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large Nc limit ↔ planar diagrams 

’t Hooft coupling

Sphere

Other Manifolds

fewer diagrams, natural ordering, simpler kinematics

The Planar Limit



Full-Colour



Full-Colour

Colour Structures
30 → 74 (ggggg)
18 → 51 (qq̄ggg)
12 → 24 (qq̄q′ ̄q′ g)



Full-Colour

Kinematic Poles 5 → 10

Colour Structures
30 → 74 (ggggg)
18 → 51 (qq̄ggg)
12 → 24 (qq̄q′ ̄q′ g)



Full-Colour

Kinematic Poles 5 → 10

Master Integrals 61 → 242

Colour Structures
30 → 74 (ggggg)
18 → 51 (qq̄ggg)
12 → 24 (qq̄q′ ̄q′ g)



Full-Colour

Kinematic Poles 5 → 10

Master Integrals 61 → 242

Number of Terms × 20

Colour Structures
30 → 74 (ggggg)
18 → 51 (qq̄ggg)
12 → 24 (qq̄q′ ̄q′ g)



Full-Colour

Not reflected in the final result!
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Master Integrals 61 → 242
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Phenomenological Input 2106.05331

3-jet cross section @NNLO

towards 2-jet cross section @N3LO

Catani, de Florian, Rodrigo: 1112.4405

Dixon, Herrmann, Yan, Zhu: 1912.09370 

but how?

https://arxiv.org/abs/2106.05331
https://arxiv.org/abs/1112.4405
https://arxiv.org/abs/1912.09370


Divide et Impera



g

g

g

g

g

g

g

g

q

q̄

g

q

q̄ q̄′ 

q′ 

Primitive Amplitudes



g

g

g

g

g

g

g

g

q

q̄

g

q

q̄ q̄′ 

q′ 

Primitive Amplitudes

crossing symmetry



g

g

g

g

g

g

g

g

q

q̄

g

q

q̄ q̄′ 

q′ 

Primitive Amplitudes

crossing symmetry

all colours, all helicities



g

g

g

g

g

g

g

g

q

q̄

g

q

q̄ q̄′ 

q′ 

g

q

q̄

q

q̄

Primitive Amplitudes

crossing symmetry

all colours, all helicities



The (5g) Computation





a1

a2

a3
a4

a5



Aa1a2…a5 =
22

∑
c=1

Ac 𝒞a1a2…a5
c

a1

a2

a3
a4

a5



Aa1a2…a5 =
22

∑
c=1

Ac 𝒞a1a2…a5
c

a1

a2

a3
a4

a5

Partial 
Amplitudes



Aa1a2…a5 =
22

∑
c=1

Ac 𝒞a1a2…a5
c

a1

a2

a3
a4

a5

Aa1a2…a5 = A1

a1

a2

a3
a4

a5

Partial 
Amplitudes



Aa1a2…a5 =
22

∑
c=1

Ac 𝒞a1a2…a5
c

a1

a2

a3
a4

a5

Aa1a2…a5 = A1

a1

a2

a3
a4

a5

Partial 
Amplitudes

Tr(Ta1Ta2Ta3Ta4Ta5)



Aa1a2…a5 =
22

∑
c=1

Ac 𝒞a1a2…a5
c

+ 11  permutations …

a1

a2

a3
a4

a5

Aa1a2…a5 = A1

a1

a2

a3
a4

a5

Partial 
Amplitudes

Tr(Ta1Ta2Ta3Ta4Ta5)



Aa1a2…a5 =
22

∑
c=1

Ac 𝒞a1a2…a5
c

+ 11  permutations …

a1

a2

a3
a4

a5

Aa1a2…a5 = A1

a1

a2

a3
a4

a5

+ A2

a1

a2

a3
a4

a5

Partial 
Amplitudes

Tr(Ta1Ta2Ta3Ta4Ta5)



Aa1a2…a5 =
22

∑
c=1

Ac 𝒞a1a2…a5
c

+ 11  permutations …

a1

a2

a3
a4

a5

Aa1a2…a5 = A1

a1

a2

a3
a4

a5

+ A2

a1

a2

a3
a4

a5

Partial 
Amplitudes

Tr(Ta1Ta2Ta3Ta4Ta5)

Tr(Ta1Ta2Ta5) Tr(Ta3Ta4)



