







































































































141.5 Constraints

From what we discussed so far it might appear that solving
mechanics problem is a straightforward exercise

determine the forces
fix the initial conditions
solve coupled diff eqs of the type ddotoverrightarrowXimi1overrightarrowFileftoverrightarrowxkoverrightarrowxkright

Actually in mostphysical problems this is not at all
on easy

exercise for two closely connected reasons
difficulty in determining the structureof all relevantforces
implementation of physical constraints examples

These 2 points are closely connected since the forces
which are

more difficult to be evaluated are those associated to constraints

Constraints can be classified into 2 main groups

I holonomic constraints

If they can be expressed as

faleftoverrightarrowxitrightphi a1ldotsK 128

E g coordinates of rigid bodies

satisfy constraints of thistype
overrightarrowx1

overrightarrowx2M dleftoverrightarrowX1overrightarrowX2right2d20

II non holonomic constraints

All those which cannot be put in the form 1.28

E g boundariesdeterminedbywalls

leftoverrightarrowXiright2leqR2 particles inside a sphere of radius R










































































































On general grounds constraints imply two typesofdifficulties

Theoriginal coordinates hence Newton's setofdiff egs
are not any more independent a a redundantvariables

The forces exert by the constraints are notgiven and are

usually difficult to be computed

For holonomic constraints the problem A is solved

introducing an appropriatesetof generalizedcoordinate Qi

IV particles a 3xN degreesaffreedore Ii is N
in absenceofconstr

k holon const Keg amongthe II

3N K d o f withconstr Qi i I 3N K

if sufficientlysmooth Thetransformationsfromthe initial setof
variables toThe new one define a mapping between

1123NK and a

m d if e 1123N

II I Is 93N kit
Y I n I a n n t

Gi E Vc 1123N
k

g V ee RSN
T
domain ofthe
new variables










































































































Generalized coordinates turn out to be very useful in many
physical problems even in absenceof constraints change of coord
can make the problem simpler

However theyusually do no have a Cartesianstructure they can also

havedifferentphysical dimensions often nontrivial to evaluate

the forces in terms of the new variables especially in the case of
constraints a 0 problem B not solved yet

1 6 D Alambert's principle

To illustrate the above points about
constraints generalize word

let'sconsider the familiar case of the pendulum
A Z
i TItot TIG TI

constr
I
to 0

v
i g Fxtot x z I Eiti Fa iEf ij Fight z i E
to Ii
PFG

IEat my FE mg use FInstri EG
Ff mg since Teamster

1.30

FIT o
b

FIot ingsince

Rather boring exercise writing down the e o m in X 2 word



But there is a much simpler way to solve the problem

change coordinates to use conservation laws

L since T Izm 82 22 12mL 82
1.3

2 Lcost y mg2 mg L cost

E Tt U Izm L E M gL cosQ const 132

daff o mi ie my sindi fit Esine1 is3

The factthat the system is conservative thefact that
there is a single d o f is what makes the problem particularly

simpe in the rightvariables

In this example it is easy to check we are still dealing with Newton's

law Mois TI But in more complicated systems it is much

more difficult to identify the structure of the forces

On the other hand we can try to generalize the concept that
constraints do not produce work DAlembert principle

H number of
Let's consider I t I19 Ct t j s d degreesoffreedom

cs.sc

T E.g
velocity on the I Lsince Loose Lasd 1Lsince
constrainedmanifold



Combining DAlembert principle 11.34 with Newton's law

iii 9 E t.fi
EG Fu as

09J

the constraints drops

he result is clearly valid for any conservative force Let's now
look in component form setting in o

m iii 8 9 8 a 36

Goal manipulate 136 in order to obtain an equation that

depends only on the new variables 9 dat9

key points

pay attention to partial
derivatives with respectto xiorgi

vs completedifferential with respect to time ir andga
note that Xk gilt t doesmet depend explicitly on 9 j
same for U

Ii I dd ffi t 9k I 37
K

f 18 t 9 f ai us
K OgK j

Using 11.38 we can re write the l hs of 11.36 as

ming Imxi I mind I used

T T
A B



Let's now look at the kinetic energy

1 Em Xiii T 9k are t qq.TT m ti q
a 40

Ia It fat a at

Irs min 184 o 9ie mtifq.IxiI fg a a
j k J j

putting all ingredients together CI36 has beentransformed in

dat18,7 fat God a431

Let's finally define the function

L T gi 9i t U 9i t Caya

which is known as the Lagrong.eu of the system

Eq 1.43 obtained by combining DAlembert principle Newton

law then becomes

lddtfft.fi f o Fua r lagrenge e.gs
a45

Exercise determine L and check cs.us in the case of the pendulum

As we will discuss in the next lectures the conceptof Lagrangian

goes well beyond the problem of constraints and allows us to

make a deeper more general formulation of the principles of
mechanics


