for holes and − is for
electrons.

The Hall effect is a useful physical phenomenon for applications. It is for
example used in Hall effect sensors, where the magnetic field strength can be
measured from a sensor with a known Hall coefficient. This is used as the compass
in mobile phones. Another example are Hall effect thrusters used in space flight.

2.1.6 Anomalous Hall Effect

A special variant of the Hall effect, called the anomalous Hall effect, can be ob-
served in certain materials with broken time-reversal symmetry, such as ferromag-
nets, where it arises from spin orbit coupling [79]. It was first discovered in 1881,
again by Edwin Hall [80]. The anomalous Hall effect is related to the magneti-
zation M in the sample but it is not merely a contribution of M to the overall
magnetic field inside the sample. This variant of the Hall effect is independent of
an external magnetic field. As long as the sample is magnetized, such as a ferro-
magnet, the effect appears. In contrast to the relatively easy explanation of the
ordinary Hall effect, the explanation for the anomalous Hall effect took almost a
century to be obtained. The reason for this is that the necessary concepts, such as
topology and the Berry phase [81], have only been formulated in more recent times.
An important step forward on the way came from the concept of the anomalous
velocity, which is only related to the band structure and does not incorporate any
scattering [82].

The combined effects of the ordinary and the anomalous Hall effects can for
many ferromagnetic materials be written as

ρxy = RHBz +Rsµ0Mz, (2.34)

where Rs is the anomalous Hall coefficient, i.e. the parameter describing the effects
due to spontaneous magnetization. It is more complicated to understand than RH
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and depends on many material specific parameters. Most importantly it depends
on ρxx in form of a power law as ρA

xy ∝ ρβxx [79].
The anomalous Hall effect is usually subdivided into several types, depending

on its origin. These categories are typically the intrinsic contribution, side jump,
and skew scattering. The intrinsic contribution stems from the band structure
alone and is independent of any scattering processes. The anomalous Hall resis-
tivity from this process is usually ρA

xy ∝ ρ2
xx and σA

xy is independent of σxx. It is
usually described in terms of the Berry curvature. The anomalous Hall effect in
this picture is similar to an unquantized version of the quantum Hall effect. In
the skew scattering process the anomalous Hall resistivity is caused by asymmetric
scattering based on the spin orbit interaction of the electrons or the impurities.
This leads to ρA

xy ∝ ρxx. The third type is the side jump process, originating again
from spin orbit coupling when electrons interact with the electric fields of the im-
purities upon approaching or leaving an impurity. It leads again to ρA

xy ∝ ρ2
xx.

The skew scattering and side jump scenarios can also be grouped together as the
extrinsic processes.

2.2 Nernst and Seebeck Effect

The two components of the thermoelectric effect, the Nernst [83] and Seebeck [84]
effects, are closely related to the Hall resistivity and the longitudinal resistivity,
but are based on a thermal gradient in the sample opposed to an electrical current.
Both effects are based on a transport of entropy. Today these two effects are still
of great value and offer much insight into important material properties [85, 86].

The Seebeck effect is the longitudinal version of the effect, while the Nernst is
the transverse version. The Seebeck and Nernst signals are defined as

S = Ex
∇xT

(2.35a)

N = −Ey
∇xT

, (2.35b)

where S and N could also be written as Sxx and Sxy respectively. In a macroscopic
setting the equations turn into

S = −∆Vx
∆Tx

(2.36a)

N = ∆Vy/w
∆Tx/l

, (2.36b)
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where w and l are the width and length of the sample. For the longitudinal case
the geometry factors are l both above and below the fraction and thus cancel. The
Seebeck signal is thus independent of the sample geometry. The sign convention
is such that S reflects the sign of the charge carriers. In the case of the Nernst
effect, the sign of N is more complicated to understand. The Nernst coefficient ν
is simply the Nernst signal divided by the magnetic field:

ν = N

B
. (2.37)

In order to get from the Hall effect to the Nernst effect, the electrical current
is replaced by a temperature gradient. If in a further step the measurement of a
transversal voltage difference is replaced with the measurement of a temperature
difference this results in the thermal Hall effect, the transverse component of the
heat conduction.

In more general terms the connection between the charge current j, the heat
current jQ, the electric field E, and the temperature gradient ~∇T is given by the
two equations

~j = σ ~E − α~∇T (2.38a)
~jQ = Tα~E − κ~∇T (2.38b)

and depends on the conductivity tensors σ (charge), κ (heat), and α (thermo-
electricity). In the case of absence of a charge current (~j = 0) the first equation
simplifies to

~E = σ−1α~∇T (2.39)

which gives us the Nernst signal’s dependence on σ and α:

N = αxyσxx − αxxσxy
σ2
xx + σ2

xy

. (2.40)

The thermoelectric tensor is linked in turn to the conductivity tensor by the Mott
relation

α = π2

3
k2

BT

e

∂σ

∂µ

∣∣∣∣∣
EF

. (2.41)

It quantifies the change in conductivity due to a changing chemical potential. In
combining the equations 2.40 and 2.41 for the case where σxy � σxx the Nernst
effect can be linked to the Hall angle ΘH (equation 2.11):

N = π2

3
k2

BT

e

∂ tan ΘH

∂µ

∣∣∣∣∣
EF

. (2.42)
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2.2. Nernst and Seebeck Effect

Fig. 2.2 The universality curve of the quasiparticle Nernst effect with a compar-
ison to different materials. Taken from Ref. [86].

In the case of the Nernst coefficient this can further be simplified using equa-
tion 2.33 as

ν = π2

3
k2

BT

m

∂τ

∂µ

∣∣∣∣∣
EF

(2.43)

or as
ν = π2

3
k2

BT

e

µH

EF
(2.44)

under the assumption that ∂ tan ΘH/∂µ at EF can be linearized to BµH/EF. The
Nernst coefficient thus depends on the mobility. A large mobility and a small
Fermi energy are the ingredients for a large Nernst effect. Furthermore this equa-
tion defines a universality curve for the quasiparticle Nernst effect which can be
expressed numerically as [85,86]

ν/T = (2.83× 10−4 V/K)µH/TF. (2.45)

This relation works very well for a wide range of materials, as shown in figure 2.2.
This good agreement shows that the simplifications necessary to obtain the equa-
tion are justified and actually relevant in nature.

The Seebeck effect, on the other hand, can be quantified as

S = π2

2
kB

e

T

TF
(2.46)
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Fig. 2.3 The influence of an electric field (top) and a thermal gradient (bottom)
onto the Fermi-Dirac distribution f (black lines). The unperturbed dis-
tribution is shown for comparison (grey lines). Negative energies corre-
spond to opposite propagation directions. While the electric field moves
the Fermi sphere, a thermal gradient distorts the distribution asymmet-
rically. Adapted from Ref. [87].

for a free electron gas for T � TF. Using this equation to replace TF in equa-
tion 2.44 and replacing the mobility with the Hall angle results in

N = 2
3S tan ΘH, (2.47)

an equation valid for one band systems.
Figure 2.3 shows how a thermal gradient influences the Fermi-Dirac distribution

throughout the sample compared to an electric field. While the electric field leads
to a shift of the distribution, in the case of the thermal gradient the shape changes.

2.3 Magnetometry

2.3.1 Overview

Magnetometry is the measurement of magnetism and its effects. The quantity
being measured is usually the magnetic moment m. Its SI unit is A m2 or equiv-
alently J T−1. When talking about single atoms, the natural way of expressing it
is in units of Bohr magnetons µB = 9.274× 10−24 J T−1. The magnetic moment is
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often defined through the torque a magnetic field exerts on it:

~τ = ~m× ~B. (2.48)

Connected to the magnetic moment is the magnetization M , as the magnetic
moment per volume

~M = d~m
dV (2.49)

or, for a homogeneous sample, simply

~M = ~m

V
. (2.50)

For most materials the magnetization is induced by an external magnetic field. The
exceptions are ferromagnetic materials. Microscopically the magnetic moment of
a sample originates from its electrons. It is a purely quantum mechanical result
and stems from the spin and the orbital angular momentum of the electrons. The
total magnetic moment of an atom is given by

m = gµB

√
j(j + 1) (2.51)

with the Landé g-factor and the total angular momentum j.

2.3.2 SQUIDs

SQUIDs (superconducting quantum interference devices) [88] are one of the most
precise method of measuring magnetic moments [89]. These devices make use of
the Josephson effect [90, 91] in superconducting rings interrupted by two weak
links. The magnetic flux through the ring has to be quantized. In order to comply
with this quantum mechanical requirement, a current flows through the ring to
adjust the flux to an allowed value. A change in flux from the external source is
thus always reflected by a change in the voltage that is measured at the SQUID.
This is the principle by which a SQUID translates a flux into a voltage.

The machine present in our laboratory making use of a SQUID is the Magnetic
Property Measurement System (MPMS), manufactured by the company Quantum
Design and able to reach 7 T. The measurement procedure is to move the sample
vertically through a set of four pickup coils. Their assembly is shown in figure 2.4.
The coils are arranged such that the two inner coils are close together and have
the same winding direction. The two outer coils are spaced further apart and have
an opposite winding direction. The total signal the four pickup coils collect is then
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to input coil and SQUID

Fig. 2.4 A sketch of the second derivative gradiometer arrangement of the four
pickup coils in the MPMS. The winding direction of the two middle coils
is opposite to the winding direction of the two outer coils.

proportional to the second derivative in numerical calculations

f ′′(x) = f(x+ h)− 2f(x) + f(x− h)
h2 . (2.52)

For this reason this coil setup is referred to as a second derivative gradiometer.
After the pickup-coils detect the signal it is then transported to an input coil where
the SQUID sensor is located. This input coil then creates the magnetic field that
is seen by the SQUID. This way, the actual SQUID sensor can be located in a
better position than the sample space, with a constant low temperature.

2.3.3 AC Magnetization

In AC magnetometry the magnetic moment or magnetic susceptibility of a sample
is measured upon application of a small AC magnetic field. This small AC field,
usually with BAC ≤ 10 Oe, can be applied on top of a background DC field, which
is often much larger than the AC field. In our laboratory such measurements can
be performed with the AC Measurment System (ACMS) option of the PPMS. This
measurement option is not based on a SQUID sensor and is expected to be less
accurate, but this can be countered by longer measurement times.

The AC magnetic moment is usually defined as a complex quantity:

m = m′ + im′′. (2.53)

The real part m′ is the in-phase component of the AC magnetic moment and
the imaginary part m′′ is its out-of-phase component with respect to the external
AC magnetic field. The same concept is also used for the related quantities of
susceptibility and magnetization. Conducting AC magnetization measurements
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has many advantages compared to the more common DC measurements [92]. The
most important is that they can can access the dynamic magnetic properties of
a sample, i.e. the change of magnetism over time. The accessible time scales
can be set by the AC frequency. Such measurements are of great importance
for the investigations of spin glasses, phase transitions, and superparamagnetism.
Since the AC susceptibility is a response function to the driving field, its real and
imaginary component are linked through the Kramers-Kronig relations.

2.4 Cryostats

In order to reach low temperatures, cryostats are needed. Different methods are
capable of reaching different temperatures. The cost and the limit of the sam-
ple size need to be taken into consideration when deciding for a method. Often
cryostats use multiple layers, similar to an onion, where different methods are used
for each layer. Typically, liquid nitrogen is used in the outermost layer, as it is
cheap, readily available, and relatively easy to handle. In its liquid form it has
a temperature of 77 K. The next layer is typically liquid helium, which is more
expensive, but has a temperature of 4.2 K. Upon pumping on a helium reservoir
temperatures of 1.8 K can be reached by reducing the vapour pressure, creating the
next layer of the cryostat. This He reservoir is replenished by a constant inflow of
He from the dewar one layer further out. Even lower temperatures can be reached
by means of the isotope 3He, being capable of cooling down to around 300 mK
when pumping on the reservoir.

In the case of our laboratory, two PPMSs are available, which are cooled by
liquid nitrogen and helium. An external inset based on 3He is available. It is a
closed cycle system in order to avoid loss of the very expensive 3He.

Dilution refrigerators are among the cryostats able to reach the lowest temper-
atures for macroscopic samples. Temperatures well below 100 mK can be reached
this way. A great advantage of this type of cryostat is that it can still cool con-
tinuously. Their working principle is based on a mixture of the two He isotopes
4He and 3He. When temperatures below 860 mK are reached a phase separation
between the isotopes occurs. Inside the mixing chamber the 3He flows from the
concentrated 3He rich phase into the diluted phase. The heat necessary for this
dilution process to occur is what cools down the mixing chamber.

To reach even lower temperature, adiabatic demagnetization refrigerators can
be used, which are able to achieve temperatures on the order of 1 mK. Usually,
these refrigerators can not be used in a continuous manner, as the magnet needs
to be remagnetized from time to time. For bulk samples the cooling becomes very

29



Chapter 2. Methods and Models

Fig. 2.5 Laue recording of Ca1.8Sr0.2RuO4. The star shape inicates that the c-
axis is parallel to the beam. Based on the angles between lines, the
Ru-O direction can be distinguished from the Ru-Ru direction.

hard at this stage but for atomic gasses, temperatures in the pico kelvin range can
be reached by laser cooling and forced evaporation cooling.

2.5 X-Ray Diffraction: Laue Method

The Laue method is an x-ray scattering technique to resolve the structure of crys-
tals. It was described in 1912 by Max von Laue [93]. It explains how in certain
points x-rays are scattered while in others they are not. In terms of equations
the scattering occurs when conditions are met by the scalar product of the crystal
vectors and the change in ~k given by

~a ·∆~k = 2πh (2.54a)

~b ·∆~k = 2πk (2.54b)

~c ·∆~k = 2πl (2.54c)

for integer numbers h, k, and l. Equivalently the scattering can also be described
by Bragg’s law

2dhkl sin θ = nλ. (2.55)

In this formula dhkl describes the lattice plane separation in (hkl) direction, θ is
the scattering angle, n is an integer, and λ is the wavelength.
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Most of the time Laue scattering is used to orient crystals along desired crystal
axes. A typical Laue image is shown in figure 2.5 for the material Ca1.8Sr0.2RuO4.
In order to identify the c-axis, the sample is rotated in all directions, until a star-
shaped pattern emerges, which reflects the symmetry when looking along the c
axis. This means that the plane perpendicular to the beam is the ab-plane. By
cutting the sample or by grinding the sample with sandpaper, an oriented sample
with surfaces parallel to the crystal planes is obtained. If other directions than
the c-axis are desired, a computer program can be used to simulate the expected
patterns for a given space group. The sample is then rotated until agreement
between the calculated and observed patterns is obtained. The Laue diffraction
pattern shown in the figure can also be used to distinguish the Ru-O direction
and the Ru-Ru directions by comparing the angles between lines. The horizontal
and vertical directions correspond to the Ru-O directions, while the diagonals
correspond to the Ru-Ru directions.

2.6 Models for Superconducting Fluctuations

Superconducting fluctuations can be described in different theories. The main
choice is whether the fluctuations are of the phase fluctuating or amplitude fluc-
tuating kind. Amplitude fluctuations are the more prevalent type and usually
present even in the case of phase fluctuations as an additional contribution. Dif-
ferent processes can contribute to the amplitude fluctuating scenario, also termed
the Gaussian scenario [28,94].

In the Aslamazov-Larkin model [34] Cooper pairs exist for a short time before
decaying again. This Cooper pair life time is given by [28]

τ = π~
8kBTc

ε−1, (2.56)

with the definition
ε = ln

(
T

Tc

)
(2.57)

for the measure of the distance of the temperature to the critical temperature.
The paraconductivity in this model can be expressed for different dimensions

in the following way:
∆σ3D

xy = e2

32~ξ
1√
ε
, (2.58)

∆σ2D
xy = e2

16~d
1
ε
, (2.59)
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∆σ1D
xy = πe2ξ

16~A
1
ε3/2

. (2.60)

Upon increase in dimension the paraconductivity depends more weakly on ε. The
general dependence is ∆σnD

xy ∝ 1/ε(4−n)/2. The dimensionality of the system thus
plays a big role and lower dimensions usually display a stronger temperature de-
pendence. In one and three dimensions, the coherence length ξ enters the equa-
tions, while for two dimensions it does not. Counterintuitively, in the one- and
two-dimensional cases the paraconductivity depends on the geometry of the object
under investigation by containing the wire cross-section A and the film thickness
d.

In stacked materials such as the cuprates the layers can act as individual two-
dimensional superconductors. The crossover between two and three dimensions
based on interacting planes is described by the Lawrence-Doniach model. In it the
paraconductivity is given by

∆σxx = e2

16~d
1√

ε(ε+ r)
. (2.61)

Depending on the size of the anisotropy parameter r in relation to ε the two- or
three-dimensional AL contributions are recovered.

The AL fluctuations are accompanied by indirect contributions, i.e. contribu-
tions that do not originate from the fluctuating Cooper pairs directly, mainly the
Maki-Thomson and the density-of-states corrections [28]. Depending on the ma-
terial, these contributions have varying impact on the observed paraconductivity.

The Maki-Thomson fluctuations are a purely quantum mechanical correction
term to the AL paraconductivity based on interactions of normal state quasipar-
ticles with fluctuating Cooper pairs [95,96]. The MT contribution only influences
transport coefficients due to its influences on the mean free path. The amplitude
of this interaction is given by geff = 1/ε. This leads to a fluctuation contribution
which in two dimensions has the general form

∆σMT
xx ≈

e2

8~ε ln
(
Dτφ
ξ2(T )

)
(2.62)

with the dephasing time τφ and the diffusion constant D.

For layered superconductors it follows the form [94,97,98]

∆σMT
xx = ∆σAL

xx

2ε
ε− δ

ln
 ε
δ

1 + α +
√

1 + 2α
1 + αε

δ
+
√

1 + 2αε
δ

 , (2.63)
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with the pair-breaking parameter

δ = π~
8kBTτφ

(2.64)

and the coupling parameter
α = 2ξ2(0)

d2ε
. (2.65)

In the 2D limit this reduces to

∆σMT
xx = ∆σAL

xx

2ε
ε− δ

ln
(
ε

δ

)
. (2.66)

An additional correction based on the density-of-states can become another
factor of importance. When two electrons form a Cooper pair, there are now less
electrons available in the regular conduction channel, leading to an increase in the
resistivity. It can be calculated directly from the Drude formula (equation 2.17)
as

∆σDOS
xx = −2nse

2τ

me
(2.67)

since the fluctuating Cooper pair density ns above the transition is exactly half the
number of missing electrons. The negative sign determines a decrease in conduc-
tivity. Without detailed microscopic considerations the behaviour as a function of
ε can already be obtained and gives

∆σDOS
xx ∝ − ln 2√

ε+
√
ε+ r

. (2.68)

In the two-dimensional case the anisotropy parameter r = 0.

