
Tasks

(1) Read	chapter	7

(2)	Solve	exercise	sheets
(3)	Who	is	summarizing	next	week?	

20	&	25th April			 Chapter	6
2	&	4th May Chapter	7
9	&	16th	May Chapter	8
18	&	23th	May	 Chapter	9
30th	May	&	1st June		 Wrap-up



Exam
Exam	structure:

(1) 10		min	student	presentation	of	1	one	out	of	8	pre-defined	topics

(2) 10	min	discussion	of	one	of	the	exercises

(3) 10	min	questions	spread	over	the	material	covered	during	the	lecture

Most	likely	exam	dates:	7-8th of	June

Pre-defined	topics	– Announced	on	16th or	18th of	May.	



Material	Property Coefficient In	classed

Resistivity 𝜌 = #∗

%&'(

	
				or				σ = %&'(

#∗

	 Discussed	/	Proven

Hall	coefficient 𝑅. =
−1
𝑒𝑛

Discussed	/	Proven

Heat	capacity 𝐶
𝑇 = 𝛾 =

1
3𝜋

8𝑘:8𝐷𝑂𝑆 𝜀? ∝ 𝑚∗ Discussed	/	Proven

Thermal	conductivity 𝜅
𝑇 =

𝑛𝑘:8𝜋8𝜏
3𝑚∗

	 Not	proven

Thermopower /	Seebeck
effect

𝑆
𝑇 =

±𝜋8

2
𝑘:	

𝑒
1
𝑇?

	
∝ 	
𝑚∗

𝑛
Not	proven



Material	Property Coefficient In	classed

Resistivity 𝜌 = #∗

%&'(

	
				or				σ = %&'(

#∗

	 Discussed	/	Proven

Hall	coefficient 𝑅. =
−1
𝑒𝑛

Discussed	/	Proven

Heat	capacity 𝐶
𝑇 = 𝛾 =

1
3𝜋

8𝑘:8𝐷𝑂𝑆 𝜀? ∝ 𝑚∗ Discussed	/	Proven

Thermal	conductivity 𝜅
𝑇 =

𝑛𝑘:8𝜋8𝜏
3𝑚∗

	 Not	proven

Thermopower /	Seebeck
effect

𝑆
𝑇 =

±𝜋8

2
𝑘:	

𝑒
1
𝑇?

	
∝ 	
𝑚∗

𝑛
Not	proven

Wiedemann Franz	Law	

𝜅
σ𝑇 =

𝜋8

3
𝑘:
𝑒8

8
		 𝐿G =

𝜋8

3
𝑘:
𝑒8

8

		

Lorenz	Number



Nature	484,	494	(2010)

Wiedemann Franz	Law	



Bosons Fermions

Fermi-Dirac	DistributionPlanck’s	Distribution

integer	spin half-integer	spin

Fundamental	particles:

Photon,	….

Fundamental	particles:

Electron,	….

Composed	particles:

He-3,	….

Composed	particles:

He-4,	….



Bloch’s	Theorem
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6.730 Physics for Solid State Applications

Lecture 19: Properties of Bloch Functions

• Momentum and Crystal Momentum
• k.p Hamiltonian
• Velocity of Electrons in Bloch States

Outline

March 17, 2004

Bloch’s TheoremBloch’s Theorem

‘When I started to think about it, I felt that the 
main problem was to explain how the electrons 
could sneak by all the ions in a metal….
By straight Fourier analysis I found to my delight 
that the wave differed from the plane wave of free 
electrons only by a periodic modulation’

F. BLOCH

For wavefunctions that are eigenenergy states in a periodic potential…

or

Er erhielt 1952 den Nobelpreis für Physik
Born in Zurich (1905)
First Director of CERN

Felix	Bloch



Band	structure	



Band	structure	quiz:

Metal	or	Insulator?



Solid State Physics

Exercise Sheet 9

FS18
Prof. Dr. Johan Chang

TA: Denys Sutter Due on 11th May

Exercise 1 Kronig-Penney Model

With this exercise, we will solve the Kronig-Penney model in small steps. This model starts
with the assumption that the potential that the electron feels near the atomic positions can
be approximated by a �-function. The periodic potential can thus be written as U(x) =

Aa

P
s

�(x� sa) (in one dimension) where A is a constant and a is the lattice spacing.

(a) Show that in the Fourier series U(x) =

P
G

U

G

e

iGx we get for the coefficients U

G

= A.

(b) Let  (k) be the Fourier coefficients of the electron wave function. Use the central equation
(derived in the lecture or found in text books and on the web) to show that

(�

k

� ✏) (k) + A

X

n

 (k � 2⇡n/a) = 0 (1)

where �
k

= ~2k2
/2m.

