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Part I

Introduction
Weyl semimetals (WSMs) are a relatively new class of materials that have been the subject of sig-
ni�cant scienti�c interest in recent years. They are a type of topological semimetal, which means
that they have unique electronic properties that are protected by the topology of their band struc-
ture [1]. One of the key features of WSMs is their unique band structure exhibiting pairs of Weyl
points, which are conical band touching points in momentum space [2]. Low energy excitations of
WSMs behave as Weyl fermion quasiparticles, which are massless particle solutions of the Weyl
equation [3].

The Weyl points are topologically protected and act as sources and sinks of Berry curvature [4].
As a result, for open boundary conditions (OBC), the WSM exhibits Fermi arcs connecting the
pairs of Weyl points [5]. The Fermi arcs are zero energy surface states, therefore only found at
the boundaries, and are also protected by topology as they are the manifestation of the Chern
insulator's edge states [1]. Therefore, the Fermi arcs inherit the chirality of the Chern insulator
edge states, giving rise to monodirectional edge currents [6].

Beyond their theoretical study, WSMs have gained the attention of scientists for their potential
practical applications. WSMs can help improve �elds such as electronics, optic and quantum com-
puting, where the Weyl fermions and Fermi arcs can be of use [7][8][9]. Additionally, the study of
WSMs can deepen the fundamental understanding of physics, possibly o�ering insights into exotic
quantum phenomena that were once purely theoretical.

WSMs have been successfully realized experimentally by Xuet al. in 2015 using TaAs [10]. How-
ever, discovering and synthesizing WSMs in real materials can be challenging and for some candi-
dates the Weyl points are too close in momentum space to be detected [5]. Metamaterials o�er a
promising and viable alternative to simulate WSMs, as they allow for the engineering of arti�cial
structures with tailored properties. They can mimic the behavior of natural materials by estab-
lishing a correspondence between the description of metamaterials and quantum materials. This
approach has been, for instance, successfully applied in photonic and electronic meta-materials
[11][12].

This leaves two open questions: Firstly, why use a WSM and secondly, why simulate a WSM using
electronic circuits if this has been done previously? The motivation lies in the ulterior motive of in-
vestigating non-Hermitian (NH) topological phases that can arise, for which WSMs form the ideal
basis [13]. NH systems are quite common in various physical systems, such as open or strongly
interacting systems. There, the well established Hermitian formalism can break down, giving rise
to new, intrinsic NH e�ects [14]. Due to the dissipative nature of circuit boards using resistors,
they provide a good platform, in addition to their tunability.

The scope of this thesis is focused on the realization of a WSM circuit, where the necessary theoret-
ical and experimental concepts will be explained in Part II and Part III, respectively. Additionally,
two NH circuit con�gurations, trivial and non-trivial, are presented. These phases can be achieved
using the same circuit, however, they have not been realized experimentally due to time constraints.
Therefore, the basic principles and possible observations of the NH phases are discussed in parts
II and III for future endeavors. The experimental Part IV contains exclusively the results of the
�rst stage, the Hermitian circuits, as will become apparent later, the circuit does not yet perform
well enough to proceed to the NH circuits.
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All data and code used in this research are available athttps://github.com/Hafefif/ETI-Master-Thesis.
git .
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Part II

Theory
This theoretical part provides a comprehensive overview of the relevant concepts and theories used
in this thesis. It begins by introducing some Hermitian topological phases such as topological
insulators (TIs) and WSMs, as well as their characterization using topological invariants. Next,
the concepts of NH energy gaps and the emerging NH topological phases are presented. This
is then followed by the topolectrical circuit formalism needed to understand their connection to
quantum systems. We conclude with a short outline of the circuit con�gurations for the di�erent
phases and their characterization.

1 Hermitian Topology

TIs are phases of matter whose bandstructures are topologically distinct from the simplest possible
insulator, the case of isolated atoms known as the atomic limit. This means that the two phases
cannot be adiabatically transformed into each other, without closing the bulk energy gap. This fact
leads to an interesting scenario: The bulk of a TI will exhibit a gapped, topologically non-trivial
bandstructure, while the surrounding vacuum is trivially gapped, meaning that at some point, the
band gap has to close. This observation is indicative of the presence of topologically protected,
conducting surface states, as illustrated in Fig. 1. As a consequence, local or symmetry preserving
perturbations of the system do not destroy these conducting states [15].

Figure 1: Example of a 2D TI with open and closed boundary conditions in one direction and the
emergence of surface localized, conducting states that cross the bulk energy gap.

For Hermitian TIs, these topological phases are characterized by topological invariants such as
a Chern or winding number. The underlying symmetries and dimensionality of the system de-
termine the type and possible values of the invariants. More speci�cally, interesting, non-trivial
phases emerge when systems feature anti-unitary and commuting symmetries, e.g. time-reversal
T , anti-unitary and anti-commuting symmetries, e.g. particle-hole symmetry P, or unitary and
anti-commuting symmetries, e.g. chiral symmetry C, which is a combination of particle-hole and
time-reversal symmetry [16]. The conditions for the di�erent symmetries on the �rst-quantized
Hamiltonian H are shown in Tab. 1 [17][18][19].
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Table 1: Action of the three above mentioned symmetriesT ; P and C on an Hamiltonian H. Ui

are the corresponding operators of the symmetries.