In the case of phase fluctuations an exponential resistivity behaviour is ex-
pected. In order to combine amplitude and phase fluctuations the dependence of
∆σxx on temperature can be expressed in an intermediate step by its dependence
on the superconducting coherence length, the size of the fluctuating Cooper pair,
which is ∆σxx ∝ ξ2(T ) [99, 100]. The superconducting fluctuations are expected
to diverge at Tc, which in the case of Gaussian fluctuations happens in form of a
simple power law ξ ∝ ε−1/2. Phase fluctuations, on the other hand, are expected
to diverge exponentially. To fill in the gap between the two fluctuation regimes, a
phenomenological interpolation model was suggested by Halperin and Nelson [99].
Their results states that

∆σxx = 0.37
b
σn
xx sinh2

√bτc

τ

 , (2.69)
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where σn
xx is the normal state conductivity, b is a dimensionless constant of order

unity,
τ = (T − TBKT)/TBKT, (2.70)

and the measure of the distance of Tc to TBKT

τc = (Tc − TBKT)/TBKT, (2.71)

with Tc the standard BCS critical temperature and TBKT the Berezinskii-Kosterlitz-
Thouless temperature. In this scenario the film is only fully superconducting with
R = 0 below TBKT. In between TBKT and Tc the system would be dominated by
phase fluctuations. The limits of equation 2.69 are exponential for bτc/τ � 1 and
the Aslamazov-Larkin behaviour (1/τ ≈ 1/ε) is recovered for bτc/τ � 1 upon
linearization of the sinh.
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Chapter 3

Hall Effect Study of the
Superconducting Fluctuations in
a Thin Film of NbN

3.1 Introduction
Among all the different superconductors it is especially of interest to investigate
materials which exhibit a crossover between a Bose-Einstein condensate (BEC) and
the Bardeen-Cooper-Schrieffer (BCS) regime [101–104], as different fluctuations
are expected for the two cases. In the BCS regime the expected fluctuations are
amplitude fluctuations, whereas in the BEC regime one expects phase fluctuations.

In the cuprates the overdoped side is usually considered to be ruled by BCS
theory and the accompanying amplitude fluctuations [30], whereas on the under-
doped side, or more precisely in the pseudogap phase, the case is less clear. There
is evidence of phase fluctuations [27, 105–107], but at the same time amplitude
fluctuations have been observed [33, 86, 108–111]. The same data set has even
been taken as evidence for phase fluctuations by one group [112,113] and for am-
plitude fluctuations by another [114]. Further support for phase fluctuations in
the underdoped regime of high temperature superconductors comes from the low
superconducting carrier density leading to a small phase stiffness [37,115,116].

A stronger response, i.e. faster growth upon approaching Tc, is usually ex-
pected for lower dimensions. This makes thin films ideal candidates for the study
of superconducting fluctuations. The same behaviour is also expected for lay-
ered compounds, with corrections for interacting layers, which makes it easier to
investigate cuprates compared to other bulk superconductors.

One way to get an improved understanding of the superconducting fluctua-
tions in cuprates is to investigate systems that show a similar crossover between
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Fig. 3.1 The phase-diagram of NbN thin films as functions of T and kF`. The
pseudogap (PG) phase appears for high disorder at low temperatures
between the superconducting and normal metallic phases. The sample
of this chapter lies at kF` = 4.6 and has a Tc of 15 K. Taken from
Ref. [117].

BEC and BCS. One such system is NbN, where phase fluctuations and a con-
nected pseudogap state for high disorder have recently been discovered [117,118].
A phase diagram showing the location of the pseudogap is shown in figure 3.1.
Another, very similar system, is TiN, for which a pseudogap has been identified
as well [119, 120]. It is thus of great interest to carefully investigate such thin
films in both the BCS and BEC region in order to obtain a better understanding
of the fluctuation mechanism and the causes of superconductivity. Other nitro-
gen compounds that have recently been investigated by means of fluctuations are
TaN [121,122], and MoN [123], both showing behaviour consistent with Gaussian
fluctuation theory [124].

NbN is a well characterized material, both in its superconducting and metallic
state, which is in parts due to and in parts the reason for there being a wide array
of applications, for example hot-electron bolometers [125, 126] and superconduct-
ing single photon detectors [127, 128]. Their high operating speed and low dark
count rate make them ideal for applications in quantum optics. One important
advantage of NbN over other superconducting films is the high Tc and the large
superconducting gap. The fact that it is a type II superconductor furthermore
makes it suitable for use in high magnetic fields. Different growth methods have
been used to grow NbN films, such as reactive magnetron sputtering [129], high-
temperature chemical vapor deposition [130], ion beam assisted sputtering [131],
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or pulsed laser deposition [132]. It can even be grown as free standing films [133].
Many of its properties have been widely studied, including different transport prop-
erties [134–136]. On the other hand it has served as a model system to investigate
the dynamics of superconductivity out of equilibrium [137–140].

For the purpose of this study we use a NbN film outside of the pseudogap
phase. It is our goal to study the superconducting fluctuations in the region where
they are predicted to be governed by Gaussian fluctuations [124]. We do this by
investigating the paraconductivity and the contribution of the fluctuations to the
Hall effect.

The sign of the superconducting fluctuations is determined by the derivative
of the logarithm of the critical temperature with respect to the chemical potential
d ln(Tc)/dµ [124, 141]. For NbN, as for most other conventional superconductors,
this derivative is positive [134] and thus the Hall coefficient of the superconducting
(SC) fluctuations is expected to be positive, RH,SC > 0. This is in contrast to the
Hall coefficient expected for the electron quasiparticles (QP), which are the charge
carriers in this material [134], where RH,QP < 0 is thus expected. This opposite
contribution to the Hall effect makes it easier to disentangle the two contributions.

A number of different films of varying thickness was initially characterized
by resistivity measurements and later expanded to Hall measurements. For the
detailed measurements we chose a film at the upper end of the thickness scale.
This has multiple reasons. One important is the decay of the films over time,
which is more pronounced the thinner the films get. Another is that the thicker
films have a higher Tc, which is favourable in the context of fluctuations as they
are dependent on ε = ln(T/Tc), thus expanding the fluctuation region over a larger
temperature range.

3.2 Methods
The NbN films were grown by Konstantin Ilin from the Karlsruhe Institute of
Technology. The growth procedure was performed on sapphire substrate by us-
ing DC reactive magnetron sputtering of a target of pure Nb in an atmosphere
composed of a mixture of Ar and N2 gases. The dimensions of the film plane are
1 cm× 1 cm. The thickness of the sample was measured with a stylus profiler, and
resulted in d = 11.9(2) nm. The necessary contacts on the sample were made from
gold and arranged in a Hall bar geometry, as shown in figure 3.2. Silver wires were
then glued to the gold contacts with silver paint, which resulted in a good contact
resistance after drying in air for ≈ 30 min. The measurements were carried out in
a PPMS capable of reaching magnetic fields up to 9 T. For all measurements the
magnetic field has been applied perpendicular to the film plane. Great care was
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Fig. 3.2 A photo of a NbN film with the Hall bar geometry of gold contacts.

taken to minimize any offsets or backgrounds. For this purpose both temperature
and field were stabilized at each measurement point. This was done for positive
and negative magnetic fields (negative meaning pointing in the opposite direction)
in order to obtain the antisymmetric part of the signal, which is the true Hall
signal. Contributions originating from misaligned contacts, i.e. a background of
ρxx, can be removed this way.

3.3 Experimental Results

The experiment consisted of resistivity measurements, combined of longitudinal
and Hall resistivity. The longitudinal resistivity ρxx is shown in figure 3.3. It
has been measured between 0 T and 9 T in steps of 1 T. We define the critical
temperature as the temperature at which ρxx is steepest, i.e. dρxx/dT is at its
maximum. This criterion is useful as the Aslamazov-Larkin theory predicts a
diverging slope at Tc. In our film, for zero magnetic field, Tc is found to be
14.96(2) K. We can determine the transition so precisely thanks to the extremely
sharp downturn of ρxx. Upon application of a magnetic field perpendicular to the
film the transition shifts linearly towards lower temperatures.

The inset of figure 3.3 shows the critical magnetic field Bc2 as function of
temperature. The red line is a fit to a linear function. Its slope can be used to
obtain the zero temperature critical field Bc2(0), using the Werthamer-Helfand-
Hohenberg (WHH) relation [142],

Bc2(0) = −0.69Tc
dBc2

dT , (3.1)
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Fig. 3.3 Resistivity ρxx as function of temperature T measured for magnetic fields
between 0 and 9 T in steps of 1 T. The magnetic field is perpendicular
to the film plane. Solid lines are guides to the eye. The inset shows Bc2,
defined as the steepest part of the resistivity, as function of temperature.
The red line is a fit to a linear function, used to calculate Bc2(0).

valid in the dirty regime of superconductors. We obtain Bc2(0) = 18 T, consistent
with other reports [143,144]. The WHH behaviour in NbN is valid independent of
the film thickness [136].

The Hall resistivity as function of field is shown in figure 3.4. It focuses on the
low-field part below 2 T, where the influence of the superconducting fluctuations
can be seen. It displays three isotherms, two close to Tc and one far enough away
to suppress the superconducting fluctuations completely. The inset shows one of
the isotherms over the whole range of measurement, up to 9 T. It is clearly linear,
as expected for the quasiparticle contribution to the Hall resistivity. The negative
slope is due to electrons being the relevant charge carriers.

The slope is equal to the Hall coefficient RH = ρxy/B and can be used to
calculate the carrier density n = −1/(RHe) = 4.2× 1023 cm−3, a typical value for
a metal [145]. This number can further be used to obtain the Fermi wavevector
kF = (3π2n)1/3 = 2.3Å−1. This can in turn be used to calculate the mean free path
of the electrons ` = ~kF/(ne2ρxx) = 2.0Å and the Fermi energy EF = ~2k2

F/2m =
20.5 eV, where ρxx = 1 µΩ m is taken above the superconducting transition. This
mean free path is extremely short, orders of magnitude smaller than the film
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Fig. 3.4 Hall resistivity ρxy as function of magnetic field B in the low-field region
for temperatures as indicated. For the T = 15 K (≈ Tc) isotherm a clear
sign change can be observed. The inset shows the Hall resistivity for the
whole measured range up to 9 T. The high-field behaviour is linear, as
expected for the quasiparticle contribution. The negative slope indicates
negative charge carriers, i.e. electrons. Solid lines are guides to the eye.

thickness d = 11.9 nm, and confirms that our NbN film is in the dirty limit of
metals.

From the critical field Bc2 we can calculate the zero temperature coherence
length using

ξ0 =
√

Φ0/(2πBc2(0)), (3.2)

where Φ0 = 2.07× 10−15 Wb is the flux quantum. This yields ξ0 = 43Å. This
length scale is a bit below the film thickness, but since our measurements are con-
ducted around Tc where the coherence length and the magnetic penetration depth
diverge [100], we can conclude that we have two-dimensional superconductivity,
while the quasiparticle electrons feel a three-dimensional environment due to the
short mean free path.

For low fields and temperatures close to Tc the influence of superconduct-
ing fluctuations can be seen as a deviation from the linear background. For the
isotherm of lowest temperature a sign change from negative to positive can be
observed upon approaching B = 0 from above. This sign change can be observed
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Fig. 3.5 The Hall resistivity ∆ρxy after removal of the linear quasiparticle back-
ground. The magnitude of the signal decays rapidly upon increasing the
temperature. Solid lines are guides to the eye.

only in a narrow temperature window of approximately 0.3 K above Tc. For higher
temperatures up to about 1 K above Tc a deviation in positive direction can be
seen, but no sign change any more, as the magnitude of the effect drops below the
magnitude of the quasiparticle background. The fact that there are two different
signs involved makes it clear that there are two independent effects at work, as
opposed to one effect getting weaker or stronger upon change of the magnetic field.

In figure 3.5 the linear quasiparticle background of the Hall signal is subtracted
to obtain ∆ρxy = ρxy − ρQP

xy . It shows the same data as figure 3.4 and includes
further isotherms in between. The rapid decay of the signal is evident and within
about 1 K it vanishes below the detection limit. As opposed to the quasiparticle
contribution, the superconducting fluctuations cause a highly nonlinear behaviour.
It is an extremely small effect with an amplitude of around 10 pΩ m, especially
when compared to ρxx = 1.0 µΩ m. This means that the effect we are interested in
is five orders of magnitude lower than the quantity causing the background in the
measurement due to misaligned contacts. It needs to be noted, though, that the
actual background in the voltage measurement is smaller, as the overall contact
alignment is not that extreme.
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Fig. 3.6 The Hall conductivity ∆σxy = σxy − σn
xy. Due to the proportionality of

conductivity and resistivity for the Hall effect it looks similar to ∆ρxy
shown in figure 3.5. Solid lines are fits to the theoretical model but
should be viewed as guides to the eye.

It is important to note, however, that the quantity ∆ρxy does not have a phys-
ical meaning, it is not the true resistivity of the superconducting fluctuations, but
merely a difference of two resistivities. The electron quasiparticles and the super-
conducting fluctuations are two parallel conduction channels for charge transport.
In such a case the quantity that does add is the conductivity. That means for the
measured conductivity that σxy = σn

xy + ∆σxy, where σn
xy is the normal state con-

ductivity and ∆σxy is the true contribution of the superconducting fluctuations.
We thus subtract the normal state Hall conductivity, which in our case where
there is virtually no magnetoresistance can be taken as the value at 9 T, from the
measured Hall conductivity. This quantity, ∆σxy, is displayed in figure 3.6. The
figure shows strong similarities to figure 3.5 due to the proportionality of σxy and
ρxy. Furthermore the data shows similarities to results obtained on the Nernst
effect, specifically the contribution of superconducting fluctuations to the Nernst
signal [33]. There the usual next step is to plot the Nernst coefficient ν. Inspired
by this the same data as shown in figure 3.6 is plotted again in figure 3.7 as
νH = ∆σxy/B, the Hall version of the Nernst coefficient. For low magnetic fields
the values of νH are constant at values νH,0 until a magnetic field B∗, at which the
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Fig. 3.7 The value νH = ∆σxy/B on a logarithmic scale. For magnetic fields
lower than a field B∗ (indicated by arrows) the curves remain constant
at zero-field values νH,0. For higher fields they drop off rapidly. Solid
lines are guides to the eye. The grey bars indicate the uncertainties
of the corresponding B∗. For the isotherm of lowest temperature the
constant plateau is not reached and the constant line corresponds to the
lower limit.

isotherms start to decline towards lower values. This decrease is happening quite
fast, as evidenced by the logarithmic scale.

The magnitude of νH,0 as a function of the parameter ε = ln(T/Tc) is shown
in figure 3.8. Over less than 1 K the magnitude decreases by more than two
orders of magnitude. We compare the Hall signal to the paraconductivity ∆σxx =
σxx − σn

xx, the difference of the measured conductivity as shown in figure 3.3 and
the normal state conductivity, assumed to be given by the conductivity at 9 T.
It is evident that the paraconductivity decreases much slower upon increasing
T . This difference is quantified mathematically as a ∝ ε−1 behaviour for the
paraconductivity and a ∝ ε−2 behaviour for the fluctuation Hall conductivity.

Finally the ghost critical field B∗, obtained as the field where νH deviates from
νH,0 is shown in figure 3.9. It increases linearly in ε for the measured temperature
range. The error bars are relatively large and correspond to the 20 mK uncertainty
for ε and to the grey bars in figure 3.7 for B∗.
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to ε−2. In contrast the paraconductivity ∆σxx (green circles, right axis)
decays only with ε−1. The dashed lines are drawn according to the the-
oretical prediction, without any adjustable parameters. The error bars
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∆σxx the error bars are not shown, but along the ε-direction they would
be of the same size as for νH,0.

0.00 0.02 0.04
ε = ln(T/Tc)

0.0

0.2

0.4

G
h

os
t

C
ri

ti
ca

l
F

ie
ld
B
∗

[T
]

B∗ = Bc2(0)
2

ε

Bc2(2Tc − T )

15.0 15.2 15.4 15.6
Temperature [K]
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to the grey bars in figure 3.7 while horizontal error bars correspond to an
uncertainty in Tc of 20 mK. The dashed line corresponds to the predicted
ghost critical field, while the dotted line corresponds to the mirror image
of the critical field. The ghost critical field is clearly below the mirrored
critical field.

44



3.4. Discussion

3.4 Discussion

Recently a theoretical prediction has been made for the fluctuation Hall conduc-
tivity based on Gaussian fluctuation theory [124]. In a small range around the line
of phase transition Tc(B) and for small fields the equation can be written as

∆σxy = e2kBTκ

π~d
sgn(B)

∞∑
j=0

(j + 1)(ζj+1 − ζj)3

ζjζj+1(ζj+1 + ζj)2 , (3.3)

where
ζj = ε+ κω

2 + Ψ
(

1
2 + (j + 1/2)4De|B| − iω

4πkBT

)
−Ψ

(1
2

)
, (3.4)

with the digamma function Ψ,

κ = −d ln(Tc)
dµ , (3.5)

and the diffusion constant D. The parameters κ and D are then normally used as
fit parameters. This equation has already been successfully tested on TaN [121].
The data in figure 3.6 has been fitted with equation 3.3, which is shown as solid
lines in the figure. They are, however, not a global fit and are thus to be seen as
guides to the eye.

A simpler, clearer, and more straight forward way is to look at the low field
limit of equation 3.3. It is given by

∆σxy
B

= eDκ

3
e2

16~d
1
ε2
, (3.6)

the low field equation for ∆σxy in two dimensions for the Gaussian theory. The first
term is a material-dependent prefactor unique to the Hall conductivity, the second
factor is the Aslamazov-Larkin prefactor and is independent of the material, and
the last factor describes the dependence on the temperature.