Aa1a2…a5 =
22

∑
c=1

Ac 𝒞a1a2…a5
c

+ 11  permutations …

+  9  permutations …

a1

a2

a3
a4

a5

Aa1a2…a5 = A1

a1

a2

a3
a4

a5

+ A2

a1

a2

a3
a4

a5

Partial 
Amplitudes

Tr(Ta1Ta2Ta3Ta4Ta5)

Tr(Ta1Ta2Ta5) Tr(Ta3Ta4)



Aa1a2…a5 =

a1

a2

a3
a4

a5

+ permutations …

A1

a1

a2

a3
a4

a5

+ A2



Aa1a2…a5 =

a1

a2

a3
a4

a5

+ permutations …

A1

a1

a2

a3
a4

a5

+ A2

A1 = a1N2
c + a21 + a3Ncnf + a4N−1

c nf + a5n2
f



Aa1a2…a5 =

a1

a2

a3
a4

a5

+ permutations …

A1

a1

a2

a3
a4

a5

+ A2

A1 = a1N2
c + a21 + a3Ncnf + a4N−1

c nf + a5n2
f

Leading colour



Aa1a2…a5 =

a1

a2

a3
a4

a5

+ permutations …

A1

a1

a2

a3
a4

a5

+ A2

A1 = a1N2
c + a21 + a3Ncnf + a4N−1

c nf + a5n2
f

Leading colour



Aa1a2…a5 =

a1

a2

a3
a4

a5

+ permutations …

A1

a1

a2

a3
a4

a5

+ A2

A1 = a1N2
c + a21 + a3Ncnf + a4N−1

c nf + a5n2
f

A2 = b1Nc + b2nf

Leading colour



Aa1a2…a5 =

a1

a2

a3
a4

a5

+ permutations …

A1

a1

a2

a3
a4

a5

+ A2

A1 = a1N2
c + a21 + a3Ncnf + a4N−1

c nf + a5n2
f

A2 = b1Nc + b2nf

Leading colour

95% 💻



a1

a2

a3
a4

a5



a1

a2

a3
a4

a5

a1

a2

a3

a4

a5



a1

a2

a3
a4

a5

a1

a2

a3

a4

a5



a1

a2

a3
a4

a5

−

−

+ +

+

a1

a2

a3

a4

a5



a1

a2

a3
a4

a5

−

−

+ +

+

a1

a2

a3

a4

a5



a1

a2

a3
a4

a5

−

−

+ +

+

a1

a2

a3

a4

a5

−

+

− +

+



a1

a2

a3
a4

a5

a1

a2

a3
a4

a5



a1

a2

a3
a4

a5

a1

a2

a3
a4

a5

−

+

+ +

+

−

+

− +

+

−

−

+ +

+

+

+

+ +

+



a1

a2

a3
a4

a5

a1

a2

a3
a4

a5

−

+

+ +

+

−

+

− +

+

−

−

+ +

+

+

+

+ +

+

−

+

+ +

+

−

+

− +

+

−

−

+ +

+

+

+

+ +

+

+

+

+ −

−

+

+

+ +

−



h1

h2

h3
h4

h5



h1

h2

h3
h4

h5



h1

h2

h3
h4

h5



h1

h2

h3
h4

h5

’t Hooft-Veltman
 scheme

{

D = 4 − 2ϵ

{

D = 4



h1

h2

h3
h4

h5

’t Hooft-Veltman
 scheme

{

D = 4 − 2ϵ

{

D = 4

Direct 
Computation



+

+

+ +

+

Example



+

+

+ +

+

Example



+

+

+ +

+

Example



+

+

+ +

+
q1

p1

Example



+

+

+ +

+
q1

p1 p5

p2

p3

p4

q2

q5

q4

q3

Example



+

+

+ +

+
q1

p1 p5

p2

p3

p4

q2

q5

q4

q3

Example



+

+

+ +

+

Example



Why? 
q1

p2

p3

q2



Why? 

avoid computation of projectors

q1

p2

p3

q2



Why? 

avoid computation of projectors

better handle on complexity

q1

p2

p3

q2



Why? 