(c) Now we are interested in solving with respect to ✏. In this context it is convenient to
define f(k) =

P
n

 (k � 2⇡n/a). Show that (Caution: n has two meanings):

 (k) = �(2mA/~2)f(k)
k

2 � (2m✏/~2) (2)

f(k) = f(k � 2⇡n/a) (3)

 (k � 2⇡n/a) = � (2mA/~2)f(k)
(k � 2⇡n/a)

2 � (2m✏/~2) (4)

(d) Now let’s sum (
P

n

) on both sides of equation 4 found above and show that:

~2/2mA = �
X

n

⇥
(k � 2⇡n/a)

2 � (2m✏/~2)
⇤�1 (5)

Notice how with these simple operations we got rid of the Fourier coefficients of the wave
function  .

(e) Our goal is still to solve with respect to ✏. Let’s define K

2
= 2m✏/~2 and remember that

cot(x) =

P
n

1
n⇡+x

. Show that:

~2
2mA

=

a

2
sin(Ka)

2Ka(cos(ka)� cos(Ka))

(6)

Hint: It is helpful to use a partial fraction decomposition of equation 5. The following
trigonometric identities might be useful:

cot x� cot y =

sin(y � x)

sin x sin y

(7)

2 sin x sin y = cos(x� y)� cos(x+ y) (8)

(f) What is the energy of the lowest energy band at k = 0 if we assume P =

mAa

2

~2 ⌧ 1?
(Hint: how big can Ka be? If it is small, you can expand in Ka.)

(g) Evaluate the band gap at the zone boundary k = ⇡/a (we still assume P ⌧ 1).

(h) Now let us set P = 3⇡/2. Plot the dispersion relation from 0 to 4⇡/a. Plot also the same
dispersion in the reduced zone scheme (all bands folded into first zone). Use a computer
for the plots! (Hint: You have to solve equation 6 numerically. If you do not see any
energy gaps, you did something wrong. Furthermore, the dispersion relation should look
somewhat parabolic. Pay attention to the starting values.)

Exercise	for	11th of	May



Photoelectric	effect

In 1905, Albert Einstein solved this apparent paradox by describing light
as composed of discrete quanta, now called photons, rather than
continuous waves. Based upon Max Planck's theory of black-body
radiation, Einstein theorized that the energy in each quantum of light was
equal to the frequency multiplied by a constant, later called Planck's
constant. A photon above a threshold frequency has the required energy
to eject a single electron, creating the observed effect. This discovery led
to the quantum revolution in physics and earned Einstein the Nobel Prize
in Physics in 1921.

From	wikipedia



Angle	resolved	photoemission



Surface	sensitive	technique
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technique in the last decade is in large part due to the
advent of modern electron energy analyzer, in particular,
the Scienta series hemisphere analyzers. The enhance-
ment of the performance lies in mainly three aspects:
(i). Energy resolution improvement.
The energy resolution of the electron energy analyzer
improves steadily over time. The upgrade of the one-
dimensional multichannel detection scheme of the VSW
analyzer allows efficient measurement with ∼20meV en-
ergy resolution. Among others, it enabled the discovery
of the d-wave superconducting gap structure(17). The
first introduction of the Scienta 200 analyzer in the mid-
dle 1990’s dramatically improved the energy resolution
to better than 5 meV. The latest Scienta R4000 analyzer
has improved the energy resolution further to better than
1 meV, as seen in Fig.4(25).

We note that the total experimental energy resolution
relies on both the analyzer resolution and the light source
resolution. Sample temperature can also cause thermal
broadening which is a limitation in some cases. The ne-
cessity of multiple degrees of rotation controls as well as
the exposure of the surface during an ARPES measure-
ment often puts a lower limit on the sample tempera-
ture. In addition, one should be aware of some intrinsic
effects associated with the photoemission process, i.e.,
space charge effect and mirror charge effect(27). When
pulsed light is incident on a sample, the photoemitted
electrons experience energy redistribution after escap-
ing from the surface because of the Coulomb interaction
between them (space charge effect) and between photo-
emitted electrons and the distribution of mirror charges
in the sample (mirror charge effect). These combined
Coulomb interaction effects give rise to an energy shift
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FIG. 3 Escape depth of photoemitted electron as a function
of kinetic energy(26). For elements and inorganic compounds,
the escape depth is found to follow the ”universal curve” (red
solid line).