As opposed to equation 3.3, the factors D and κ are here combined into one sin-
gle fit parameter. With some small calculations, however, this can be transformed
into a known prefactor. For this purpose we substitute

D = v2
Fτ

3 = 2EFτ

3m . (3.7)
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In the case of κ = −d ln(Tc)/dµ the substitution is a bit more complicated.
We begin by applying the chain rule to obtain

κ = d ln(Tc)
dλ

dλ
dN(0)

dN(0)
dEF

dEF

dµ , (3.8)

where λ is the electron-phonon coupling constant and N(0) is the density of states
(states per volume and energy). By assuming EF = µ, the last term drops away.
The second term can be evaluated as [134,146]

dλ
dN(0) = λ

N(0) . (3.9)

For the third term we make use of the standard equation [145]

N(0) =
√

2m3EF

~3π2 (3.10)

from which the derivative can be calculated:

dN(0)
dEF

= 1
~3π2

√
m3

2EF
. (3.11)

The second, third, and fourth term of equation 3.8 can thus be combined to

dλ
dN(0)

dN(0)
dEF

dEF

dµ = λ

2EF
. (3.12)

This means that κ can be expressed as

κ = − λ

2EF

d ln(Tc)
dλ , (3.13)

which means that κ = β/EF with a dimensionless parameter β.

The first term in equation 3.6 can thus be written as

eDκ

3 = 2eβτ
9m = 2µHβ

9 , (3.14)

where we have made use of the Hall mobility, which can be easily calculated from
our Hall measurements, see equation 2.32: µH = 1.3× 10−5 T−1. Equation 3.6 can
then be written as

∆σxy
B

= 2µHβ

9
e2

16~d
1
ε2
. (3.15)
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What is needed now is an equation to link Tc to λ in order to obtain a numerical
value for β. In the weak coupling limit (λ� 1) this equation [8] is given by

kBTc = 1.13~ωDe
−1/λ, (3.16)

which yields
κ = − 1

2λEF
, (3.17)

or β = −1/2λ. The result already gives a good approximation of the data, but
since our NbN films are not in the weak coupling limit [137], we look at a different
formula to link Tc and λ: the McMillan formula [146]

Tc = Θ
1.45 exp

(
−1.04(1 + λ)

λ− µ∗(1 + 0.62λ)

)
, (3.18)

where Θ is the Debye temperature and µ∗ is the Coulomb coupling constant ac-
counting for the repulsive electron-electron interaction responsible for screening.
The electron-phonon coupling constant λ for NbN and was found to be 1.1(1) ac-
cording to a recent study [137], and µ∗ is taken to be 0.13, a value typically used
for NbN and other transition metal compounds [134,146,147]. This then leads to
the value β = −0.77, or equivalently,

κ = −0.77
EF

. (3.19)

All parameters of equation 3.15 are now known and can be compared with the
data. The dashed line in figure 3.8 is drawn according to this equation. Thus,
without any fitting parameters, an excellent agreement between the theory and
the experiment is found.

For the paraconductivity the equivalent formula, the Aslamazov-Larkin for-
mula, is given by equation 2.59. It is independent of material properties and
depends only on the thickness of the film and the temperature. Without any ad-
ditional calculations, all parameters of this equation are known. The validity of
this formula is limited by the Ginzburg-Levanyuk number

Gi = e2

16~dρ
n
xx. (3.20)

There are slightly different ways of defining Gi, varying in small factors of order
unity [28]. The criterion used here to define Gi is ∆σxx = σn

xx, which is also used,
for example, in Refs [148,149]. The temperature range where equation 2.59 is valid
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is Gi < ε� 1. Using our parameters we obtain Gi ≈ 0.001 and so we can see that
equation 2.59 is in our case valid over almost three orders of magnitude.

Both quantities, νH,0 and ∆σxx, are well described by the theoretical prediction
within the range of validity of the theory. The dip in ∆σxx upon approaching ε = 1
is thus expected, as the theory is limited to lower temperatures, and typically
observed in paraconductivity measurements [110,150,151].

It is clear from the excellent agreement of the paraconductivity with the pre-
diction of the AL theory (see figure 3.8) that the conductivity is at least heavily
dominated by AL fluctuations. Nonetheless a look at the other possibilities is
appropriate. We first discuss the Halperin Nelson model (equation 2.69), which
incorporates phase fluctuations.

In our case we have a very sharp transition where Tc ≈ TBKT and thus τc is
very small. Recently it was shown that the parameter b inside the tanh (which
in that study is considered to be different from the prefactor b) depends linearly
on τc. We are thus clearly in the Aslamazov-Larkin limit with bτc/τ � 1 and will
discuss our results in the formalism of Gaussian fluctuations.

It now remains to answer the question of how relevant the MT contribution
is compared to the AL contribution. The low mean free path would suggest that
further scattering of electrons on fluctuations plays a minor role. A further indi-
cation of the relative insignificance is the absence of anything resembling a ln(ε/δ)
behaviour. At the same time the relation of the Hall channel and the longitudinal
channel for the MT theory reads [98,152]

∆σMT
xy

B
= −2µH∆σMT

xx . (3.21)

The relative insignificance of the MT contribution thus propagates to the Hall
effect, where it is further decreased by a small mobility. In this channel as well
no deviation from the ε−2 behaviour is found. The MT contribution is also less
singular than the AL contribution [152]. A third influence on the superconducting
fluctuations stems from the density of states (DOS) contribution. This contribu-
tion, however, is usually considered to be very small and is thus neglected [153].

A sign change in the Hall resistivity has been observed in many different ma-
terials. So far the explanation in these cases has involved vortices, or at least
their influence could not be ruled out. In our case, however, we are clearly above
Tc where vortices can not exist. This is another advantage of the very sharp su-
perconducting transition. In the classical picture of the Hall effect, electrons get
deflected by the Lorentz force. The sign change thus says that, once the electrons
combine to form Cooper pairs, they are deflected into the opposite direction.
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We now come to the last point of discussion, the ghost critical field B∗, which
obtained its name due to it appearing as a ghost image of Bc(T ). This field scale
originates as a crossover of two different length scales, of which one is dependent
on the temperature and the other dependent on the magnetic field. The first one
is the coherence length

ξ(T ) = ξ0√
ε

(3.22)

and the second is the magnetic length scale

`B =
√

~
αeB

. (3.23)

The parameter α is a numeric constant of order unity. Its precise definition varies
slightly between different studies. In this way values of 1/2 [123], 1 [108, 154],
2 [155–158], and 4 [122] have typically been used, thus varying the magnetic length
by a factor of 1/

√
2, 1,

√
2, or 2, respectively.

There are thus two different regimes expected depending on which of the two
length scales dominate. The crossover between the two regimes happens when
ξ(T ) = `B. This implies for the ghost critical field, using equation 3.2 to relate
Bc2(0) and ξ0,

B∗ = ~
αeξ2

0
ε = 2Bc2(0)

α
ε. (3.24)

The ghost critical field thus depends linearly on the temperature, as long as the
temperature is close to Tc. Furthermore it scales with the critical field, reflecting
it’s ghost like behaviour of being a mirror image of the critical field.

It is not necessarily obvious of how to read the ghost critical field from the
measured data. One possibility is to use the position of a peak. This is usually
done in measurements of the Nernst effect, where the peak in the Nernst signal N
is considered to indicate B∗ [33, 154–158]. One problem of this definition is that
this peak does not disappear upon approaching Tc and so a finite B∗ is observed
at Tc.

For this reason we decided to use an alternative approach and define the B∗
to the field at which the value νH = ∆σxy/B deviates from a constant low field
behaviour.

We see (figure 3.9) that the ghost critical field scales indeed linearly in ε. We
obtain α = 4 when using our critical field Bc2(0) = 18 T, consistent with TaN
thin films [122]. The observed ghost critical field is thus lower than the pure
mirror image (dotted line in figure 3.9). The good agreement of the data with the
prediction of the ghost critical field indicates that we do indeed observe a crossover
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between two length scales in the region above Tc, of which one is a length scale
directly related to superconductivity.

3.5 Conclusions
To summarize, we presented a study of the influence of superconducting fluctua-
tions on the full conductivity tensor in a thin film of NbN. We could observe a sign
change in the Hall resistivity caused by superconducting fluctuations in a small
temperature window above Tc. For the low field limit of the Hall conductivity
we find excellent agreement with Gaussian fluctuation theory. The same level of
agreement to theory is also found in the paraconductivity. Different temperature
dependences are observed for the two cases and both comparisons are done without
having to fit any parameters. As a second result we could show the occurrence of
a ghost critical field B∗, which depends linearly on the temperature and lies below
the mirror image of the critical field.

The results of this chapter have been published in: D. Destraz et al., Phys.
Rev. B 95, 224501 (2017). The main contributions from the co-authors are the
film growth by K. Ilin and assistance in writing the manuscript by J. Chang.
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Chapter 4

Superconducting Fluctuations in
Ultrathin NbN Films

“NbN does not exist.”

— Konstantin Ilin (KIT)

4.1 Introduction

Many properties in thin films are strongly dependent on the film thickness. This is
also true for NbN. Quite dramatic differences are observed when going to thinner
films around 3 nm. The phase diagram presented in figure 3.1 already gave an in-
dication. Due to the stronger disorder effects upon decreasing the film thickness,
a pseudogap phase is entered. The goal of this study is to investigate the super-
conducting fluctuations in the Hall resistivity when the film is in the pseudogap
phase and to find connections to the cuprates. Despite the presumed connection
of the pseudogap and phase fluctuations, the effects observed in cuprates usually
go beyond the theories of phase fluctuations.

Figure 4.1 shows STM spectra for a NbN film in the pseudogap phase. Above
Tc the spectra still show a dip around V = 0, which indicates the presence of a
pseudogap. The pseudogap in NbN is very robust and remains intact across the
superconductor insulator transition [159]. The pseudogap is thus present every-
where outside the superconducting phase in the B-T phase diagram. It has been
predicted theoretically that for two- and three- dimensional superconductivity in a
small range of ε the Aslamazov-Larkin behaviour, albeit with a different prefactor,
can be found in strongly disordered systems with a large pseudogap [160]. The
non-Gaussian part of the superconducting fluctuations depends strongly on the
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Fig. 4.1 STM spectra after background subtraction. Above Tc a pseudogap is
observed. Taken from Ref. [117].

roughness and inhomogeneity of the investigated film [161]. This makes investiga-
tions inside the pseudogap regime in very thin films particularly challenging.

Experiments in ultrathin NbN films could show the presence of nanoscopic in-
homogeneities leading to unusual properties. These inhomogeneities in the super-
conducting properties are not related to any structural inhomogeneities, which are
much smaller, and exist even above the critical temperature inside the pseudogap
phase. These very thin films of NbN have been found to host zero-dimensional
superconducting fluctuations of the amplitude [162]. The data also supports a
possible 0D-2D crossover upon approaching Tc. Such amplitude fluctuations are
inconsistent with the appearance of a pseudogap. This paradox is explained with
the confinement of the superconducting fluctuations instead of a more strict local-
ization. In that study the threshold thickness to observe such behaviour is 2.2 nm.
In the thinnest sample, a superconductor-insulator transition could be observed
for high magnetic fields. In another study unconventional superconductivity with
decreased or absent coherence peaks has been observed in NbN films thinner than
8 nm, lacking the strong pseudogap features and observing a reduced influence and
even absence of vortices in the thinnest samples [163]. This suggests that phase
fluctuations due to the thickness tuned superconductor-insulator transition play a
significant role.

Another interesting phenomenon observed in very thin NbN is the BKT tran-
sition [164]. Besides superconducting fluctuations the resistivity above TBKT can
also be influenced by vortex fluctuations [100]. A crucial role is played by the
vortex core energy, which in turn is influenced by the disorder in the film, lead-
ing to an increased energy cost for vortices for higher disorder. BKT transitions
are also present in cuprates, including YBa2Cu3O7, where it can be seen in single
crystal films [165]. Good agreement with the Lawrence-Doniach theory of fluctu-
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ations could be observed above Tc. In stripe ordered La1.875Ba0.125CuO4 a purely
two-dimensional BKT transition is observed [166]. The occurrence of the BKT
transition in these materials is aided by the quasi-two-dimensional superconduc-
tivity in the layered cuprates.

The Hall effect inside a pseudogap phase has recently been investigated for
cuprates in a theoretical study [167] in the strong pairing approach, but the more
general results should apply also for NbN. Unfortunately, without a detailed band
structure calculation the results are not suitable to describe the experimental obser-
vations quantitatively. Furthermore the sign change near Tc in the Hall resistivity
is excluded from their considerations. The Hall conductivity of the fluctuations is
found to reflect the underlying fermionic quasiparticles in its sign, meaning that
no sign change is expected. At the pseudogap temperature T ∗ the Hall coefficient
is expected to rise due to a reduction in the unpaired charge carriers, which is
reflected in the term fermionic transport. This increase is then stopped abruptly
close to Tc where the Hall resistivity drops sharply in the regime of bosonic trans-
port, where the fluctuations influence the conductivity.

After much research the pseudogap in the cuprates is still not fully understood.
Only recently, a significant jump in the carrier density could be observed from Hall
effect measurements [168,169], together with a strongly negative thermal Hall con-
ductivity [170]. Interestingly, the Hall coefficient scales with the pseudogap energy
scale [171]. In this study we investigate very thin NbN films in the pseudogap
regime. The aim is to gain more insight into the fluctuations and their connection
to the pseudogap through Hall effect measurements. Combined influences from
the BKT transition, the pseudogap, and Gaussian fluctuations of predominantly
AL character are expected. The MT contribution in the Hall effect is less singular
than the AL contribution and is not expected to play a role [152].

4.2 Methods

Multiple NbN films of thicknesses below 3 nm have been investigated. Due to the
fast decay of the films we only show the results of two fresh films of thickness
2.3 nm, and 2.7 nm. Their growth process is the same as described in the last
chapter. The 2.7 nm film is a part of the same batch as the film described in the
last chapter. The 2.3 nm film is from a second batch. The growth parameters
of the two batches are not exactly the same, leading to some differences in the
superconducting properties between the films. The electrical connections and the
measurement procedure follows the description of last chapter.
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4.3 Results and Discussion
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Fig. 4.2 Resistivity as function of temperature for magnetic fields as indicated
for the two very thin NbN films. The insets display the temperature
dependence above the transition, showing insulating behaviour in a large
temperature range. The yellow lines are fits to equation 4.1.

The first step is to gain the relevant knowledge about the resistivity and
whether we observe a BKT transition. Resistivity measurements on both films
are shown in figure 4.2. The superconducting transitions take place around 5 K
and 8 K for the two films. Above the transition insulating behaviour is found as
shown in the insets. Nonetheless, the resistivity between room temperature and
Tc varies only slightly, around 7% and 20% for the two films. In the insulating
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region it can be described by

ρ(T ) = a3 ln3
( 1
T

)
+ a1 ln

( 1
T

)
+ a0, (4.1)

an equation which is regularly used to fit insulating behaviour in thin supercon-
ducting films [162]. This fit is shown as yellow lines in the insets. For the 2.7 nm
film this insulating behaviour extends up to around 150 K, where the resistivity
starts to flatten off followed by an increase again upon increasing temperature. In
the second film the insulating behaviour extends up to room temperature. The
behaviour upon applying a magnetic field around the transition is shown in the
main panel. Above the transition the resistivity is independent of magnetic field,
no significant magnetoresistance is observed. The superconducting transition is
much broader than in the thicker films of the last two chapters, extending over a
range of about 1 K. This range increases even more for higher magnetic fields. In
the absence of a magnetic field two different resistivity regimes are observe. This
behaviour is shown in figure 4.3 on a logscale to visualize the very low resistivity
regime. For the first film the onset of the superconducting transition is visible
at around 6 K with the steepest part of the transition at 5.2 K. The resistivity
curve then decreases until a clear bump is observed at 4.5 K. Around 2 K, the
lowest temperature of the measurement, the resolution of the measurement hard-
ware becomes a limiting factor. For the second film the onset of superconductivity
occurs around 8.4 K, a much higher temperature than the first film despite this
film being the thinner of the two. The kink occurs around 7.3 K and below 5 K
the instrument resolution prevents the clear experimental confirmation of a fur-
ther resistivity decrease. The resistivity curve of the film investigated in the last
chapter is shown in yellow as a comparison.

The resistivity of the ultrathin films shown in figure 4.3 can be fitted below the
kink with the formula

ρxx ∝ exp
(
−b/
√
t
)

(4.2)

with the dimensionless temperature

t = T − TBKT

TBKT
. (4.3)

This equation describes the resistivity behaviour above a BKT transition. From
the fit we obtain the temperature TBKT = 1.50(2) for the first film and TBKT =
1.5(4) for the second. The fits are shown as red lines in figure 4.3 and agree
well with the measured data over most of the range between the temperature of
the resistivity kink and the temperature where the signal becomes too small to
measure. In a plot with a logarithmic ordinate this formula will always result
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Fig. 4.3 Resistivity as function of temperature on a logscale plot. The measure-
ments (violet points) display the BKT regime below 4.5 K and 7.3 K,
respectively. As an illustrative example the data measured on the aged
version of the first film is shown in grey. It exhibits a very different re-
sistivity behaviour with a different Tc. The data of the film presented
in the last chapter is also shown as comparison in yellow. The solid red
lines are fits to equation 4.2.

in a negative (clockwise) curvature. The data around the kink is thus clearly
inconsistent with a BKT behaviour. We can thus conclude from this analysis that
we observe a BKT behaviour and that the kink in the resistivity curves marks
the end of the BKT regime. The BKT transition in NbN films is a well-known
phenomenon. We investigate it here again as the resistivity is the starting point
for the investigations of the superconducting fluctuations in the Hall effect. To
illustrate the problems caused by film decay the first panel of the figure also shows
the resistivity of the same film at a later time in grey. At this point the film decay
has shifted the resistivity curve to lower temperatures. The BKT regime can also
not clearly be distinguished any more.