avoid computation of projectors

reference choice  ↔  symmetry of amplitude

better handle on complexity

q1

p2

p3

q2





Feynman
diagrams



Feynman
diagrams

helicity 
projection

→

direct
evaluation



Feynman
diagrams

colour
decomposition

→helicity 
projection

→

…

direct
evaluation



Feynman
diagrams

colour
decomposition

→helicity 
projection

→

…

direct
evaluation



Feynman
diagrams

colour
decomposition

→helicity 
projection

→

…

direct
evaluation



Feynman
diagrams

colour
decomposition

→helicity 
projection

→

…

direct
evaluation

scalar
Feynman

integrals



 Gehrmann, Henn, Lo Presti: 1511.05409

Gehrmann, Henn, Lo Presti: 1807.09812

Papadopoulos, Tommasini, Wever: 1511.09404

Abreu, Page, Zeng: 1807.11522

Chicherin, Gehrmann, Henn, Lo Presti, Mitev et al.: 1809.06240

Böhm, Georgoudis, Larsen, Schönemann, Zhang: 1805.01873

Chicherin, Gehrmann, Henn, Wasser, Zhang et al: 1812.11160

 Gehrmann, Henn, Lo Presti: 1511.05409

https://inspirehep.net/authors/1008686
https://inspirehep.net/authors/1040053
https://inspirehep.net/authors/1274393
https://arxiv.org/abs/1511.05409
https://inspirehep.net/authors/1008686
https://inspirehep.net/authors/1040053
https://inspirehep.net/authors/1274393
https://arxiv.org/abs/1807.09812
https://inspirehep.net/authors/994323
https://inspirehep.net/authors/1077771
https://inspirehep.net/authors/1269379
https://arxiv.org/abs/1511.09404
https://inspirehep.net/authors/1287226
https://inspirehep.net/authors/1272484
https://inspirehep.net/authors/1310565
https://arxiv.org/abs/1807.11522
https://inspirehep.net/authors/1259630
https://inspirehep.net/authors/1008686
https://inspirehep.net/authors/1040053
https://inspirehep.net/authors/1274393
https://inspirehep.net/authors/1046016
https://arxiv.org/abs/1809.06240
https://inspirehep.net/authors/1684314
https://inspirehep.net/authors/1445068
https://inspirehep.net/authors/1048855
https://inspirehep.net/authors/2556710
https://inspirehep.net/authors/1062340
https://arxiv.org/abs/1805.01873
https://inspirehep.net/authors/1259630
https://inspirehep.net/authors/1008686
https://inspirehep.net/authors/1040053
https://inspirehep.net/authors/1694405
https://inspirehep.net/authors/1062340
https://arxiv.org/abs/1812.11160
https://inspirehep.net/authors/1008686
https://inspirehep.net/authors/1040053
https://inspirehep.net/authors/1274393
https://arxiv.org/abs/1511.05409


 Gehrmann, Henn, Lo Presti: 1511.05409

Gehrmann, Henn, Lo Presti: 1807.09812

Papadopoulos, Tommasini, Wever: 1511.09404

Abreu, Page, Zeng: 1807.11522

Chicherin, Gehrmann, Henn, Lo Presti, Mitev et al.: 1809.06240

Böhm, Georgoudis, Larsen, Schönemann, Zhang: 1805.01873

Chicherin, Gehrmann, Henn, Wasser, Zhang et al: 1812.11160

Full canonical set available # Dmitry Chicherin, Vasily Sotnikov: 2009.07803

73

108

61  Gehrmann, Henn, Lo Presti: 1511.05409

https://inspirehep.net/authors/1008686
https://inspirehep.net/authors/1040053
https://inspirehep.net/authors/1274393
https://arxiv.org/abs/1511.05409
https://inspirehep.net/authors/1008686
https://inspirehep.net/authors/1040053
https://inspirehep.net/authors/1274393
https://arxiv.org/abs/1807.09812
https://inspirehep.net/authors/994323
https://inspirehep.net/authors/1077771
https://inspirehep.net/authors/1269379
https://arxiv.org/abs/1511.09404
https://inspirehep.net/authors/1287226
https://inspirehep.net/authors/1272484
https://inspirehep.net/authors/1310565
https://arxiv.org/abs/1807.11522
https://inspirehep.net/authors/1259630
https://inspirehep.net/authors/1008686
https://inspirehep.net/authors/1040053
https://inspirehep.net/authors/1274393
https://inspirehep.net/authors/1046016
https://arxiv.org/abs/1809.06240
https://inspirehep.net/authors/1684314
https://inspirehep.net/authors/1445068
https://inspirehep.net/authors/1048855
https://inspirehep.net/authors/2556710
https://inspirehep.net/authors/1062340
https://arxiv.org/abs/1805.01873
https://inspirehep.net/authors/1259630
https://inspirehep.net/authors/1008686
https://inspirehep.net/authors/1040053
https://inspirehep.net/authors/1694405
https://inspirehep.net/authors/1062340
https://arxiv.org/abs/1812.11160
https://inspirehep.net/authors/1259630
https://inspirehep.net/authors/1470871
https://arxiv.org/abs/2009.07803
https://inspirehep.net/authors/1008686
https://inspirehep.net/authors/1040053
https://inspirehep.net/authors/1274393
https://arxiv.org/abs/1511.05409