FIG. 4 (a). Ultrahigh-resolution photoemission spectrum of
an evaporated gold film measured using Scienta R4000 ana-
lyzer at a temperature of 2.9 K (red circles), together with the
Fermi-Dirac function at 2.9 K convolved by a Gaussian with
full width at half maximum of 360 µeV (a blue line). Total en-
ergy resolution of 360 µeV was confirmed from the very good
match between the experimental and calculated spectra(25).
The energy resolution from the VUV laser is estimated to be
260 µeV. (b). Angle mode testing image of Scienta R4000
electron analyzer. the test was performed using “wire-and-
slit” setup, with the angle interval between adjacent slits be-
ing 1 degrees. In this particular angular mode, the analyzer
collects emission angle within 30 degrees simultaneously.

and a broadening whose magnitude depends on the pho-
ton energy, photon flux, beam spot size, emission angles
and etc. For a typical third-generation synchrotron light
source, the energy shift and broadening can be on the
order of 10 meV (Fig.5)(27). This value is comparable to
many fundamental physical parameters actively studied
by photoemission spectroscopy and should be taken seri-
ously in interpreting photoemission data and in designing
next generation experiments.

(ii). Momentum resolution;
The introduction of the angular mode operation in the
new Scienta analyzers has also greatly improved the an-
gular resolution, from a previous ∼2 degrees to 0.1∼0.3
degree. This improvement of the momentum resolu-
tion allows one to observe detailed structures in the
band structure and Fermi surface, as well as subtle
but important many-body effects. As an example, re-
cent identification of two Fermi surface sheets (so-called
“bilayer splitting”)in Bi2Sr2CaCu2O8 (Bi2212) (Fig.6)
is largely due to such an improvement of momentum
resolution(28; 29; 30), combined with the advancement
of theoretical calculations(24).

(iii). Two-dimensional multiple angle detection;
Traditionally, the electron energy analyzer collects one
photoemission spectrum, i.e., energy distribution curve
(EDC), at one measurement for each emission angle.
Modern electron energy analyzers collect multiple angles
simultaneously. As shown in Fig.4b, the latest Scienta
R4000 analyzer can collect photoemitted electrons in the
angle range of 30 degrees simultaneously. Therefore, at
one measurement, the raw data thus obtained, shown
in Fig.7a, is a 2-dimensional image of the photoelectron



Surface	sensitive	technique



Band	structure	of	graphene

model as12

 (1)

where k is the in-plane momentum, a is the lattice constant, and t is the near-neighbor hopping energy. 

 In Figure 1 we compare energy bands and constant energy surfaces computed using Equation 1 to 

ARPES measurements applied to a single layer of graphene grown on the (0001) surface of SiC (6H polytype).  

The primary bands, cones centered at the K points, are surrounded by six weak replica bands; these result from 

the interference of the graphite and substrate lattice constants (2.4 vs. 3.07Å) and correspond to similar satellite 

spots in low energy electron diffraction. 13  The primary bands are in good overall agreement with the simple 

model despite its having only two adjustable parameters: the hopping energy t = 2.82 eV and a 0.435 eV shift of 

the Fermi energy E
F
 above the Dirac crossing energy E

D
. This shift is attributed to doping of the graphene layer 

by depletion of the substrate’s n-type carriers near the SiC surface.

 Despite this good agreement, profound deviations are observed near E
F
 and E

D
.  We show in Figure 2a a 

magnified view of the bands measured along a line (the vertical double arrow in Figure 1b) through the K point.  

The predicted, or “bare” bands in this direction are nearly perfectly linear and mirror-symmetric with respect to 

the K point according to Equation 1.  The actual bands deviate from this prediction in two significant ways: first, 

at a binding energy ħω
ph

=200 meV below E
F
, we observe a sharpening of the bands accompanied by a slight 

kink in the bands’ dispersions.  We attribute this feature to renormalization of the electron bands near E
F
 by 

coupling to phonons, as discussed later.  

E(k) t 1 4cos 3aky /2 cos akx /2 4cos2 akx /2

Figure 1 | The bandstructure of graphene.  a The experimental energy distribution of states as a function of momentum along 
principal directions, together with a single-orbital model (solid lines) given by Eq. (1).  b Constant energy map of the states at binding 
energy corresponding to the Dirac energy (ED) together with the Brillouin Zone boundary (dashed line).  The orthogonal double arrows 
indicate the 2 directions over which the data in Fig. 2 were acquired.  c-d Constant energy maps at the Fermi energy (EF = ED+ 0.45) 
and ED – 1.5 eV, respectively.  The faint replica bands correspond to the 6√3 × 6√3 satellite peaks in low energy electron diffraction.13