Next we take a look at the paraconductivity. It is calculated by subtracting the
extrapolated normal state conductivity according to equation 4.1 from the mea-
sured conductivity. The resulting ∆σxx is shown in figure 4.4 for both films over a
large range in ε. Over one and a half orders of magnitude of ε the paraconductivity
follows a straight line in the log-log plots, corresponding to a power-law.

First the 2.7 nm film is discussed. The critical temperature used is 4.8 K which
is chosen because it extends the power law region over the largest range of ε
and corresponds well with the resistivity measurements, as seen in figure 4.3(a).
Figure 4.4 shows two lines obtained from the AL theory for different dimensions.
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Fig. 4.4 Paraconductivity vs reduced temperature ε on a log-log scale, with the
regular temperature shown in the upper abscissa. Yellow lines corre-
spond to the 0D Aslamazov-Larkin prediction (equation 4.4). Red lines
correspond to the 2D AL prediction (equation 2.59).

The curves correspond to the zero-dimensional (yellow line) and two-dimensional
(red line) AL theory. The zero-dimensional theory works well in this case. It can
be described by [162]

∆σxx = γ̄e2

16~d
1
ε2
. (4.4)

The dimensionless factor γ̄ is the fitting parameter used and evaluates to 1.5. It
is linked to the coherence length as

γ̄ = 4π
(
ξ0

`sg

)2

. (4.5)

The length `sg determines the size of a supergrain over which the superconducting
fluctuations are confined. For our value of γ̄ it then evaluates to `sg ≈ 3ξ0. For
0D fluctuations a length `sg on the order of, or larger than, the coherence length
is expected for consistency. Our result for `sg fulfils this requirement. If this were
not the case, the different superconducting regions could couple together and the
zero-dimensionality would be lost. Since γ̄ is a multiplicative term it only shifts the
yellow curve up or down without changing the form of the function, giving strong
support that the agreement between the fit and the data is not just coincidental.
The observation of zero-dimensional fluctuations does not mean that the film itself
is granular but instead that superconducting fluctuations are confined to certain
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regions. Changing the value of Tc could not recover any power law behaviour
consistent with two-dimensional fluctuations or any other exponent.

Next the paraconductivity of the second film is discussed. The zero-dimensional
fluctuations can not be observed in this film. Instead the two-dimensional AL
behaviour is found over 1.5 orders of magnitude in ε. This indicates that the
superconducting properties are more homogeneous across the sample. Since the
superconducting inhomogeneities should not be connected to the inhomogeneity
of the sample it is not an easy task to tell which growth properties lead to such a
difference in behaviour.

No influence of phase fluctuations can be observed above Tc, despite our films
being in the pseudogap phase [172]. A further contribution expected in the case
of a pseudogap are DOS corrections, which could also not be observed [20]. The
observation of zero-dimensional amplitude fluctuations in the first film, although
inconsistent with the expected phase fluctuations, are thus consistent with earlier
reports on NbN [162]. A possible explanation for the absence of the 0D fluctuations
in the second film is linked to the same effects that lead to a higher Tc.

Due to the decay of the 2.7 nm film, the further measurements are only avail-
able for the 2.3 nm film. The Hall resistivity as a function of temperature is shown
in figure 4.5 for different magnetic fields for the 2.3 nm film. For high temperatures
the Hall resistivity is temperature independent but depends strongly on the mag-
netic field, which is the expected quasiparticle behaviour. For temperatures lower
than ≈ 20 K a small increase in resistivity upon cooling can be observed, which
gets more pronounced around 10 K for the lowest fields and at lower temperatures
for higher fields. A zoom on the low-temperature region is shown in the lower
panel of the figure. Here it can clearly be seen that after the first positive peak a
negative peak is present at even lower temperatures. This second peak is smaller
than the positive peak but still clearly visible.

To get a better understanding of the temperature dependence of the different
peaks and zero-crossings, figure 4.6 shows a diagram of these quantities. All peaks
and zero crossings shift towards lower temperatures upon applying a magnetic field
and no clear difference in the way how they shift can be determined. Only at low
magnetic fields the behaviour is a bit different.

Sign changes in the Hall effect can originate from different processes. In chap-
ter 3 we showed how this sign change is driven by superconducting fluctuations.
The vortex motion is the most obvious alternative contribution. Different signs of
this contribution have been observed in different materials [98, 173, 174]. A third
process that can drive sign changes is the topological Hall conductivity [175]. This
process is an unlikely origin, as the band structure of NbN is not topological. Pure
Nb films also display a sign reversal in the Hall from a positive sign in the normal
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Fig. 4.5 Hall resistivity as a function of temperature for different magnetic fields
as indicated. Multiple peaks and sign changes appear. The bottom panel
zooms on the range of the sign changes. A jump in all curves at 9.1 K
has been removed.
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Fig. 4.6 Diagram showing the position of the negative and positive peaks and the
two zero-crossings.

state to a negative sign below Tc, which is attributed to vortex motion [176]. The
same positive and negative peaks that we see have been observed for YBa2Cu3O7−δ

with the difference of a positive Hall signal at higher temperatures due to the charge
carriers being holes [177]. This also results in the lack of the higher zero crossing.
On the other hand a double sign change has also been reported for Nernst effects
measurements in the pseudogap phase of cuprates [19]. A difficulty in relating
NbN to the cuprates is the difference in charge carriers. While NbN is an electron
like material, the hole doped cuprates show the opposite behaviour. As the char-
acter of the charge carriers might be important for the fluctuations, this difference
must be taken into account [167].

With reasonable confidence the positive peak in our measurement can be
attributed to superconducting fluctuations, predominantly of Gaussian nature.
Whether their dimensionality replicates what is found in ρxx and hence depends
on the superconducting inhomogeneities can not be determined from the data
presented. The negative peaks below Tc are most likely due to vortex motion.

4.4 Conclusions
To conclude we have shown how the BKT transition impacts the resistivity and
reproduced in one sample the zero-dimensional AL fluctuations as observed by
another group. In the Hall effect we found deviations from the linear quasiparticle
behaviour. We furthermore find more sign changes and clear differences to what is
expected in the Gaussian theory of fluctuations. The experiments are challenging
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due to the decay of the samples and the strong dependence of their properties on
growth conditions. Nonetheless we can say that the Hall effect in NbN shows strong
similarities to the Hall effect in the underdoped cuprates and further measurements
on very thin NbN film, although very challenging, will probably be worth the effort.
I end this chapter with the same quote that started it, as it summarizes all the
problems we encountered in a very concise way: “NbN does not exist.”
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Chapter 5

High-Field Electronic Transport
in NbN Films

5.1 Introduction
The high field regime (quantum regime) of superconductors (see figure 5.1), that
is close to Bc2(0), features interesting quantum phenomena. In this chapter a com-
bined study of the search for superconducting fluctuations and resistivity scaling
around the quantum critical point is undertaken.

5.1.1 Quantum Critical Scaling
Upon destruction of the superconducting state many materials enter a metallic
state. In some materials, however, for low temperatures an insulating state is
entered instead. Of special interest in the quantum region is the superconductor-
insulator transition, a prime example of a quantum phase transition [178]. It is typ-

Temperature

M
ag
ne
tic

Fi
el
d

SC

Q

C

Fig. 5.1 Phase diagram illustrating the classical (C) and quantum (Q) regions of
the fluctuations outside of the superconducting (SC) phase.
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ically found in thin films but can be observed in one-dimensional nanowires [179].
In temperature scans it manifests itself as a curve which for low temperatures is in-
dependent of temperature. Such a curve occurs only for one specific magnetic field
Bc. For magnetic fields higher than Bc the curves display insulating behaviour,
turning up towards higher resistivities for decreasing temperatures. For curves
lower than Bc, metallic behaviour is observed, with the curves turning down to-
wards lower resistivities upon cooling. This second region below Bc is the region
in which superconductivity is observed. The value of ρxx,c is usually close to the
normal state resistivity, but significantly lower values have also been observed,
especially in the disordered limit [180, 181]. It is also in this limit, where the uni-
versal value for the sheet resistance R�,u = h/4e2 = 6450 Ω/� has been observed,
while in the less disordered systems, the critical resistance is determined by the
normal state resistance and can thus deviate significantly from R�,u [182]. Varia-
tion in purity has also been shown to turn first order transitions into second order
transitions upon increasing disorder in semiconductor based superconductors [183].

The study of the magnetic field tuned superconductor-insulator quantum phase
transition can reveal much about the underlying processes of superconductivity.
A recent study found a sequential transition from superconductor to Bose insula-
tor to Fermi insulator in α-WSi, marked by two subsequent critical points [184].
Superconducting fluctuations could be observed between the two transitions, dis-
appearing at a tricritical point. This shows how the bosonic Cooper pairs can exist
on the insulating side of the SIT.

For a two-dimensional superconductor the resistivity is expected to follow a
curve described by

ρxx(B, T ) = ρxx,cF

(
|B −Bc|
T 1/zν

)
, (5.1)

where F is the single variable scaling function describing the shape of the curve
[185]. It is thus not a function of the field and temperature separately, but of
a combined parameter, leading to the collapse of different isotherms for proper
scaling with zν. The quantity zν is a product of two critical exponents, one being
the dynamical exponent z, the other being the correlation length exponent ν. To
determine the two exponents separately, this equation alone is thus inadequate.
A similar equation is used to describe the dependence of the resistivity on the
electrical field:

ρxx = ρxx,cF̃

(
|B −Bc|
E1/(z+1)ν

)
, (5.2)

with a different scaling function F̃ . This equation alone has the same problem
of not being able to disentangle the two exponents z and ν. With a combined
analysis of measurements of field sweeps at different temperatures with field sweeps
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at different electrical fields it is then possible to extract z and ν separately. It is
important to note, that these two scaling functions are only valid in a small region
around the critical point and significant deviations of the data from the equations
are expected at larger distances.

The origin of the two critical exponents z and ν are the scaling behaviours of two
quantities related to superconductivity: first the correlation length ξ, and second
the correlation time τ . Both of these quantities diverge at the superconducting
transition and it is this divergence that is described by the two critical exponents:

ξ ∝ |x− xc|−ν (5.3)

and
τ ∝ ξz ∝ |x− xc|−zν (5.4)

for some control parameter x, which can be, for example, the magnetic field, the
thickness of the film, or the disorder [186]. The parameters ξ and τ thus depends
on the proximity of the control parameter to its critical value xc.

This quantum critical point influences the Hall effect in a very similar fashion
to the resistivity and an equivalent crossover point can be observed in ρxx and
ρxy [181, 187]. The Nernst effect is a further probe where such a crossover can be
observed and used to perform a scaling analysis of the transverse Peltier coefficient
αxy [188].

It is of interest to investigate these scaling properties under very high magnetic
fields, as such measurements are usually performed on materials with much smaller
critical fields. Furthermore the interplay with superconducting fluctuations in the
Hall channel can be investigated.

5.1.2 Superconducting Fluctuations

In the spirit of the last two chapters we are also interested in how the fluctuations
influence the Hall effect in the quantum region. The fluctuations expected in the
quantum region are obtained from the same theory of Gaussian fluctuation as in
chapter 3 [124]. There are two relevant limiting cases applicable in the quantum
region. The first one is

∆σxy = 2e2sgn(B)
π~d

(
κ

2kBT −
21kBT

8EF

)
1

ln
(
B
Bc2

) , (5.5)
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valid around B ≈ Bc2 for measurements in T direction. The second case is

∆σxy = e2sgn(B)
2π2~d

(
ωcτ −

κΩc

3

)
ln
 1

ln
(
B
Bc2

)
 , (5.6)

valid for very low temperatures for measurements of increasing B. Both of these
equations start with a material-independent prefactor depending only on the thick-
ness d, followed by a factor which depends on either the temperature or the mag-
netic field. Both of these factors can be positive, negative, or even zero, as they
each contain one factor that is a difference of two terms. In the first equation the
sign is determined by the Fermi energy EF and the parameter κ = −d ln(Tc)/dµ. In
the second equation, the two cyclotron frequencies ωc = |eB/m| and Ωc = |4eBD|
are used to compute the middle factor, which both depend linearly on the magnetic
field. The parameter ωc describes the quasiparticles (electrons and holes), while
Ωc describes the diffusive regime. The last factor in both equations then describes
the magnetic field dependence as either an inverse logarithm or the logarithm of
an inverse logarithm. The magnetic field takes the place of the temperature in
the factor ε = ln(T/Tc), as it appears in the classical fluctuation region. These
two equations thus predict a divergence of the superconducting fluctuations upon
approach of Bc2 from above. The validity of this theory of Gaussian fluctuations
has so far only been tested in the classical region. It is thus of great interest to
investigate this regime experimentally.

5.2 Methods

The measurements were performed at the high magnetic field laboratory in Greno-
ble. A resistive magnet capable of reaching 35 T was used. Two films were mea-
sured simultaneously, one of them was the same film on which chapter 3 is based on
(d = 11.9 nm), the second one is a film of slightly different thickness (d = 11.5 nm).
In order to fit onto the sample holder, both films had to be made slightly smaller
in both dimensions of the plane. This was done by filing away the film with the
substrate with a diamond file. Care was taken to ensure symmetry of the remain-
ing contacts. The sample was glued onto the holder with Stycast two component
epoxy, as other attempted methods resulted in the sample detaching, most likely
caused by the rapid cooling upon inserting the variable temperature insert into
the He bath. An AC current source and lock-in amplifiers were used to measure
both the longitudinal and Hall voltages. The current leads of the samples were
attached in series with a 1 MΩ resistor in order to enforce a stable and constant
current through the sample independent of its momentary resistance. Cooling was
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achieved by a dilution refrigerator and the current through the samples were cho-
sen small enough to avoid Joule heating. All field sweeps were performed at very
low dB/dt slopes to reduce heating effects from induced currents. As a result only
a single isotherm could be recorded per night. The magnetic field was oriented
perpendicular to the film planes in all measurements.

5.3 Results and Discussion

5.3.1 Quantum Critical Scaling
The longitudinal resistivity ρxx is shown in figures 5.2(a) and 5.3(a) for a range
of magnetic field close to the critical field Bc2(0) for the three different temper-
atures 50 mK, 120 mK, and 400 mK. As expected, the slope shifts towards lower
magnetic fields upon increasing the temperature. The normal state resistivity of
about 0.97 µΩ m of the thicker film is consistent with the results found in the low-
field measurements and confirms the absence of any sizeable magnetoresistance.
The superconducting transition is noticeably wider than in the low-field measure-
ments, stretching over ≈ 2 T. The inset shows the same data zoomed to the point
where all isotherms cross the same point. This point gives the critical field Bc =
20.94(3) T and the critical resistivity ρxx,c = 0.9630(3) µΩ m for the thicker of the
two films, while for the thinner film the values are Bc = 21.58(5) T and ρxx,c =
0.6729(8) µΩ m. These values can be converted into sheet resistances by divid-
ing with the thickness: R� = ρxx/d. The corresponding values of 80.92(3) Ω/�
and 58.51(7) Ω/�, respectively, deviate significantly from the universal value R�,u,
which is not uncommon. All uncertainties given here are the uncertainties of read-
ing off the crossing point from the data and do not incorporate any systematic
uncertainties. The critical fields obtained in this way are slightly higher than the
critical field extrapolated from the WHH relation (equation 3.1).

In order to obtain zν, the parameter

t = T−1/zν (5.7)

is first obtained for each curve as follows: An arbitrary value of t is chosen for
one isotherm. The arbitrariness of this factor originates from the function F ,
which can absorb any constant factors. The other isotherms are then multiplied
with any factor t such that the curves visually coincide when plotted according
to equation 5.1. The value of t obtained this way is then plotted against the
temperature T , as is shown in the insets of figures 5.2(b) and 5.3(b) as a log-log
plot. This is subsequently fitted with a power law according to equation 5.7. In
the log-log plot it appears as a straight line and its slope corresponds to −1/zν.
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Fig. 5.2 (a) Resistivity isotherms of the thicker film (d = 11.9 nm). The curves
shift towards lower magnetic fields as the temperature increases. The
inset zoom to the critical point, where all isotherms meet at Bc, ρxx,c. (b)
The scaled resistivity. All isotherms collapse into a single curve. Inset:
Log-log plot of the parameter t against Temperature T . The straight line
corresponds to a power law, from which the critical exponent zν = 5.8(8)
is obtained.
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Fig. 5.3 (a) Resistivity isotherms of the thinner film (d = 11.5 nm). The curves
shift towards lower magnetic fields as the temperature increases. The
inset zoom to the critical point, where all isotherms meet at Bc, ρxx,c. (b)
The scaled resistivity. All isotherms collapse into a single curve. Inset:
Log-log plot of the parameter t against Temperature T . The straight line
corresponds to a power law, from which the critical exponent zν = 5.1(4)
is obtained.
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From these data zν = 5.8(8) and 5.1(4) can be extracted for the two films. The
value of zν can often be used to gain insight into the underlying processes leading
to the QCP. The Boson scenario, for example, is indicated by zν = 4/3, while the
pair-breaking fermionic scenario is indicated by zν = 2/3 [184]. This zν = 2/3 has
also been observed in ultrathin NbN films with lower critical temperatures and
lower critical fields [162]. In comparison to other reports of zν the value found
here is unusually large and it must thus be explained differently.

Higher values of zν can for example be observed in Quantum Griffiths singu-
larities, which have been observed in a variety of materials. These include, for
example, thin films of Ga [189], LaAlO3/SrTiO3 interfaces [190, 191], ion-gated
ZrNCl and MoS2 [192], and quasi-one-dimensional Ta2PdS5 nanowires [193]. Al-
though critical behaviour usually depends only on the universality class of the
transition and is independent of the microscopic details, this singularity is caused
by disorder effects. It is characterized by the divergence of the dynamical critical
exponent z, which manifests itself in the ρxx(B) curves as a shift of the crossover
field Bc towards lower fields for higher temperatures. The value Bc is thus not a
constant of the temperature anymore. The divergence occurs in form of a power
law which can be expressed as

zν ∝ (B∗c −Bc)α (5.8)

with an exponent α < 0 and thus depends on the distance of the observed crossover
field Bc(T ) to the true zero field crossover field B∗c . At B∗c the quantity zν then
reaches ∞. This also leads to a deviation from the WHH behaviour [189, 194].
While such a shift can, however, not be observed in our measurements, it can
not be fully excluded due to the limited temperature range for which data are
available.