Finite-fields reconstruction



Finite-fields reconstruction

Denominator guessing



Syzygy techniques    

Finite-fields reconstruction

Denominator guessing



Syzygy techniques    

Finite-fields reconstruction

Denominator guessing

Gluza, Kadja, Kosower: 1009.0472
Ita: 1510.05626 
Larsen, Zhang: 1511.01071
Agarwal, Jones, von Manteuffel: 2011.15113 

von Manteuffel, Schabinger: 1406.4513
Peraro: 1905.08019 

Abreu, Dormans, Febres Cordero, Ita, Page: 1812.04586
Heller, von Manteuffel: 2101.08283 



Syzygy techniques    

Finite-fields reconstruction

Denominator guessing

Gluza, Kadja, Kosower: 1009.0472
Ita: 1510.05626 
Larsen, Zhang: 1511.01071
Agarwal, Jones, von Manteuffel: 2011.15113 

von Manteuffel, Schabinger: 1406.4513
Peraro: 1905.08019 

Abreu, Dormans, Febres Cordero, Ita, Page: 1812.04586
Heller, von Manteuffel: 2101.08283 

FinRed



Multivariate Partial Fractioning



Multivariate Partial Fractioning



Multivariate Partial Fractioning



Multivariate Partial Fractioning



Multivariate Partial Fractioning



Multivariate Partial Fractioning



Multivariate Partial Fractioning

The largest IBP for



Multivariate Partial Fractioning

Common 
Denominator

3GB

The largest IBP for



Multivariate Partial Fractioning

Common 
Denominator

3GB

Partial 
Fractioned

24MB

Singular

The largest IBP for



Feynman
diagrams

colour
decomposition

→helicity 
projection

→

direct
evaluation



integration 
by parts 

→Feynman
diagrams

colour
decomposition

→helicity 
projection

→

direct
evaluation



integration 
by parts 

→Feynman
diagrams

colour
decomposition

→helicity 
projection

→

direct
evaluation



integration 
by parts 

→Feynman
diagrams

colour
decomposition

→helicity 
projection

→

direct
evaluation



integration 
by parts 

→Feynman
diagrams

colour
decomposition

→helicity 
projection

→

direct
evaluation 𝝐-expansion



Analytic Continuation



Analytic Continuation

s

t

u

0 < y < 1

0 < z < 1
0 < x < 1

�

��

���

At 4 points…



Analytic Continuation

s

t

u

0 < y < 1

0 < z < 1
0 < x < 1

�

��

���

At 4 points…



Analytic Continuation

Branch Cuts

s

t

u

0 < y < 1

0 < z < 1
0 < x < 1

�

��

���

At 4 points…



Analytic Continuation

Branch Cuts

s

t

u

0 < y < 1

0 < z < 1
0 < x < 1

�

��

���

At 4 points…

At 5 points…



Analytic Continuation

Branch Cuts

s

t

u

0 < y < 1

0 < z < 1
0 < x < 1

�

��

���

At 4 points…

At 5 points…



Analytic Continuation

Branch Cuts

s

t

u

0 < y < 1

0 < z < 1
0 < x < 1

�

��

���

At 4 points…

At 5 points…



Analytic Continuation

Branch Cuts

s

t

u

0 < y < 1

0 < z < 1
0 < x < 1

�

��

���

At 4 points…

At 5 points…



Analytic Continuation

Branch Cuts

s

t

u

0 < y < 1

0 < z < 1
0 < x < 1

�

��

���

At 4 points…

At 5 points…



Analytic Continuation

Branch Cuts

s

t

u

0 < y < 1

0 < z < 1
0 < x < 1

�

��

���

At 4 points…

At 5 points…



Analytic Continuation

Branch Cuts

s

t

u

0 < y < 1

0 < z < 1
0 < x < 1

�

��

���

At 4 points…

At 5 points…



Colour Algebra

A1 + A2

Helicity 
Projection

Crossing 

UV renormalisation
&

IR subtraction

a1

a2

a3
a4

a5

a1

a2

a3
a4

a5

IBP-Reduction

Bare Primitive Amplitudes

Finite Remainders

+

+

+ +

+ +

+

− +

−

Primitive
Finite Remainders



Constraints



• UV renormalisation

Constraints