Nature	Physics	3,	36	- 40	(2007)



the field [98]. This issue was conclusively resolved only by
taking advantage of the high energy and momentum
resolution of the ‘‘new generation’’ of ARPES data: it was
then recognized that a surface reconstruction [99] and, in
turn, the detection of several direct and folded surface bands
were responsible for the conflicting interpretations [90,100–
102]. Figure 12(a) and (b) show high resolution ARPES data
(!E ¼ 14meV; !k ¼ 1:5% of the zone edge) taken at 10K
with 28 eV photons on a Sr2RuO4 single crystal cleaved at
180K (for Sr2RuO4; as recently discovered, high-tempera-
ture cleaving suppresses the reconstructed-surface contribu-
tions to the photoemission signal and allows one to isolate
the bulk electronic structure [90]). Many well defined
quasiparticle peaks disperse towards the Fermi energy and
disappear upon crossing EF: A Fermi energy intensity map
(Fig. 12(c)) can then be obtained by integrating the spectra
over a narrow energy window about EFð#10meVÞ: As the
spectral function (multiplied by the Fermi function) reaches
its maximum at EF when a band crosses the Fermi energy,
the Fermi surface is identified by the local maxima of the
intensity map. Following this method, the three sheets of
Fermi surface are clearly resolved and are in excellent
agreement with the theoretical calculations (Fig. 12(d)).

6.2. 2H%NbSe2: Superconducting gap

2H-NbSe2 is an interesting quasi two-dimensional system
exhibiting a charge-density wave phase transition at
approximately 33K, and a phonon-mediated supercon-
ducting phase transition at 7.2K. As indicated by band
structure calculations [103], the valence-band electronic
structure is characterized by a manifold of dispersive bands
in a 6 eV range below the Fermi energy. At low energy,
three dispersive bands are expected to cross the chemical
potential and define three sheets of Fermi surface in the
hexagonal Brillouin zone. Both the band manyfold and the
Fermi surface topology have been studied in great detail by
ARPES; exception made for a weak energy renormaliza-
tion, the normal-state experimental data are in extremely
good agreement with the results of theoretical calculations
(as shown in Fig. 13, where ARPES spectra and band
structure calculations are compared for the "-K high
symmetry direction). As for the low temperature charge-
density wave phase, despite the intense effort no agrement
has been reached yet on the driving force responsible for
the transition [37,104].

Owing to the great improvement in energy and
momentum resolution, it has now become possible to
study by ARPES also the momentum and temperature
dependence of the superconducting gap on low-Tc materi-
als (until recently, experiments of this kind could been
performed only for the much larger d-wave gap of the high-
Tc superconductors [11]). The data presented in Fig. 14,
which are one of the most impressive examples of
combined high energy and momentum resolution in
ARPES experiments on solid samples (i.e., !E ¼ 2:5meV
and !k ¼ 0:2&), provide direct evidence for Fermi surface
sheet-dependent superconductivity in 2H-NbSe2 [106]. A
superconducting gap of about 1meV was successfully
detected along two of the normal-state Fermi surface
sheets, but not along the third one. In fact, the opening of
the gap is directly evidenced in Fig. 14(b) and (c) by the
shift to high binding energies of the 5.3K spectra leading-
edge midpoint (which is instead located at EF at 10K, as
expected for a metal), and by the simultaneous appearance
of a peak below EF (which reflects the piling up of the
density of states due to the gap opening). This behavior is
absent for the inner Fermi surface pocket (Fig. 14(a)).

6.3. Self energy and collective modes

As discussed in Section 4, the introduction of the electron
self energy #ðk; !Þ ¼ #0ðk; !Þ þ i#00ðk; !Þ is a powerful
way to account for many-body correlations in solids. Its
real and imaginary parts correspond, respectively, to the

Fig. 12. ARPES spectra and corresponding intensity plot from Sr2RuO4 along (a) "-M; and (b) M-X. (c) Measured and (d) calculated [89] Fermi
surface. All data were taken at 10K on a Sr2RuO4 single crystal cleaved at 180K (from Ref. [90]).

Fig. 13. (a) 2H-NbSe2 ARPES spectra (measured at 20K with 21.2 eV
photons), (b) corresponding image plot, and (c) band structure calcula-
tions along "-K (from Ref. [105]).
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Band	structure	of	Sr2RuO4
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Examples	of	Bachelor	thesis	projects:
Fabio	Cossalter – 2016	(Nat.	Comm.	8, 15176 (2017))
Kevin	Hauser	– 2017	(Nat.	Comm.	9, 972 (2018))
Anar Bold	– 2018	

Band	Structure
Insulating	(150	K)	
Ca2RuO4