5.3.2 Alternative View on the Transition

A second way to investigate the superconducting transition is by looking at the
steepest part of the resistivity curve, as was done in the previous chapters. The
critical field as defined by the steepest part will be denoted by Bc2 like in the
previous chapters. Due to the location of the crossover from insulator to super-
conductor, this transition must be located at lower magnetic fields than the QCP.
The location of Bc2 is less influenced by the quantum critical point the further
away it is from it in field and temperature. Therefore the measurement at 400 mK
is least affected by the QCP. The value of Bc2 as function of temperature are
displayed in figure 5.4. A noticeable slope is still present in the low temperature
region, comparable in size to the high-temperature region. The inset zooms closer
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Fig. 5.4 Upper critical magnetic field Bc2 as defined by the steepest part of the
transition for both films. For the d = 11.9 nm film the data measured
below 9 T is the same as shown in figure 3.3. The insets zoom to the
low-temperature region.

on this low-temperature region. This behaviour is clearly not anticipated by the
WHH theory. For the high-field measurements, the values of Bc2 are slightly higher
than the values for the thinner film at the same temperature. For the low-field
measurements this is reversed. The reason for this is not clear, but different degra-
dation of the films over time is the most likely reason. A small shift could also
originate from slightly different temperatures of the two samples.

5.3.3 Hall Effect
The Hall resistivity ρxy for both films is shown in figure 5.5. Above the critical
magnetic field the Hall resistivity is linear in field with no offset from zero as evi-
denced by the fits (shown as straight lines). At the critical field the Hall resistivity
drops to 0. This drop happens within a magnetic field range of about 1.9 T. Within
this range, the resistivity depends linearly on the magnetic field with a slope much
steeper than in the high-field region. Deviations from this behaviour are only ob-
served in sharp spikes. These spikes can, however, potentially be explained by tiny
offsets in magnetic field between the positive and negative field direction. This is
supported by their presence in only some of the measurements. A clear fluctuation
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Fig. 5.5 The Hall resistivity for the thicker (d = 11.9 nm) film (a) and the thinner
(d = 11.5 nm) film (b). The straight lines are fits to high-field normal
state hall resistivity and are temperature independent.

contribution can thus not clearly be confirmed from the data at hand. The main
reason seems to be the strong noise on the data, which in the region of interest
is about 50% of the value itself. Even this level of noise is only achieved after
averaging over many measured data points. Each point shown in figures 5.5 is the
average over 45 measured points. In order to get a lower noise level, much higher
statistics would thus be necessary. Such a measurement is hardly a viable option
in a high-field magnet. From equation 5.6 an estimation of the expected fluctua-
tion contribution can be obtained. Since the parameters entering the equation are
measured far away from the quantum region, the result might deviate from the
true experimental value. The first two factors in equation 5.6 yield a conductivity
of ∆σxy ≈ 0.15 Ω−1 m−1. The third factor depends on the distance of B to Bc2,
but it can be assumed to be 1 < ln(1/ ln(B/Bc2)) < 10, which corresponds to field
values between 2 mT to 2 T above Bc2. Comparing this to the Hall conductivity
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of the normal state close to the transition σn
xy = 300 Ω−1 m−1 clearly shows that

the expected signal is below the noise level.
Considering the presence of the resistivity crossover at the critical point of the

SIT, a similar scenario is expected for the transverse resistivity channel. Such
a crossover as in ρxx could, however, not be observed in ρxy. Instead, the Hall
resistivity is, within our measurement resolution, independent of temperature in
the whole range of magnetic field. The Hall effect in the quantum region is thus
at most influenced by contributions too small to observe in our measurement.

A further possible indication of the Hall effect in NbN can come from the Hall-
insulator phase, as observed, for example, in highly disordered InOx films [195]. In
this phase, standard insulating behaviour in the longitudinal resistivity is found,
i.e. a divergence of ρxx → ∞ upon T → 0. In the Hall resistivity, however, a
finite value is observed which is found to be smaller than its classical value B/ne.
The Hall conductivity, on the other hand, will again be = 0. A crossover point is
observed for ρxy at higher fields than where the crossover is observed in ρxx. The
critical field for ρxy is about a factor of 3 larger than the one for ρxx. Even though
we do not observe the hallmarks of a Hall-insulating phase, this could indicate a
hypothetical deviation of the observed linear Hall resistivity above the 30 T that
our measurements could access. This connection is even more interesting when
noticing that in InOx the critical exponents evaluate to zν = 2.4, which is only
different by a factor ≈ 2 to our results, and draws a connection to the quantum-
Hall-to-insulator transition.

Another question arising from the comparison of the Hall isotherms and the
resistivity isotherms is whether the curves go to 0 at the same fields. Phases with
a finite ρxx and a vanishing ρxy have been observed in weakly disordered films of
TaNx and InOx , hinting at a particle-hole symmetry extending into the metallic
phase [196]. No variation in the field Bρxy=0 can be seen in figure 5.5 for either
film, while a clear shift is seen for Bρxx=0 in figures 5.2 and 5.3. This raises the
question whether we have such an anomalous metallic phase. A concluding answer
to this can, however, not be given as the noise level in the Hall measurements are
too large. Figure 5.6 shows this comparison, by normalizing ρxx to its high-field
value and ρxy to RHB based on the high-field fit of the Hall resistivity.

5.4 Conclusions
In summary we showed the existence of critical behaviour with a crossover point
in resistivity measurements of NbN thin films under high magnetic fields and the
product of two critical exponents could be determined. This extends the validity
of quantum critical scaling to higher fields than what is usually studied. In order
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Fig. 5.6 Comparison of the superconducting transition of ρxx and ρxy for both
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Hall resistivity with RHB, corresponding to the straight line fits shown
in figure 5.5.

to get a clearer understanding of the value of zν, a study involving films of varying
thicknesses would be necessary. No clear signal originating from superconducting
fluctuations could be observed in the Hall resistivity. This is in parts due to large
noise on the data and the possibility of having a very small fluctuation signal.
Obtaining better measurements with less noise or more statistics is not a viable
path to take.
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Chapter 6

Observation of a Quantum
Critical Point in Ca1.8Sr0.2RuO4

6.1 Introduction

The ruthenate Ca1.8Sr0.2RuO4 investigated in this chapter is a member of the
(Ca, Sr)2RuO4 substitution system, which in turn is a member of the Ruddlesden-
Popper series (An+1BnX3n+1, see figure 6.1) [197, 198] of ruthenates. This series
is of great scientific interest, especially for the Sr case. The different strontium-
ruthenate members of the Ruddlesden-Popper series with different amounts of
perovskite layers can be written as Srn+1RunO3n+1 for the n-layer compound. The
unit cells of the most important structures are shown in figure 6.1. The case n = 1
corresponds to the single layer compound Sr2RuO4. The case n = 2 corresponds to
the bilayer compound Sr3Ru2O7. In the limiting case of n =∞ the pure perovskite
compound SrRuO3 is obtained. Since the n = 0 member SrO does not contain Ru
anymore, it is usually not considered. Inside the perovskite layers the Sr atoms
are located inside the gaps between the RuO6 octahedra.

The substituted single layer compound Ca2−xSrxRuO4 has a very rich phase
diagram, as shown in figure 6.2 as a function of substitution parameter x. Col-
lectively many researchers have done a lot of work to establish this phase dia-
gram [200–202]. The x = 2 end member Sr2RuO4 is a quasi-two-dimensional super-
conductor with a Tc ≈ 1 K [203]. It is an oxide based supersonductor isostructural
to the (La, Ba)2CuO4 superconductor, but does not contain any copper. It is thus
a non-cuprate superconductor isostructural to a cuprate superconductor which
makes it an interesting system, even though the electronic properties are different.
Originally the superconducting pairing in Sr2RuO4 has been suggested to be of the
p-wave kind [204] and experimental evidence in support has been found [205–207],
but the discussion went on as no consensus could be reached [208–211]. Even
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Fig. 6.1 The Ruddlesden-Popper series An+1BnO3n+1. Each unit cell contains n
perovskite layers (ABO3) between the AO spacer layers. In the n = ∞
compound no spacer layers are left and in the n = 0 compound no
perovskite layers are left. Taken from Ref. [199].

Fig. 6.2 Phase diagram of Ca2−xSrxRuO4. At small x the system is a para-
magnetic insulator (P-I) and a commensurate antiferromagnetic insula-
tor (CAF-I), followed by a magnetic metallic (M-M) state and a cluster
glass (C-G) state. For x = 2 a superconductor is found. Outside of these
states the system is a paramagnetic metal. Fermi liquid behaviour is
observed below TFL. A structural phase transition is denoted by TO. In
the present study the x = 0.2 compound was investigated. Taken from
Ref. [200].
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Fig. 6.3 The resistivity around the quantum critical points in Sr3Ru2O7. For tem-
peratures low enough (T < 1 K) and for a small temperature dependent
range in magnetic field the resistivity is temperature independent and
varies rapidly with a changing magnetic field. Taken from Ref. [216].

f -wave superconductivity has been suggested [212]. More recently a consensus
developed that it is not p-wave superconductivity after new NMR measurements
showed that older reports are incorrect [213]. An other way forward that has
been suggested is to use strain to further investigate the superconductivity in
Sr2RuO4 and the proposed spin density wave phase [214]. The x = 0 end mem-
ber Ca2RuO4 on the other hand is a Mott insulator. This state originates from
multi-band physics, Coulomb interaction, and Hund’s coupling [215]. At x = 0.2
a metal/non-metal transition takes place and at x = 0.5 a strong increase in the
susceptibility is found, driving the system close to ferromagnetism [201].

A lot of research has been undertaken on the bilayer compound Sr3Ru2O7.
The conduction is quasi-two-dimensional and is located inside the perovskite bi-
layers [217]. The magnetic properties are paramagnetic [217] but very close to fer-
romagnetism and can be turned ferromagnetic under weak uniaxial pressure [218].
The proximity to ferromagnetism leads to the development of enhanced magnetism
termed metamagnetism. The symmetry is lowered from tetragonal to orthorombic
due to a 7◦ rotation of the oxygen octahedra. Furthermore the fourfold rotational
in-plane symmetry of the crystal lattice is broken very weakly, on the order of
10−7 [219] relative to the lattice parameter. But most importantly interesting
physical properties appear below 1 K and under a magnetic field in crystals of ex-
tremely high purity [216, 220]. Resistivity measurements in this region are shown
in figure 6.3. At 7.8 T the resistivity suddenly increases almost by a factor of two
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in a very sharp transition. On the other side of the peak the resistivity decreases
slower initially but is followed by an other steep decrease in resistivity at 8.1 T.
Afterwards the resistivity is close to constant but at a higher level than before the
transitions. This beaviour can be seen at low temperature in a small window of
magnetic field which is temperature dependent. The higher the temperature, the
smaller the window in which this behaviour is observed. Between the two steep
flanks, the resistivity is temperature independent. At around 1 K the strong ef-
fects disappear and only a broader peak is left with much wider flanks than what
is seen for lower temperatures. Closely related to the main peak is a small dip of
the resistivity starting at 7.5 T, which is only present at the very lowest tempera-
tures and in the purest of samples. The steep low-temperature resistivity increase
are accompanied by peaks in the AC susceptibility and linear magnetostriction
and are not a purely resistive feature. This small phase between 7.8 T and 8.1 T
is considered to be an electronic nematic phase [221], a phase with broken rota-
tional symmetry and the electronic equivalent to a nematic liquid crystal as used
in computer displays. This phase is limited on both sides by metamagnetic tran-
sitions. The transition on the lower field side is connected to large increases in
entropy [222]. The electronic nematic phase shifts towards lower magnetic fields
when the applied magnetic field is tilted away slightly from the crystallographic
c-axis [219]. Both below and above the nematic phase quantum oscillations have
been observed [223]. The frequency shift corresponds to a small change in the
Fermi surface area and is accompanied by a small shift in magnetic moment. The
transport anisotropy in Sr3Ru2O7 is strongly dependent on uniaxial pressure [224].
Upon compression the resistivity inside the phase is increased. This increase is
already significant for only small strains. In addition the upper field range of the
phase increases. On the other hand, an elongated sample will lose the resistivity
increase completely at a strain of only 0.05%.

The nematic phase transitions end at a quantum critical point at T = 0.
Clear indications of quantum criticality have been observed [225, 226]. Because
the two QCPs are so close together, they can often not clearly be distinguished
in measurements further away and appear as just one QCP. When fitting the
resistivity to a function of the form ρ = ρ0 + ATα, the influence of at least one
quantum critical point can be seen in all three parameters ρ0, A, and α, as shown
in figure 6.4. For low fields the exponent α is consistent with the Fermi liquid value
of 2. Upon approach of the quantum critical point, its value decreases gradually
and reaches 1 at the quantum critical point. For higher fields the value increases
again, reaching 1.5 at the highest field investigated of 14 T. At high temperatures
the exponent has a value of 1 for the whole range of magnetic field, but since the
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Fig. 6.4 (Top) Exponent α of Sr3Ru2O7 in ρ = ρ0 + ATα displaying the fan-like
structure of a QCP. At the QCP the exponent is at its minimum. Far
away from the QCP, the Fermi liquid behaviour of α = 2 is recovered.
(Bottom) Parameters ρ0 and A, both showing a peak at the QCP. Both
panels taken from Ref. [225].

Fermi liquid picture is only applicable for low temperatures, this deviation is not
unexpected.

Spin density wave order has been observed inside the nematic phase with neu-
tron scattering. At the same time these measurements show that there are two
separate phases [227]. These two phases are distinguished by different wave vectors
of the spin density wave and an anisotropy in the resistivity behaviour upon tilt-
ing of the magnetic field. The corresponding phase diagram is shown in figure 6.5.
The two phases lie in between two regions of high and low magnetic moment. For
perfect alignment of the magnetic field along the c-axis the observations corre-
spond to two SDW directions, along the crystallographic a- and b-axes, forming
two domains in the sample. For small misalignments of the field, only the CDW

79



Chapter 6. Quantum Critical Point in Ca1.8Sr0.2RuO4

Fig. 6.5 The phase diagram of Sr3Ru2O7 obtained through neutron scattering
and magnetic and transport measurements. Two different spin density
wave (SDW) phases are observed between low moment (LM) and high
moment (HM) phases. The two SDW phases are distinguished by their
different SDW wave vectors. The phase boundary of the SDW-A phase is
consistent with resistivity, AC and DC susceptibility, magnetostriction,
and thermal expansion [216]. Taken from Ref. [227].

in direction of the in-plane component of the magnetic field remains. These spin
density wave phases provide a natural explanation of the anisotropic transport
behaviour observed. Furthermore the SDW supplies a clear order parameter for
the nematic phase.

The heat capacity is another quantity showing a strong influence from the
quantum critical point [228]. It increases already far from the nematic phase,
reaching a value twice as high in the nematic phase compared to very high or
low fields. From these measurements it can be shown that the phase transition
into the nematic phase is of first order at low temperatures and continuous at
higher temperature. On the low-field side the effective mass diverges as m∗ ∝
((B − Bc)/Bc)−1. Quantum critical scaling has been observed in the Grüneisen
parameter [229]. The same study also reported on a new quantum critical point
at 7.5 T which seems to be not directly related to the nematic phase. This second
transition is also clearly observed in the heat capacity [229,230].

ARPES studies have shown the proximity of a van Hove singularity to the Fermi
surface [231]. This singularity is favourable to magnetic instability and is very
likely connected to the metamagnetic transition. Theoretical studies furthermore
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support the importance of this van Hove singularity [232–234]. More recently, the
van Hove singularity has been linked more directly to the itinerant metamagnetism
at low temperatures [235].

Lastly, to reiterate: The clear observation of the nematic phase in Sr3Ru2O7

is strongly dependent on the purity of the samples. Only in the purest samples
the resistivity follows the sharp lines. In less clean samples, it merely shows a
broadened peak [223].

The electronic nematic state with its broken rotational electronic symmetry is
of great importance to understand the behaviour in Sr3Ru2O7. Other studies, such
as in FeSe1−xSx of nematic quantum critical points show how at such a point itin-
erant fermions couple to fluctuations of the order parameter. [236]. Interestingly,
in this material a spin-density-wave is found in FeSe under pressure [237], but a
connection of the QCP to this SDW-phase is not probable [236].

In this study we present strong evidence for the existence of a quantum critical
point in Ca1.8Sr0.2RuO4 and lay out its similarities to the quantum critical point
found in Sr3Ru2O7. We furthermore compare our results to quantum criticality
observed in Sr2RuO4 and other materials.

6.2 Methods
The single crystals of Ca1.8Sr0.2RuO4 were obtained through a collaboration with
Antonio Vecchione, Rosalba Fittipaldi, and Veronica Granata from the University
of Salerno. The resistivity measurements were conducted in a commercial PPMS
manufactured by the company Quantum Design. Measurements have been taken
on multiple samples. Some measurements were conducted in a 3He system for
the PPMS. Measurements in a dilution refrigerator were performed at PSI in the
TASP instrument during a beam shutdown. For this measurement, the resistance
was measured with a Lakeshore resistance bridge. The samples were connected in
a four-point measurement geometry. Silver wires were glued to the sample with
different glues: DuPont 6838 silver paste and EPO-TEK H20E two component
epoxy. No noticeable differences were found in measurements between the two
methods but the contacts made with the silver paste were more mechanically
stable. All measurements reported are with the magnetic field aligned along the
c-axis while the current is flowing in the ab-plane.