• UV renormalisation

• IR factorisation

Constraints

Catani: 9802439
Gardi, Magnea: 0901.1091, 0908.3273 
Becher, Neubert: 0903.1126

https://arxiv.org/abs/hep-ph/9802439
https://arxiv.org/abs/0901.1091
https://arxiv.org/abs/0908.3273
https://arxiv.org/abs/0903.1126


• UV renormalisation

• IR factorisation

Constraints

Catani: 9802439
Gardi, Magnea: 0901.1091, 0908.3273 
Becher, Neubert: 0903.1126

https://arxiv.org/abs/hep-ph/9802439
https://arxiv.org/abs/0901.1091
https://arxiv.org/abs/0908.3273
https://arxiv.org/abs/0903.1126


• UV renormalisation

• IR factorisation

Constraints

Borrowed from 
2112.07099 

Catani: 9802439
Gardi, Magnea: 0901.1091, 0908.3273 
Becher, Neubert: 0903.1126

https://arxiv.org/abs/2112.07099
https://arxiv.org/abs/hep-ph/9802439
https://arxiv.org/abs/0901.1091
https://arxiv.org/abs/0908.3273
https://arxiv.org/abs/0903.1126


• UV renormalisation

• IR factorisation

Constraints

Borrowed from 
2112.07099 

Catani: 9802439
Gardi, Magnea: 0901.1091, 0908.3273 
Becher, Neubert: 0903.1126

https://arxiv.org/abs/2112.07099
https://arxiv.org/abs/hep-ph/9802439
https://arxiv.org/abs/0901.1091
https://arxiv.org/abs/0908.3273
https://arxiv.org/abs/0903.1126


Constraints

• UV renormalisation

• IR factorisation



• UV renormalisation

• IR factorisation

• U(1) decoupling 

Constraints

• UV renormalisation

• IR factorisation



• UV renormalisation

• IR factorisation

• U(1) decoupling 

• Crossing symmetry

Constraints

• UV renormalisation

• IR factorisation



• UV renormalisation

• IR factorisation

• U(1) decoupling 

• Crossing symmetry

• Soft & collinear 
“factorisation” 

Constraints

• UV renormalisation

• IR factorisation



• UV renormalisation

• IR factorisation

• U(1) decoupling 

• Crossing symmetry

• Soft & collinear 
“factorisation” 

• 2 loop leading colour

Constraints

• UV renormalisation

• IR factorisation



• UV renormalisation

• IR factorisation

• U(1) decoupling 

• Crossing symmetry

• Soft & collinear 
“factorisation” 

• 2 loop leading colour

• 2-loop 5g all-plus

Constraints

• UV renormalisation

• IR factorisation



• UV renormalisation

• IR factorisation

• U(1) decoupling 

• Crossing symmetry

• Soft & collinear 
“factorisation” 

• 2 loop leading colour

• 2-loop 5g all-plus

Z. Bern, L. Dixon, D. A. Kosower: hep-ph/9302280 

S. Abreu, F. Febres Cordero, H. Ita, 
B. Page, V. Sotnikov: 2102.13609 

S. Badger, D. Chicherin, T. Gehrmann, G. Heinrich,
J.M. Henn, T. Peraro, P. Wasser, Y. Zhang,
S. Zoia: 1905.03733

Constraints

• UV renormalisation

• IR factorisation

https://inspirehep.net/authors/1287226
https://inspirehep.net/authors/1037288
https://inspirehep.net/authors/1019218
https://inspirehep.net/authors/1272484
https://inspirehep.net/authors/1470871
https://arxiv.org/abs/2102.13609
https://inspirehep.net/authors/1016605
https://inspirehep.net/authors/1011694
https://inspirehep.net/authors/1002112
https://arxiv.org/abs/hep-ph/9302280
https://inspirehep.net/authors/1040351
https://inspirehep.net/authors/1259630
https://inspirehep.net/authors/1008686
https://inspirehep.net/authors/1006298
https://inspirehep.net/authors/1040053
https://inspirehep.net/authors/1273415
https://inspirehep.net/authors/1694405
https://inspirehep.net/authors/1062340
https://inspirehep.net/authors/1783520
https://arxiv.org/abs/1905.03733