6.3 Results and Discussion
Resistivity measurements on Ca1.8Sr0.2RuO4 are shown in figure 6.6, in panel (a)
as a function of magnetic field and in panel (b) as a function of temperature.
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Fig. 6.6 (a) Resistivity as a function of magnetic field measured between 2 K and
10 K in steps of 1 K. At low temperatures a strong peak is present at
Bc, which gradually disappears for increasing temperature. At 10 K all
traces of a peak have vanished. (b) Temperature scans for different fields
as indicated.
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The resistivity behaves metallic in the entire range of magnetic fields, for each
field value the resistivity is a strictly monotonic function of the temperature. The
resistivity of 1.2 µΩ m for zero temperature and field is considerably larger than
what is observed in Sr3Ru2O7, consistent with the charge transport taking place
in the perovskite layers and the addition of Ca which brings the system closer
to the insulating state. The residual resistivity ratio is ρ(300 K)/ρ0 ≈ 7. Upon
cooling below 10 K a peak starts to appear in field-scans at 5 T, getting sharper
the lower the temperature becomes. The resistivity curves of Ca1.8Sr0.2RuO4 show
a behaviour reminiscent of those on Sr3Ru2O7 (see figure 6.3) above 1 K.

The temperature independent resistivity feature in Sr3Ru2O7 only starts to ap-
pear at around 1 K. This poses the question if at lower temperatures the resistivity
would also show the same feature in Ca1.8Sr0.2RuO4. For this purpose measure-
ments with a dilution refrigerator were performed down to 100 mK. Within the
noise (which is very large) the result is consistent with the data recorded at 2 K
meaning that no further narrowing of the peak occurred in the accessible tem-
perature range. A strong narrowing of the resistivity peak like in Sr3Ru2O7 can
thus not be confirmed, but neither clearly ruled out based on the measurements
in the dilution refrigerator and a potential narrowing at even lower temperatures
is possible.

In order to better visualize the resistivity behaviour upon changes of field and
temperature, a colorplot of the resistivity as a function of both magnetic field and
temperature is shown in figure 6.7(a). The quantum critical point at 5 T is clearly
visible in the color map through the fan-shaped resistivity behaviour in the region
around it. The resistivity curves at fixed field follow locally the shape given by
the equation

ρ(T ) = ρ0 + ATα (6.1)

which can be used to fit the data in different temperature windows. All three
parameters are free parameters of the fit. In case some of the parameters are
fixed, different results will be obtained. The exponent α is shown in figure 6.7(b)
as a color plot. The quantum critical point is visible again at 5 T and its influence
in the (B, T ) plane is comparable to that of the resistivity itself. The temperature
window over which the fitting is performed had to be taken large enough to get
the fitting procedure to converge and the noise level of the resulting exponent
is noticeably larger than the noise level in the resistivity. The result, however, is
believable and represents well the properties of a QCP. Figure 6.7 can be considered
to be the most important result of this chapter.

Earlier results published on Ca1.8Sr0.2RuO4 do not observe such a quantum
critical behaviour [238]. Resistivity peaks could be observed in ρxx and ρxy, but
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Fig. 6.7 (a) Resistivity as function of magnetic field and temperature. (b) The
exponent α of Ca1.8Sr0.2RuO4 in ρ = ρ0+ATα. At the QCP the exponent
is at its minimum. Far away from the QCP, the Fermi liquid behaviour
of α = 2 is recovered. The fan-like structure of a QCP is visible in both
panels.

neither the prefactor A nor the exponent α display anything resembling the be-
haviour expected for a quantum critical point.

Exponents of 4/3 are expected to occur near antiferromagnetic and magnetic
instabilities and have been observed before for Ca1.8Sr0.2RuO4 in zero magnetic
field at low temperature [201] and in Sr2RuO4 under pressure [239]. For even
lower temperatures in zero field the observation of scaling consistent with T 2 is
claimed again in Ca1.8Sr0.2RuO4 [240]. In figure 6.8 the temperature scaling of
our resistivity curves at low temperatures is shown for three select magnetic fields:
below, at, and above the QCP. Panel (a) has a temperature scaling of T 2 for the
abscissa, corresponding to the Fermi liquid model. At high magnetic fields, the
resistivity is a straight line for T 2 scaling, thus indicating Fermi liquid behaviour.
The same is observed for zero field at low temperatures. Panel (b) is based on a
T 1.3 scaling, leading to a straight line for 5 T, showing the suppression of Fermi
liquid behaviour due to the quantum critical point.

Lastly the behaviour of the factors A and ρ0 at 2 K are shown in figure 6.9. The
fit is done to the equation ρ = AT 2 + ρ0 for T < 2.4 K. It is necessary to keep the
exponent constant as the units of A depend on the temperature exponent. Both
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Fig. 6.8 Temperature scaling of the resistivity for magnetic fields as indicated.
(a) Scaled as T 2. A straight line is obtained for 9 T. (b) Scaled as T 1.3.
A straight line is obtained for 5 T. For 0 T the exponent of 2 is only
recovered for the lower temperatures. This indicates the change from a
Fermi liquid to a non-Fermi liquid to again a Fermi liquid.

quantities display a peak at or around the QCP. In the case of A it is much less
symmetric than ρ0 or the resistivity as seen in figure 6.7. Nonetheless these peaks
give further support to the presence of a QCP.

In order to get a better understanding of why earlier measurements did not
observe quantum critical behaviour, it is illustrative to look at measurements from
different crystals. Large variations between crystals would indicate strong de-
pendence of the quantum critical behaviour on the microscopic details and could
explain the absence of quantum criticality in older measurements. The measure-
ments of two more of our crystals are shown in figure 6.10. These data were
recorded down to 0.5 K in a 3He system. The sample shown in the left panel is
noticeably more asymmetric, but the overall resistivity behaviour is still consistent
with a quantum critical point. The much higher resistivity of the data on the left
indicate a sample of lower quality and possibly explains the skewed colorplot. The
data on the right agree very well with the sample of figure 6.7. The parameters A
and ρ0 are shown in figure 6.11, as obtained from fits to the equation ρ = AT 2 +ρ0.
For both crystals there are clear features present at or around the critical field. The
strong divergence as seen in Sr3Ru2O7 could again not be observed. The behaviour
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Fig. 6.10 Comparison of two other crystals, both measured with 3He down to
500 mK, highlighting the variations in resistivity behaviour between
different crystals.
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overall is in reasonable qualitative agreement with what is shown in figure 6.9. The
asymmetry of ρ0 is reversed but the prefactor A is skewed in the same direction.
In order to plot the exponent α of these two crystals the data are not of sufficient
quality for reliable fitting but the limited conclusions that can be drawn agree with
the results of the first crystal. We thus do observe the same qualitative behaviour
in multiple crystals, removing the possibility of having a special or unique crystal
out of pure luck. The different crystals presented here are from the same crystal
growers, so variations in crystal growth processes between different groups could
be an explanation. The resistivity alone, however, does not indicate an improved
purity. Neither does the residual resistivity ratio.

Since many measurements on Ca1.8Sr0.2RuO4 and related materials have al-
ready been published, it is important to compare our findings with these older
reports. The same qualitative behaviour as we see in the resistivity is also found
in heat capacity measurements, which show a pronounced increase centered around
5.3 T [241]. This is shown in figure 6.12. Such a field dependence is visible below
3 K for all fields up to Bc. For higher fields variations in heat capacity with field
can be observed at least up to 11 K. The coefficient A as shown before contains
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Fig. 6.12 The heat capacity cp/T of Ca1.8Sr0.2RuO4. The maximum is reached
at the quantum critical point, reflecting the behaviour of R(T ) curves.
Taken from Ref. [241].

information about the quasiparticle mass m∗ and is linked to the electronic specific
heat through the Kadowaki-Woods ratio [242]. An increase in A then indicates an
increasing electronic specific heat and an increasing effective mass. The specific
heat data shown in figure 6.12 confirm this scenario. The same study also reports
a steep increase in magnetostriction very close to the critical field. Theses results
are linked to magnetic fluctuations at a metamagnetic transition, hence yielding a
further similarity to the behaviour of Sr3Ru2O7.

The field-dependent magnetization of Ca1.8Sr0.2RuO4 shows a steep increase
starting at 5 T lasting until around 9 T [240]. Similarly, resistivity measurements
with B ‖ I ‖ c show a similar peak as we observe with I ⊥ c, albeit with a much
flatter decrease in resistivity for fields above the peak. Both features are ascribed
to a metamagnetic transition due to a destabilized antiferromagnetic order. Resis-
tivity measurements with our configuration of magnetic field and current are not
reported in this publication.

More insight might be gained from strained thin films of Sr2RuO4. No external
pressure is needed if such films are grown on lattice-mismatched substrates, which
enables ARPES studies to investigate the Fermi surface. Such a study found a
topological Lifshitz transition in the Fermi surface upon application of strain, as
a van Hove singularity is pushed below the FS [243]. A Lifshitz transition is
the change of how the FS connects or its disappearance [244]. This transition
in Sr2RuO4 is accompanied by signatures of a quantum critical point visible in
the resistivity behaviour. At the Lifshitz transition a temperature dependence of
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ρ ∝ T 1.4±0.1 is observed, consistent with our values obtained for Ca1.8Sr0.2RuO4.
Furthermore, in Sr2RuO4 a deviation from the Fermi liquid behaviour in the real
part of the self energy function Σ′(ω) accompanies the Lifshitz transition as well.

Similar behaviour has been observed in another study on bulk samples of
Sr2RuO4 under uniaxial pressure [239], where the temperature dependence of
ρ ∝ T 1.5 is obtained at the Lifshitz transition and ρ ∝ T 2 away from it. The
coefficient A as a function of strain also shows indications of a divergence at the
critical strain.

The strong similarities between Ca1.8Sr0.2RuO4 and Sr3Ru2O7 now raise the
question of whether there is a spin density wave present at extremely low temper-
atures. Since even in the 3He measurements no clear phase transition is occurring
at finite temperature it is possible that this QCP originates from an ordered phase
at T = 0 only or that the sample is not clean enough to enter a SDW state. The
problem lies in the inherent disorder in a doped system [245]. With increased
disorder Ca1.8Sr0.2RuO4 has even been driven to insulating behaviour [246]. Since
the ruthenates are generally very sensitive to disorder, this adds further compli-
cations. Furthermore, if the disorder is not homogeneously distributed over the
sample, the QCP could appear for varying magnetic fields for different regions of
the sample, smearing out a sharper quantum critical behaviour. Strong electron
correlation make it generally harder to understand this system.

Another big problem in this study is the twinning of Ca1.8Sr0.2RuO4 crystals
originating from the tilting and rotations of the RuO octahedra [202]. The or-
thorhombic lattice can be rotated by 90◦ between different regions of the crystal.
This means that all effects seen in the measurements are smeared out averages over
the two lattice directions. The importance of the different twins is also illustrated
by magnetization measurements along different axes showing strongly different be-
haviour [201]. In order to circumvent this problem, a detwinning process must be
undertaken.

Overall the picture that emerges from all these considerations is that there is
a QCP due to a metamagnetic transition around 5 T in Ca1.8Sr0.2RuO4. Maybe
in cleaner samples, multiple metamagnetic transitions in a small magnetic field
range around 5 T would emerge, possibly even in conjunction with a SDW phase.
Whether it is even possible to make such clean samples is a question that can not be
answered here. Nonetheless, the metamagnetic transition is not the only possible
explanation. A further possible origin of the QCP is the metal/nonmetal transition
upon crossing the x = 0.2 doping that could occur upon increasing the magnetic
field. The observation of metallic resistivity in all samples to either side of the
QCP does, however, not support such considerations. A further possibility is that
the real QCP is at another doping and we look at a cut through a multidimensional
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quantum critical region slightly away from the QCP. Finally the possible influences
of a van Hove singularity can also not be neglected.

With ARPES measurements it has been shown that the non-Fermi liquid be-
haviour originates predominantly from the dxy bands while the dxz and dyz orbitals
still display Fermi liquid behaviour. The breakdown of Fermi liquid quasiparticles
is thus orbitally selective [247]. A combination of Fermi liquid and non-Fermi liquid
quasiparticles will make the experimental treatment a lot harder as the different
contributions will have to be disentangled.

6.4 Conclusions
In this chapter we have shown the observation of strong evidence of a quantum
critical point in Ca1.8Sr0.2RuO4. Many of our results are in agreement with older
published data [240]. Especially on resistivity measurements we observe a distinct
difference to older publications, which find no evidence of a QCP [238, 241]. Our
data shows strong resemblance to a quantum critical point of an electronic nematic
phase in Sr3Ru2O7. The exponent α, the residual resistivity ρ0 and the prefactor
A of the temperature dependence of the resistivity all show clear signs of quan-
tum critical behaviour. The same effects are observed on three different samples
with small quantitative differences most likely resulting from varying quality of
crystals. The origin of the QCP is most likely one or more closely spaced meta-
magnetic transition. This raises the question of whether there is another phase
hiding in Ca1.8Sr0.2RuO4 at lower temperatures than what has been accessible to
us, especially a SDW phase. Measurements at lower temperatures and detwinned
crystals would both be necessary to obtain a more detailed insight. A publication
based on the results of this chapter is in preparations by Yang Xu, Daniel Destraz,
et al.
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Chapter 7

Magnetism and Topological
Effects in PrAlGe

7.1 Introduction

Topological Weyl semimetals are influenced strongly by the Berry curvature orig-
inating from their Weyl nodes. Typical properties include negative magnetoresis-
tance and anomalous Hall and Nernst effects. Many Weyl semimetals with very
large anomalous Hall effects have been reported. Examples include the antiferro-
magnetic Mn3Sn bulk [248,249] and thin films [250,251], the kagome ferromagnet
Co3Sn2S2 [252], and the nodal line ferromagnet Fe3GeTe2 [253]. In the same fash-
ion extremely large Nernst effects have been observed in the Heusler compound
Co2MnGa [254,255]. This material is in proximity of a Lifshitz transition between
type I and type II magnetic Weyl fermions. The chiral anomaly in form of nega-
tive magnetoresistance could also be observed. Similarly large Nernst effects have
been reported in Mn3Sn [256] and Co3Sn2S2 [257]. In NbP, another inversion-
symmetry-breaking Weyl semimetal the Dirac dispersions lead to a Nernst effect
that is orders of magnitude larger than its Seebeck effect [258]. Another topolog-
ical effect observable in the Hall channel besides the anomalous Hall effect is the
planar Hall effect, which is linked to the chiral anomaly. It has been observed, for
example, in the half Heusler Weyl semimetal GdPtBi [259]. Many properties of
topological materials are of interest for applications and can be expected to have
a great impact on everyday life in the future [260]. The large Nernst responses,
for example, could be of great use for transverse thermoelectric elements.

Recently the RAlGe (R = La, Ce, Pr) family has been investigated in a theo-
retical study and presented as a model system for the interactions of magnetism
in non-centrosymmetric crystals [263,264], see figure 7.1(a). The three compounds
have different types of Weyl nodes at the Fermi level and are either magnetic or
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Fig. 7.1 (a) The unit cell of PrAlGe, containing four formula units. It is of the
tetragonal lattice system and has the space group I41md [261]. The
arrows indicate the magnetic moments on the Pr atoms, aligned along
the c-axis, which constitutes the easy axis for this system. The crystal
structure importantly lacks inversion symmetry, giving rise to topological
effects. The figure was made using the VESTA software [262]. (b,c)
Effect of the Weyl node position on the anomalous Hall conductivity
σA
xy. For no magnetization (b) the Weyl nodes are separated equally

and the Hall conductivity cancels. The presence of a magnetization (c)
shifts the Weyl cones according to their chirality (+ or −). The different
separations lead to a nonvanishing Hall conductivity.

non-magnetic depending on the rare earth ion. Table 7.1 lists these properties for
the three compounds. The only combination not present is a non-magnetic mate-
rial with type I Weyl nodes at the Fermi level. In inversion symmetric compounds
a Weyl semimetal can be generated from breaking the time-reversal symmetry
through magnetism. The Dirac cone then turns into a pair of Weyl cones. In
the case of materials with a broken inversion symmetry, at least two pairs of Weyl
cones are already present. The magnetism is then shifting the Weyl nodes with the
direction depending on their chirality. This process is visualized in figure 7.1(b,c).
The separation of the Weyl nodes induces an anomalous Hall conductivity but
since at B = 0 the two pairs of Weyl nodes induce an equally strong anomalous
Hall effect in opposite directions the two components cancel and no anomalous
Hall effect can be observed in measurements. A magnetization in the material will
shift the Weyl nodes such that the separation of the two pairs becomes different,
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7.1. Introduction

Compound Type of Weyl node at FL Magnetism
LaAlGe type II non-magnetic
CeAlGe type II magnetic
PrAlGe type I magnetic

Tab. 7.1 Type of Weyl node at the Fermi level (FL) and magnetic properties of
the three RAlGe compounds.

leading to a finite Berry curvature when integrated over the Brillouin zone over all
bands below the Fermi energy. This then means that the two opposite components
of the Hall conductivity do not cancel completely any more and an anomalous Hall
effect is observed experimentally. The same reasoning applies to the anomalous
Nernst effect.

Early studies of PrAlGe and related alumogermanides date back to the end of
last century [261, 265, 266]. Solid PrAlGe crystallizes in a tetragonal lattice with
the I41md space group [261]. A unit cell of PrAlGe is shown in figure 7.1(a).
One unit cell contains four formula units. The arrows in the figure indicate the
magnetic moment of the Pr atoms, which align along the easy-axis of the system
which coincides with the crystallographic c-axis. Each plane perpendicular to the
c-axis contains only one kind of atom. Along the c-axis the atoms are aligned
alternatingly. This leads to a screw structure alignment along c for each of the
three kinds of atoms. The most important property of this crystal for the present
study is the lack of an inversion center, which breaks spatial inversion symmetry.
This broken spatial inversion symmetry leads to topological effects.

Recently the sister compound CeAlGe, proposed to be a type II Weyl semimetal,
has been investigated [267]. The authors find anisotropic magnetic properties. The
ground state has been confirmed to be antiferromagnetic below 5 K. No anomalous
transport properties have been observed.

In this study we investigate the compound PrAlGe through electric and thermo-
electric transport, bulk magnetization, and SANS. We show how the ferromagnetic
ground state hides the anomalous transport properties through domain formation
and how they can be recovered by polarizing the sample. Comparisons to first
principle calculations prove the origin of the anomalous transport based on the
topology. A schematic phase diagram is shown in figure 7.2 for illustrative pur-
poses to make the result section more clear. For high temperatures PrAlGe is a
paramagnet. At Tc a ferromagnetic phase based on a domain structure is entered.
At a magnetic field Bs the magnetism in the sample saturates and the domain
structure disappears, leaving a fully field polarized sample. Inside the Ferromag-
netic phase, a glass transition is found starting at a temperature Tg.
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Fig. 7.2 Schematic phase diagram of PrAlGe. An inhomogeneous ferromagnetic
(FM) state appears below the critical temperature Tc and the saturation
field Bs. Outside of this state, paramagnetic behaviour is found. Above
Bs the material is field polarized for low temperatures. A glass transition
is found at Tg (dashed line).

7.2 Methods

Single crystals of PrAlGe in high quality were grown by Pascal Puphal at PSI
using the flux growth method and the floating zone method. Their growth process
and a comparison of the properties of crystals of the two types is described in
Ref [268]. The flux grown samples contain a slight excess of Al and are typically
smaller than the floating zone crystals. For the study presented in this chapter
crystals of both types have been used. The variations between crystals of the two
types and between different crystals of the same type are not of importance for
any of the conclusions of this chapter.

The electrical transport (ρxx and ρxy) was measured in a Quantum Design
Physical Property Measurement System (PPMS). The DC magnetic moment was
measured in a Magnetic Property Measurement System (MPMS) of the same com-
pany. The AC magnetic moment measurements were performed with the commer-
cial AC Measurement System (ACMS) for the PPMS. For the thermoelectric mea-
surements a home-build insert for the PPMS was used. The PPMS was reading
out the sample thermometers, while Keithley nanovoltmeter were used to measure
the longitudinal and transverse voltages after amplifying the signal by a factor of
1000. For the Hall measurements a Hall bar geometry was used for the contacts
and good electrical contact was achieved with DuPont 6838 silver paste cured at
500 ◦C for 10 min and subsequent application of short high voltage pulses, finally
reaching values of a few Ohm. The temperature gradient in the Nernst measure-
ments was kept at around 3% of the average sample temperature. All temperatures
were measured with Cernox thermometers.
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The powder neutron diffraction was performed at PSI with the DMC instru-
ment. The neutron wavelength was 2.457Å. The powder sample from which the
diffraction profiles were collected were of mass 2 g. The base sample temperature
in the Orange cryostat was 1.6 K.

The SANS measurements were performed at PSI at the SANS-I instrument
with a base temperature of 1.9 K. The 25 mg single crystal was mounted with the
c-axis parallel to the incoming beam with the magnetic field aligned in the same
direction. The neutron wavelength was set to λn = 8Å with ∆λn/λn = 10%. For
each temperature or magnetic field value the data were collected for 5 to 20 min.

All measurements reported here were conducted with the magnetic field aligned
along the c-axis. For all transport measurements, the electric or heat current were
applied within the ab-plane.

7.3 Results on Transport and Magnetism
The first results we present are on electrical transport (resistivity including mag-
netoresistance, and Hall effect) and thermoelectric (Seebeck and Nernst) measure-
ments as well as magnetization data. All these measurements focus mainly on
the macroscopic behaviour. Later sections present theoretical calculations and re-
sults on neutron scattering, which link the observed macroscopic behaviour to the
microscopic details.

7.3.1 Resistivity, Hall, DC Magnetization, Seebeck,
and Nernst

Figure 7.3 shows the three quantities ρxx, ρxy, and m as a function of temperature.
The same general features are present in all three quantities.

First we have a closer look at the resistivity ρxx, as shown in panel (a) in the
main panel for the low-temperature part and in the inset over the entire temper-
ature range. The residual resistivity is in the typical semimetallic range with its
value of ρ0 = 102 µΩ cm. The residual resistivity ratio of the material is rather
small with ρ(T = 300 K)/ρ0 ≈ 2. The temperature dependence above Tc = 15 K
is very well described by the Bloch-Grüneisen formula, including additionally a
phenomenological T 3 correction term [269], resulting in

ρ(T ) = ρ0 + C
(
T

ΘR

)5 ∫ ΘR
T

0

x5dx

(ex − 1)(1− e−x) − αT
3, (7.1)

where ΘR is the Debye temperature. A fit of the data to this equation from 16 K
to room temperature is shown as a red line in the inset of panel (a). The excellent
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Fig. 7.3 Temperature dependence of (a) the longitudinal resistivity ρxx, (b) the
magnetic moment m, and (c) the Hall resistivity ρxy (c). The inset in (a)
shows the full temperature range of ρxx. For panel (b) and (c) the zero-
field cooled (ZFC) curve branches off from the field-cooled (FC) curve at
Tg, marked by arrows. The ZFC branch is in both cases the lower one.
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fit to the Bloch-Grüneisen formula indicates that electron-phonon scattering is the
dominant scattering process at higher temperatures. According to this formula
the resistivity at low temperatures is almost constant. The onset of this flattening
can be seen in the resistivity closely above Tc. At Tc a sharp cusp can be observed
with an immediate decrease of the resistivity. Below Tc the resistivity is adequately
described by a T 3 power law, as indicated by the red line in the main panel.

The magnetic moment as function of temperature is shown in panel (b). For
fields below the saturation field Bs a sharp upturn in magnetic moment is observed
upon approaching Tc. Below Tc the growth of the magnetic moment is weakened
and in some samples enters a plateau, where the magnetic moment is constant
over a temperature range of a few Kelvin. Upon reaching Tg, a bifurcation occurs
in the magnetic moment curve for zero field cooling and field cooling. The zero
field cooled branch has a lower magnetic moment than the field cooled branch.
This bifurcation is indicated by arrows in figure 7.3. Above Bs the curves do
not show any clear features any more and the magnetic moment saturates at low
temperatures, reaching a magnetic-field-independent value of 2.3µB/Pr. In other
samples this value varies moderately but even up to 3µB/Pr could be observed in
flux grown samples. The saturation field was found to vary between 2 T and 4 T,
and the critical temperature between 15 K and 16 K. Generally, larger variations
could be observed in the flux grown samples as opposed to the floating zone grown
samples.

Third, the Hall resistivity ρxy is shown in panel (c). The curves follow a
shape almost identical to that observed for the magnetic moment. Again a sharp
increase in ρxy is observed upon approaching Tc, followed by a plateau phase and a
bifurcation below Tg, again indicated by arrows in the figure. This strong similarity
between the magnetic moment and the Hall resistivity is already an indication for
the anomalous Hall effect. To get a more quantitative insight, the Hall resistivity
is plotted against the magnetic moment in figure 7.4. It shows data measured on
the same crystal for the case of zero-field cooling. With the exception of the very
lowest temperatures we observe a linear behaviour, indicating ρxy ∝ m, which
shows clearly the anomalous origin of this Hall resistivity.

Next we look at the behaviour of the magnetism and the Hall effect inside the
glass phase (T < Tg). Figure 7.5 displays the time-dependent magnetization and
Hall resistivity below and above Tg. After field-cooling to the indicated temper-
ature in a magnetic field above the saturation field the magnetic field was set to
zero and the magnetic moment and Hall resistivity were measured as a function of
time. The magnetization was measured over approximately one day, while the Hall
resistivity was measured only for around 8 h due to the larger noise which reduces
the sensitivity to the small signals after longer times. At 2 K < Tg a decay of the
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Fig. 7.4 The Hall conductivity plotted against the magnetic moment for two dif-
ferent magnetic fields as indicated, showing the linear dependence of the
two quantities. The color bar indicates the temperature.

magnetic moment and the Hall resistivity can be observed, see panel (a). This
decay is well described by a stretched exponential with a background remaining
after infinite time. The time dependent magnetic moment is thus given by

m(t) = m̂e−(t/τ)β +m∞ (7.2)

and equivalently for the Hall resistivity by

ρxy(t) = ρ̂xye
−(t/τ)β + ρxy,∞. (7.3)

Such a decay is typical for spin glasses. The values of β = 0.2 and τ = 0.7 h
are within the range of values reported for other spin glasses [269–271]. The
values m∞ and ρxy,∞ are both 6= 0. Upon changing the fitting window to less
than what is shown in figure 7.5, the values of m∞ and ρxy,∞ increase. It is
thus justified to assume that the values would further decrease for measurements
over a longer time-scale than one day. Whether zero can be reached after infinite
time or whether some magnetization truly remains, can not be answered. At
12 K > Tg, the situation looks very different. As seen in figure 7.5(b), almost no
time-dependence is observed. The magnetization is growing, but the amplitude is
extremely small. The effect can potentially be attributed to the domain walls. For
the Hall resistivity, no temperature dependence at all can be seen, but the noise
here is noticeably larger than on the magnetic moment. Taken together, these
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Fig. 7.5 Time dependent measurements of the magnetization (main panel) and
Hall resistivity (inset) after field cooling above saturation for 2 K (a) and
12 K (b). Red lines are fits to a stretched exponential (equations 7.2
and 7.3).

data show how the glass transition at Tg changes the time-dependent magnetic
behaviour of PrAlGe.

The Hall resistivity as a function of magnetic field is shown in figure 7.6 over
the entire field range for selected temperatures between 2 K and 100 K. For high
temperatures a purely linear dependence on the magnetic field is observed. The
complete lack of deviation from linearity suggests that the Hall effect is strongly
dominated by only a single band of hole-like character, as deduced from the positive
slope. This justifies the application of the one-band formula of the Hall coefficient
(equation 2.30), yielding p = 7.8× 1020 cm−3, a value typical for semimetals [145].
The Hall mobility evaluates to µH = 8× 10−3 T−1. At lower temperatures a de-
viation from the linear behaviour is observed in shape of a curved section at low
fields which turns again into linear behaviour at higher fields. For T < Tc and
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Fig. 7.6 Hall resistivity as function of magnetic field for temperatures as indi-
cated.

very low magnetic fields, a linear increase with a much higher slope than at high
temperatures is seen until a sharp kink where the curves flatten off again. At 2 K
this effect is at its strongest, where after the sharp kink the curve is linear again
with the same slope as the high-temperature measurement, but at higher absolute
values. Below Tg the curves are nearly temperature independent. Between Tg and
Tc the kink shifts to lower fields until it disappears at Tc. A zoom on this low-field
region is shown in figure 7.7(a). The interpretation of the initial steep increase is
that this part is due to the anomalous Hall effect. Once saturation is reached, the
anomalous part does not increase any longer and only the effects of the quasipar-
ticles are still observed, creating a slope consistent with the one observed at high
temperatures.

As a second, independent, method to verify anomalous behaviour in PrAlGe the
Nernst effect was measured1. The low-field behaviour is shown in figure 7.7(b).
The same behaviour of a linear high-temperature behaviour and and a steeper
increase at lower temperatures up to a kink as seen in the Hall resistivity is
present here again. At 21 K the Hall coefficient is calculated as ν = N/B =
20 nV/(K T). Together with the mobility this can be converted into the relation
ν/T = (4.6× 10−4 V/K)µ/TF and thus is very close to the universality curve of
the quasiparticle Nernst effect given by equation 2.45.

Figure 7.7(c) shows the extrapolations to zero field of both the Hall conductivity
and the Nernst signal. These extrapolations correspond to the pure anomalous
contribution. The extrapolations are done by fitting a straight line to the part

1The thermoelectric measurements have been performed by L. Das from the University of Zurich.
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Fig. 7.7 (a) Hall resistivity, (b) Nernst signal, and (c) the extrapolated anomalous
Hall conductivity and Nernst signal. Grey lines are linear fits to the data
used to extrapolate the anomalous effects to zero magnetic field. The
red line in (c) is a fit to a power law of the anomalous Hall conductivity
between 11 K and 16.5 K.

above the kink (grey lines in panels (a) and (b)). Error bars are obtained by
varying the fitting window to account for slight curvature. Both components agree
very nicely and can be fitted with a power law around the increase, as shown by
the red line in panel (c).

As the longitudinal counterpart to the Nernst effect the Seebeck effect has
been measured, as is shown in figure 7.8. The Seebeck effect is nearly independent
of magnetic field and almost linear over a large temperature range. At 14 K a
sign change is found from positive at higher temperatures to negative at lower
temperatures. The positive Seebeck signal is consistent with the domination of
positive charge carriers as observed in the Hall effect.

7.3.2 Magnetoresistance
The magnetoresistance isotherms are shown in figure 7.9. A color plot of the same
data is displayed in figure 7.10(a) and the derivative in magnetic field direction
is shown in 7.10(b). Some of the effects discussed in the following can be seen
more clearly in the color plot. A weakly negative magnetoresistance is observed
at 2 K. The isotherm displays a strong curvature and consequently at around
6 T the magnetoresistance crosses 0 and becomes positive for higher fiels. Upon
increasing the temperature the negative magnetoresistance becomes much more
pronounced and the minimum shifts towards higher magnetic fields. At Tc the
effect is developed maximally and upon further increases of the temperature the
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Fig. 7.8 Seebeck effect as function of temperature for magnetic fields as indicated.
A sign change is found at 14 K.
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Fig. 7.9 The magnetoresistance of PrAlGe. A clear negative magnetoresistance is
observed for temperatures below 40 K for small enough magnetic fields.
The strongest effect is reached at Tc.

magnetoresistance weakens. Around 40 K the resistance becomes independent of
the magnetic field over the measured range. For temperatures higher than 40 K
only a positive magnetoresistance can be observed, which is well described by a
power law with exponent 1.7(1). From figure 7.10(b) it can be extrapolated that
at around 18 T the slope will be positive for all temperatures and thus a positive
magnetoresistance is expected for all temperatures for high enough fields.
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Fig. 7.10 (a) The magnetoresistance of PrAlGe as function of both magnetic field
and temperature. The critical temperature at 16 K is visible as the ori-
gin of the negative magnetoresistance. (b) The slope of the magnetore-
sistance. Note that the color scales are not equidistant in the positive
and negative regions.

One remarkable difference to the Hall resistivity is the strong temperature
dependence of the magnetoresistance below Tg. In this range the Hall isotherms
are temperature independent. Between Tg and Tc the high-field part of the Hall
isotherms is still only weakly temperature dependent. The rapid changes of the
magnetoresistance below Tc are reflected above Tc and no strong deviation in
the rate of change can be observed. Only once the negative magnetoresistance
disappears above 40 K is a weaker temperature dependence obtained.

7.3.3 AC Magnetization

To further investigate the transition, AC magnetization measurements were per-
formed. The in-phase magnetic moment m′ as a function of temperature is shown
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Fig. 7.11 The AC magnetic moment of PrAlGe as a function of temperature
measured at a frequency of 100 Hz for different DC background fields
as indicated.

in figure 7.11 for a frequency of 100 Hz and magnetic DC fields between 0 and
0.4 T. At 0 DC field two peaks are seen corresponding to Tc and Tg. Upon increas-
ing the DC field, the peak at Tc splits into two peaks. The lower of the two drifts
towards lower temperatures upon increasing field while the upper peak shifts to-
wards higher temperatures. The peak at Tg also shifts towards lower temperatures
upon increasing the field. The amplitude of all peaks reduces for increasing fields,
with the upper half of the Tc peak being the least sensitive to the magnetic field.
Upon reaching the saturation field, it is the only peak remaining, albeit as a very
broad one.

The frequency dependence of the AC magnetization is shown in figure 7.12
as a function of temperature for the four frequencies 101 Hz, 102 Hz, 103 Hz, and
104 Hz. Each of the four panels of figure 7.12 is based on a different DC background
magnetic field. The most relevant observation is the frequency dependence of the
Tg peak, which displays the behaviour expected for a spin glass with a decrease
in amplitude for increasing frequencies. Interestingly, the peak at Tc is almost
not frequency dependent at B = 0. Upon application of a DC field and the
accompanying splitting of the peak into two peaks, the lower one is again frequency
dependent while the upper is not.
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Fig. 7.12 The frequency dependence of the AC magnetic moment of PrAlGe for
four different DC background fields.

7.4 Theoretical Results
In this section the theoretical calculations and their results are presented2. These
predictions are then compared to the experimental observations. The first prin-
cipal calculations were performed using the Vienna Ab initio Simulation Package
(VASP) [272]. The exchange-correlation functional was used within the GGA-PBE
approximation. The starting point for the discussion is the band structure, shown
in figure 7.13 along the high symmetry lines. The Fermi level is crossed by mul-
tiple bands, both electron- and hole-like, with a predominance of hole-like bands.
PrAlGe is thus predicted to be a semimetal. Even though many bands cross the
Fermi level, no Weyl nodes are located along high symmetry lines [264]. This
calculation incorporates spin-orbit-coupling. Without the inclusion of spin orbit
coupling, the bands are spin split and can be labelled by their spin. SOC makes
the spin not a good quantum number any more and mixing of the spins occurs.
Noticeable differences in the density of states for up and down spin exist above the
Fermi level, while it presents itself as mostly identical for the two spins below the
Fermi level [264]. The magnetic moment that is obtained is 2µB/Pr, slightly lower

2The theoretical calculations have been performed by Stepan Tsirkin from the University of Zurich.
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Fig. 7.13 The band structure of PrAlGe close to the Fermi level along the high
symmetry lines, with multiple bands crossing the Fermi level. The
Weyl nodes are not on the high symmetry directions and can not be
seen here [264].

than what is observed experimentally. The location of the Weyl nodes is shown in
figure 7.14.

To show more clearly how the Berry curvature affects the anomalous Hall
conductivity, a plot of the Berry curvature integrated along kz is shown in fig-
ure 7.15(a) and integrated along kx and ky in figure 7.15(b). The Berry curvature
dipoles in (b) are indicated by the steep slopes around kz ≈ 0 and kz ≈ 0.5. They
are formed by pairs of Weyl nodes of opposite chirality, which in k-space are sepa-
rated in z direction. The values of the steps are close to integer values and would
be exactly integer values if all Weyl nodes were located precisely at the Fermi level.

Fig. 7.14 Position of the Weyl nodes in the Brillouin zone. The different colours
indicate different chiralities and origins. The orange arrow indicates the
magnetization direction. Taken from Ref. [264].
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Fig. 7.15 The Berry curvature and the anomalous Hall conductivity following
from it. (a) The negative Berry curvature integrated along kz as a
function of kx and ky. Only a quarter of the region is shown due to
fourfold rotational symmetry. (b) The negative Berry curvature inte-
grated in the kxky-plane. (c) Theoretical calculation for σA

xy (blue line)
for a varying chemical potential compared to the experimental value
(red diamond), finding excellent agreement.