• UV renormalisation

• IR factorisation

• U(1) decoupling 

• Crossing symmetry

• Soft & collinear 
“factorisation” 

• 2 loop leading colour

• 2-loop 5g all-plus

Z. Bern, L. Dixon, D. A. Kosower: hep-ph/9302280 

S. Abreu, F. Febres Cordero, H. Ita, 
B. Page, V. Sotnikov: 2102.13609 

S. Badger, D. Chicherin, T. Gehrmann, G. Heinrich,
J.M. Henn, T. Peraro, P. Wasser, Y. Zhang,
S. Zoia: 1905.03733

Constraints

• UV renormalisation

• IR factorisation

https://inspirehep.net/authors/1287226
https://inspirehep.net/authors/1037288
https://inspirehep.net/authors/1019218
https://inspirehep.net/authors/1272484
https://inspirehep.net/authors/1470871
https://arxiv.org/abs/2102.13609
https://inspirehep.net/authors/1016605
https://inspirehep.net/authors/1011694
https://inspirehep.net/authors/1002112
https://arxiv.org/abs/hep-ph/9302280
https://inspirehep.net/authors/1040351
https://inspirehep.net/authors/1259630
https://inspirehep.net/authors/1008686
https://inspirehep.net/authors/1006298
https://inspirehep.net/authors/1040053
https://inspirehep.net/authors/1273415
https://inspirehep.net/authors/1694405
https://inspirehep.net/authors/1062340
https://inspirehep.net/authors/1783520
https://arxiv.org/abs/1905.03733


• UV renormalisation

• IR factorisation

• U(1) decoupling 

• Crossing symmetry

• Soft & collinear 
“factorisation” 

• 2 loop leading colour

• 2-loop 5g all-plus

Z. Bern, L. Dixon, D. A. Kosower: hep-ph/9302280 

S. Abreu, F. Febres Cordero, H. Ita, 
B. Page, V. Sotnikov: 2102.13609 

S. Badger, D. Chicherin, T. Gehrmann, G. Heinrich,
J.M. Henn, T. Peraro, P. Wasser, Y. Zhang,
S. Zoia: 1905.03733

Constraints

• UV renormalisation

• IR factorisation

https://inspirehep.net/authors/1287226
https://inspirehep.net/authors/1037288
https://inspirehep.net/authors/1019218
https://inspirehep.net/authors/1272484
https://inspirehep.net/authors/1470871
https://arxiv.org/abs/2102.13609
https://inspirehep.net/authors/1016605
https://inspirehep.net/authors/1011694
https://inspirehep.net/authors/1002112
https://arxiv.org/abs/hep-ph/9302280
https://inspirehep.net/authors/1040351
https://inspirehep.net/authors/1259630
https://inspirehep.net/authors/1008686
https://inspirehep.net/authors/1006298
https://inspirehep.net/authors/1040053
https://inspirehep.net/authors/1273415
https://inspirehep.net/authors/1694405
https://inspirehep.net/authors/1062340
https://inspirehep.net/authors/1783520
https://arxiv.org/abs/1905.03733




full colour pp # jjj ✔



full colour pp # jjj ✔

input for N2LO cross section
a step towards pp # jj at N3LO



full colour pp # jjj ✔

managing the complexity is possible

input for N2LO cross section
a step towards pp # jj at N3LO



full colour pp # jjj ✔

managing the complexity is possible

study/confirm special limits

input for N2LO cross section
a step towards pp # jj at N3LO



Thank 
You!