In panel (a) the Weyl nodes are indicated by the quick variation from red to blue
and vice-versa.

The anomalous Hall conductivity is calculated from the Berry curvature Ωkn

by integrating over the whole Brillouin zone:

σA
ab = −e

2

~
∑
n

∫
θ(µ− Ekn)εabcΩc

kn

(
dk
2π

)3

, (7.4a)

Ωkn = ∇k × Akn = −Im〈∂kukn| × |∂kukn〉. (7.4b)

Here Akn = i〈ukn|∂kukn〉 is the Berry connection, θ is the Heaviside step function,
Ekn is the band energy, and εabc is the antisymmetric tensor. The Anomalous Hall
conductivity σA

xy is then given by Ωz, provided the magnetic field is along the z
direction. The resulting σA

xy is shown in figure 7.15(c) as a function of chemical
potential ±0.2 eV around the calculated Fermi energy. This variation in chemical
potential is incorporated to check for the robustness of the result under small
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doping and other inaccuracies of the calculation, which would move the chemical
potential slightly. As can be seen, the variation of the chemical potential has little
effect on σA

xy. The value obtained for µ = EF is σA
xy = −330 Ω−1 cm−1. This is

in excellent quantitative agreement with the experimentally observed value (red
diamond).

To make a similar calculation on the Nernst effect is a much more difficult
endeavour. While the anomalous Hall effect is given by the Berry curvature of
all the occupied bands, the anomalous Nernst effect is given only by the Berry
curvature at the Fermi level. The exact position of the Fermi level is thus of great
importance. The temperature, furthermore, plays an equally big role due to the
Fermi-Dirac distribution. Only at high temperatures the Fermi-Dirac distribution
is wide enough to reduce the uncertainties to an acceptable level. Quantitative
analyses are thus only done at high temperatures [255]. For these reasons, a
calculation for the anomalous Nernst effect is not made.

7.5 Neutron Scattering
None of the measurements or calculations presented so far can give a microscopic
explanation for the suppression of the anomalous transport below Tc. For this
reason in this section neutron scattering results obtained at PSI are presented3,
which can give a first indication of the microscopic details.

The powder neutron diffraction (PND) results are shown in figure 7.16. Upon
cooling from 20 K to 1.6 K the scattering intensity increases, as shown in panel
(a). This increase is commensurate with the point symmetry of the lattice. Panel
(b) shows the fit to the model of ferromagnetism with excellent agreement. The
difference between fit and data are shown as a grey line. The green ticks indicate
the position of nuclear (top row) and magnetic (bottom row) peaks. Some scat-
tering is only allowed by the magnetism but not by the lattice. Such positions
are marked with a * and no scattering can be observed at these position. The
magnetic moment obtained from these measurements is 2.29(3)µB/Pr.

The small angle neutron scattering (SANS) measurements are shown in fig-
ure 7.17. Panels (a) and (b) show the whole two-dimensional SANS pattern mea-
sured at base temperature. At zero magnetic field a circularly symmetric pattern
emerges which decreases for increasing |q|. Upon saturating the sample with an
external magnetic field, the SANS signal is strongly reduced. SANS is a technique
which probes variations in the magnetization density over length scales between
5 nm to 500 nm. The presence of a SANS signal thus indicates not magnetization

3The neutron scattering experiments were performed and their data analyzed by Jonathan White
from PSI.
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Fig. 7.16 Neutron scattering data of PrAlGe. (a) PND profiles recorded above
(T = 20 K) and below (T = 1.6 K) the critical temperature. The peak
amplitude is higher below Tc than above. The green marks indicate
expected peak positions as determined by the space group I41md. (b)
Comparison of the refined model (black line) with the data. The grey
line represents the difference between model and data. The upper and
lower rows of green marks show peak positions of nuclear peaks and
magnetic peaks according to the Γ1 magnetic structure model, respec-
tively. Peaks labelled with * indicate scattering only allowed according
to magnetic symmetry.

itself but its variations. The disappearance of the SANS pattern above saturation
is thus an indication of the disappearance of magnetic variations. Below saturation
there is a component of the magnetization which is not aligned along the c-axis.
A potential interpretation is the formation of extended domain walls. Due to the
rotational symmetry, an azimuthally averaged data set is an easier way to visualize
the data. This is done in panel (c) for the B = 0 case. It is seen very clearly how
above Tc the scattering intensity is very low and temperature independent. This
intensity thus constitutes the background. Below Tc the intensity increases fast
and reaches its maximum around Tg, after which there is no variation for the low-
est values of |q| but the temperature dependence remains for higher |q|. Panel (d)
shows the total scattering without the background for each temperature. The blue
line is a fit to a power law. Finally, panel (e) shows the decrease in SANS intensity
at base temperature upon increase of the magnetic field with the vanishing of the
intensity at the saturation field.
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Fig. 7.17 Zero field SANS pattern (a) and SANS pattern above saturation (b)
at base temperature after zero-field cooling along the [001] axis. The
square pattern in the middle is due to the beam stop. (c) Zero-field
azimuthally averaged intensity as function of |q| for temperatures as
indicated. The solid lines are fits to the model. (d) The contribution
of magnetic scattering to the curves shown in (c). The solid line is a fit
to a power law. (e) A scan with increasing B of the SANS intensity.

7.6 Discussion

In this section a closer look is taken at the results. Furthermore results from the
different measurement and the theoretical calculations are compared and inter-
preted and an attempt at creating a unified picture of the magnetic properties of
PrAlGe and its influence on the topology is made.

Further insight into the magnetic properties can be obtained by an Arrot plot.
It is based on the Ginzburg-Landau mean field theory, according to which around
the critical temperature the free energy of a system can be written in an expansion
as

F (M) = −MH + aM2

2 + bM4

4 + . . . (7.5)

110



7.6. Discussion

0 5 10

H/M

0.00

0.05

0.10

0.15

0.20

M
2

[(
M

A
/m

)2
]

2 K
4 K
6 K
8 K

13 K
14 K

Fig. 7.18 Arrott plot of PrAlGe. The positive axis intercept indicates ferromag-
netism.

with temperature dependent parameters a, and b. At the critical temperature the
magnetization is then, assuming ∂F/∂M = 0, expected to follow

M2 = H

bM
− a

b
. (7.6)

When plotting M2 vs H/M , conclusions about the magnetic properties of the
sample can be drawn. Such a plot is shown in figure 7.18. Inside a ferromagnetic
state, a positive axis intercept is expected, opposed to a negative axis intercept for
a paramagnet. At the critical temperature no axis intercept is expected. The data
thus confirms the presence of ferromagnetism and indicates its weakening upon
approach of Tc.

The magnetization and SANS data consistently show ferromagnetic behaviour
once a magnetic field is aligned. Below saturation, the ferromagnetic properties are
reduced and SANS starts to pick up a signal. Over a nanometric length-scale, the
magnetization tilts away from the c-axis, most likely these are the domain walls.
This picture is consistent with the formation of domains. No net magnetization
is observed at zero magnetic field, meaning there is an equal amount of sample
magnetized in both directions. An applied field then aligns the different domains
which causes a decrease in the SANS as domain walls disappear. The Hall effect
and Nernst effect measurements support this scenario. The different domains con-
tribute with different sign to the total observed effects. At zero field, when the
domains are equally distributed, no anomalous Hall or Nernst effects are observed.
Upon aligning the domains, the components of opposite sign do no longer cancel
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and finite anomalous contributions start to emerge. Once the saturation field is
reached, the growth of the anomalous component stops and the further increase in
the Hall and Nernst effects are caused by the quasiparticles. The SANS measure-
ments further support this scenario when fitted with a model based on cycloidal
tilting of the magnetic moments. The solid lines in figure 7.17(c) are based on this
model. From these fits the length scale of the variation in magnetization can be
obtained as 14 nm at 2 K and 25 nm close to Tc. The model used does not, how-
ever, determine the spin structure in a unique way and other more complicated
models can describe the data as well. The origin of the magnetization tilting away
from c can be attributed to different processes, such as the Dzyaloshinskii-Moriya
interaction given by

HDM = ~Dij · (~Si × ~Sj) (7.7)

which favour spin canting. Another possible explanation is the interactions with
in-plane antiferromagnetism.

In such a domain wall scenario as described before it is expected that a new
conductivity channel forms due to Fermi arcs which exist between adjacent re-
gions of different magnetization. The different magnetizations leads to different
separation of the Weyl nodes. Between the projections Fermi arcs are expected,
which increase the Fermi surface and thus add a new conductivity channel. The
expectation would thus be that an increasing magnetic field, through aligning the
domains, would increase the resistivity. However, the magnetoresistance data do
not support this picture and instead the opposite effect is found.

An alternative explanation for the behaviour of the magnetoresistance is that
less scattering occurs because of the alignment of the magnetization. This leads to
a reduction of spin disorder scattering when less domain walls are present. A fully
spin polarized sample is expected to experience less resistivity than a paramagnetic
sample with random spin orientation. Such effects typically occur in magnetic
materials [273]. The magnetoresistance is, however, not at its minimum for Bs but
instead decreases further up to fields around 7 T for temperatures below Tc. Above
Tc the decrease is present at least up to 9 T, the highest field available during the
measurement. The eventual upturn expected for all curves is again consistent with
the expectation of increased scattering due to cyclotron motion.

With its magnetic structure PrAlGe could be a material suitable for the in-
vestigations of axial gauge fields [274]. Such axial gauge fields have been realized
in various systems, but never in a hard condensed matter system. The strong
dependence of the domains on magnetic fields propagates to the axial gauge field,
which could thus be tunable as well.
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The temperature dependence of σA
xy can in a small temperature range below Tc

be described by

σA
xy ∝

(
1− T

Tc

)2β
. (7.8)

The fit to this equation is shown in figure 7.7(c). The exponent β is given by
0.28(4). The same formula can be used to fit the SANS data. This is done in
figure 7.17(d), where the value β = 0.30(1) is found in agreement with the anoma-
lous Hall conductivity and the theoretical value of 0.325 for a three-dimensional
Ising model.

The spin glass behaviour is another interesting phenomenon present in PrAlGe.
How the magnetism is really influenced by it on a microscopic level can not be
answered from the data presented in this chapter, but a connection to the domain
walls seem likely. The observation of negative magnetoresistance together with
anomalous Hall and, at lower temperature, even a spin glass, is not a very common
occurrence, but it has been made, for example, in La1–xCaxCoO3 [275].

The comparison to other materials is shown in figure 7.19. The red diamonds
are our values for PrAlGe: anomalous Hall angle ΘA

H = 3.7%, anomalous Hall
conductivity σA

xy = −367 Ω−1 cm−1, and anomalous Hall factor SH = σA
xy/M =

0.087 V−1. The blue points are values from the literature while blue ellipses indi-
cate substitution systems or variations in measurement results for one material.
The blue band in panel (c) indicates the region where many ferromagnets are situ-
ated. From panels (a) and (b) we can see that PrAlGe is a material with a rather
high anomalous Hall effect. The anomalous Nernst effect as seen in panel (c) is
in the range that is found for non-topological ferromagnetic materials, thus not
unusually large. Other topological materials, such as Me3+xSn1−x, Co3Sn2S2, and
Co2MnGa have an anomalous Nernst effect that is multiple orders of magnitude
larger than what is observed in PrAlGe.

The theoretical calculations of the anomalous Hall conductivity and their ex-
cellent agreement with the experimental findings clearly prove that the anomalous
Hall effect is a purely intrinsic effect and topological in nature, originating from the
Berry curvature due to the presence of Weyl nodes. A link between the anomalous
thermoelectric coefficient αA

xy and the anomalous Hall conductivity σA
xy is given

by the Mott relation (equation 2.41) which is still valid in the case of anomalous
transport coefficients [276]. By taking the data presented in figure 7.15(c) to eval-
uate ∂σ/∂µ|EF we obtain the value αA

xy/T = 6 µV/(K Ω cm). One major drawback
of this relation is the dependence on the derivative ∂σA

xy/∂µ at the Fermi level.
Experimentally this value is unobtainable for us without any samples with small
substitutions to change the chemical potential. Even from a theoretical stand-
point this value is difficult to obtain, as the calculation of derivatives is always
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Fig. 7.19 Comparison of the anomalous responses of PrAlGe to other materi-
als. (a) Anomalous Hall angle vs anomalous Hall conductivity. (b)
Anomalous Hall angle vs anomalous Hall factor. Blue ellipses indicate
substitution systems. (c) Anomalous Nernst signal vs magnetization.
The blue band indicates the typical region for ferromagnets. The red
diamonds indicated results from this study. Blue points are taken from
the literature: Ref. [252] for panel (a), Ref. [253] for panel (b), and
Refs. [255] and [257] for panel (c).

a bigger numerical challenge than the calculation of value itself. Publications
in other materials are dealing with the same problems. Nonetheless it useful to
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Fig. 7.20 Phase diagram of PrAlGe. The coloured background is obtained from
the Hall effect measurements. The thick red line indicates the ferro-
magnetic ground state. The red dashed line indicates the glass tran-
sition. For higher fields and temperature, a field polarized state and
paramagnetic state are found, respectively.

make the comparison between the experiment and the theory. The anomalous
off-diagonal Peltier-coefficient can be connected to the anomalous Nernst response
with [175,277]

αA
xy = σxxN

A + σxxS

(
σA
xy

σxx
+
κA
xy

κxx

)
. (7.9)

Since we observe a zero crossing in S at 14 K the second term vanishes around this
temperature range and the equation reduces to αA

xy = σxxN
A. At this temperature

we thus get αA
xy/T = 14 µV/(K2 Ω cm) which is in reasonable agreement with the

prediction given all the problems discussed above.
Taking all the measurements into account we draw again a phases diagram,

this time based on real data, which is shown in figure 7.20. The background color
is drawn according to the derivative of the Hall resistivity dρxy/dB and gives a
very sharp phase boundary.

The compound PrAlGe offers many possibilities for future investigations into
topological materials. As discussed, the full substitution of the rare-earth ion will
result in different types of Weyl cones at the Fermi level and different magnetic
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properties. A partial substitution can be expected to interpolate between different
behaviours. A further road is the full or partial substitution of the non-magnetic
atoms. This can open a new way of tuning the Weyl nodes and the topological
properties, next to other methods such as the rotation of a uniform magnetiza-
tion [278], photoinduction [279,280], or pressure induction [281].

7.7 Conclusion
In this chapter a combined study of magnetism, electric transport, thermoelectric
transport, small angle neutron scattering, and theoretical calculations has been
presented. Together these results give a convincing and coherent picture of the
magnetism and its links to the topology. The ground state is found to be a fer-
romagnet with domains which suppress the observation of anomalous transport
properties. Upon alignment of the magnetization with an external magnetic field
the anomalous transport is recovered. The experimental value of the anomalous
Hall conductivity agrees perfectly with a first principle calculation, proving its
topological origin.

The results of this chapter will be published by D. Destraz et al. The main con-
tributions from the co-authors are as follows: The samples were grown by P. Puphal
and E. Pomjakushina, the neutron experiments were performed by J. White, the
thermoelectric transport by L. Das and the theoretical calculations by S. Tsirkin.
Further theoretical support came from T. Neupert and A. Grushin. The paper was
written jointly by the authors with dominant contributions from by D. Destraz,
and J. White.
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Chapter 8

Summary and Outlook

In this thesis multiple phenomena related to materials of contemporary interest and
physical properties have been investigated with a focus on transport phenomena.
In this last chapter the results are summarized and an outlook is given on how the
field is expected to continue.

The first three science chapters presented results on NbN films of different
thickness. In the thicker films, a sign change in the Hall resistivity is observed at
low magnetic fields originating from superconducting fluctuations. All observed
properties could be described well with Gaussian fluctuation theory. The paracon-
ductivity follows the two-dimensional Aslamazov-Larkin behaviour and the Hall
conductivity is well described by a recent theoretical calculation. This agreement
is achieved without any adjustable parameters. In thinner films the picture is very
different. A BKT transition is found in the resistivity and the paraconductivity fol-
lows the zero-dimensional Aslamazov-Larkin behaviour for some samples, while for
others the two-dimensional behaviour is found. Multiple sign changes are observed
in the Hall resistivity, showing a clear deviation from Gaussian fluctuation theory.
The behaviour we find is strongly reminiscent of cuprate superconductors in the
pseudogap. Further investigations in the conventional superconductor NbN might
help to understand the pseudogap in the cuprates. Under very high magnetic fields
at temperatures only reached by dilution refrigerators, a superconductor-insulator
transition could be observed, extending the validity of the theory to films with
relatively high Tc and a high Bc2. A very high value of zν was found and inves-
tigations of films with medium thickness could help to explain the origin of the
large value.

In the substitution compound Ca1.8Sr0.2RuO4 strong evidence of a quantum
critical point has been found. The magnetic-field- and temperature-dependent re-
sistivity and exponent α follow the expectation for a quantum critical point and
show clear maxima or minima at the quantum critical point. With this find-
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ings Ca1.8Sr0.2RuO4 could be linked more closely to its bilayer sister-compound
Sr3Ru2O7. This might lead to a better understanding of the nematic phase in
Sr3Ru2O7. Many properties of Ca1.8Sr0.2RuO4 are also similar to the end member
Sr2RuO4 and might lead to a better understanding of the electronic behaviour in
this superconductor.

The compound PrAlGe was found to be a Weyl semimetal as predicted by theo-
retical calculations. The ground state is, however, hiding the anomalous transport
properties due to the formation of domains. Upon alignment of the domains with
an external magnetic field, the anomalous transport properties are recovered and
excellent agreement between the experimentally observed Hall conductivity to the
theoretically predicted one proves that the anomalous Hall effect stems from the
Weyl nodes. Through SANS measurements it could be determined that the length
scale over which the magnetization tilts away from the c-axis is around 20 nm.
Furthermore, glassy behaviour was observed in the magnetization. By partially
substituting either the rare earth atom or the nonmagnetic atoms it is expected
that the topological properties in PrAlGe can be tuned. Such investigations into
the substitution systems will certainly yield interesting results. As the field of
topology is viewed favourably in terms of future applications such investigations
are of great interest.
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