full colour pp # jjj ✔

managing the complexity is possible

study/confirm special limits

input for N2LO cross section
a step towards pp # jj at N3LO







Backup



How to manage the complexity



How to manage the complexity

Numerically Analytically



How to manage the complexity

Numerically Analytically

• faster  
• manageable complexity 



How to manage the complexity

Numerically Analytically

• faster  
• manageable complexity 

• subtraction of infinities 
• has to be repeated



How to manage the complexity

Numerically Analytically

• faster  
• manageable complexity 

• subtraction of infinities 
• has to be repeated

• once and for all
• full information
• infinities are regulated



How to manage the complexity

Numerically Analytically

• faster  
• manageable complexity 

• subtraction of infinities 
• has to be repeated

• once and for all
• full information
• infinities are regulated

• more complex  
structures  



A Colour Game



g

q

q̄

q

q̄

g

q

q̄ Q̄

Q

g

q

q̄Q̄

Q

+=



h1

h2

h3
h4

h5



h1

h2

h3
h4

h5
Ah1h2…h5 =

ϵh1
μ1

…ϵh5
μ5Aμ1μ2…μ5



h1

h2

h3
h4

h5
Ah1h2…h5 =

ϵh1
μ1

…ϵh5
μ5Aμ1μ2…μ5

Projectors & 
Form Factors

Ah1h2…h5 =



h1

h2

h3
h4

h5
Ah1h2…h5 =

ϵh1
μ1

…ϵh5
μ5Aμ1μ2…μ5

32

∑
j=1

Fj Tμ1…μ5
j ϵh1

μ1
…ϵh5

μ5

Projectors & 
Form Factors

Ah1h2…h5 =



h1

h2

h3
h4

h5
Ah1h2…h5 =

ϵh1
μ1

…ϵh5
μ5Aμ1μ2…μ5

32

∑
j=1

Fj Tμ1…μ5
j ϵh1

μ1
…ϵh5

μ5

Projectors & 
Form Factors

Ah1h2…h5 =

Form Factors



h1

h2

h3
h4

h5
Ah1h2…h5 =

ϵh1
μ1

…ϵh5
μ5Aμ1μ2…μ5

32

∑
j=1

Fj Tμ1…μ5
j ϵh1

μ1
…ϵh5

μ5

Projectors & 
Form Factors

Ah1h2…h5 =

=
32

∑
j=1

Fj Φh1h2…h5
j

Form Factors



−

−

+ +

+

ϵ−
μ1

ϵ−
μ2

…ϵ+
μ5

=
1

25/2

⟨q1 |μ1 |1] ⟨q2 |μ1 |2] [q3 |μ1 |3⟩ [q4 |μ1 |4⟩ [q5 |μ1 |5⟩
⟨q1p1⟩ ⟨q2p2⟩ [q3p3] [q4p4] [q5p5]

Example 2



−

−

+ +

+

ϵ−
μ1

ϵ−
μ2

…ϵ+
μ5

=
1

25/2

⟨q1 |μ1 |1] ⟨q2 |μ1 |2] [q3 |μ1 |3⟩ [q4 |μ1 |4⟩ [q5 |μ1 |5⟩
⟨q1p1⟩ ⟨q2p2⟩ [q3p3] [q4p4] [q5p5]

ϵ−
μ1

ϵ−
μ2

…ϵ+
μ5

=
1

25/2

Tr+ {γμ1
p1γμ2

p2} Tr− {γμ3
p3γμ4

p4γμ5
p5}

⟨12⟩ ⟨21⟩ [34] [45] [53]

Example 2



Aμ1…μ5 ϵh1
μ̄1

…ϵh5
μ̄5



Aμ1…μ5 ϵh1
μ̄1

…ϵh5
μ̄5

’t Hooft-Veltman
 scheme
{

D = 4 − 2ϵ

{
D = 4



Aμ1…μ5 ϵh1
μ̄1

…ϵh5
μ̄5

’t Hooft-Veltman
 scheme
{

D = 4 − 2ϵ

{
D = 4

pi
μ

ϵμνρσ
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2 A =



Ta
1 Ta

2 A =



Ideal

ring ℛ ℐ ⊆ ℛ
ideal ℐ

and
i ∈ ℐ, r ∈ ℛ

r × i ∈ ℐ

Example

ℛ = ℝ[x]
ℐ = ⟨x2⟩

i = 3x2 − 5x3 = (3 − 5x)x2
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“Master” rational functions O(10)
Reduction

Rearranging the Amplitudes