Symmetry Condition
T Uy

T H � UT = H
P Uy

P H � UP = �H
C Uy

CHUC = �H

Unitary and commuting symmetries allow for a common eigenbasis of the Hamiltonian and the
symmetry, which leads to a block diagonal structure whose blocks form independent sub-systems
that can be transformed to trivial insulators independently [15]. Since this cannot be done for
T ; P and C, these three symmetries separate TIs into equivalency classes, as can be seen in Tab.
2 [15].

Table 2: Tenfold way of TIs showing the values of the topological invariants for di�erent spacial
dimensions of the di�erent symmetry classes [20].

Class Symmetry Dimension
T P C 1 2 3

A 0 0 0 0 Z 0
AIII 0 0 1 Z 0 Z
AI 1 0 0 0 0 0

BDI 1 1 1 Z 0 0
D 0 1 0 Z2 Z 0

DIII -1 1 1 Z2 Z2 Z
AII -1 0 0 0 Z2 Z2

CII -1 -1 1 Z 0 Z2

C 0 -1 0 0 Z 0
CI 1 -1 1 0 0 Z

Where T and P can be absent or present individually and can square either to +1 or -1, allowing
for 9 permutations. The fact that C is the combination of both T and P means that both have to
be either present or absent forC to be present [15]. Additionally, sinceC is unitary, it squares to
+1, adding only one more case to complete the 10 equivalency classes known as the tenfold way [20].

In the following Secs., the relevant TIs and topological invariants are introduced to set the stage
for topological semimetals, speci�cally the WSM.

1.1 Chern Insulator

The integer quantum Hall e�ect (IQHE) of a 2D metallic system describes the observation of a
quantized, perpendicular conductivity and resistivity in the presence of an external magnetic �eld.
Fig. 2 depicts the characteristic resistivity behaviour of an IQHE as a function of the magnetic
�eld in the z-direction.
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Figure 2: Illustration of the IQHE showing the resistivity along the direction of current 
ow � xx in
red and the perpendicular direction � xy in blue as a function of the magnetic �eld B . � xx vanishes
at the plateaus of � xy , which are labeled by the corresponding �lling factor � [21].

The quantization can be understood to arise due to the Landau quantization of the Fermi sea.
The energies of the Landau levels (LLs) are, however, very sharp. Therefore, the energy of the
electrons that �ll the LLs needs to match exactly. This energy is controlled by the magnetic �eld
and thus, only certain �eld strengths ful�ll this condition. The presence of impurities broadens
the LLs spectrum by creating bound states, though, too many impurities can destroy the IQHE.
Electrons can now �ll the LLs even if the energy, henceB , is not exact. However, these bound
states do not contribute to conduction, which enables the formation of the quantized plateaus [22].

The values of the perpendicular conductivity � xy are integer multiples of e2=h, with e being the
fundamental charge andh the Planck constant, where the integer corresponds to the number of
�lled Landau levels and is equal to the Chern number [23].

Chern insulators are 2D TIs which exhibit the IQHE. However, they don't require an external
magnetic �eld and are therefore also known as anomalous quantum Hall insulators. Quantization
is still possible due to the non-trivial topology of the energy bands, which is also characterized by
the Chern number, as for the IQHE [24]. This topological non-triviality is also responsible for the
presence of conducting surface states, since the Chern number counts the number of chiral edge
states at a boundary, i.e. it counts the number of band crossings [25]. Fig. 3 shows an example of
a Chern insulator with chiral edge states and corresponding dispersion relations.
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Figure 3: Illustration of a Chern insulator (middle) with periodic boundaries in x-direction and
two edges in y-direction, giving rise to directional currents (blue and orange). Dispersion relations
of individual edges are plotted left and right of the center panel, while the bulk spectrum is not
shown, but is gapped.

1.1.1 Chern Number

The Chern number can be calculated as seen in Eq. (1), wheren indicates the occupied band with
eigenstates un (k ) [26]

Cn =
1

2�

Z

BZ
d2k

�
@kx An

y (k ) � @ky An
x (k )

�
; An

j (k ) = i


un (k )

�
�@k j

�
� un (k )

�
: (1)

An
j (k ) is known as the Berry connection or Berry potential, which can be thought of as a vector

potential in momentum space that depends on the topology of the bands un (k ) [27]. Thus, the
expression inside the integral is the 2D curl of a vector potential, known as the Berry curvature,
and acts like a magnetic �eld in momentum space. The integral is guaranteed to yield a multiple
of 2� due to the gauge invariance of the Berry curvature, making the Chern number integer-valued
[28].

The Berry curvature also explains the anomalous quantum Hall e�ect nicely, as the externally
applied magnetic �eld is not necessary due to the emerging magnetic �eld in momentum space as
a result of the band topology. However, a non-zero Berry curvature is not su�cient to observe the
anomalous IQHE.

It is worth noting that the computation of the Chern number solely requires information about the
bulk bandstructure and is independent of the edges. The behaviour of the corresponding boundaries
is determined by the topology of the bulk, which is know as the bulk-boundary correspondence [29].

The Chern number can be evaluated numerically, as was done for the systems studied in this
project. Therefore, the momenta are not continuous parameters anymore, but rather discretized.
This numerical approach therefore requires an eigenvector to be taken for each pair of (kx ; ky)
momenta, which poses a problem, due to the fact that each of the chosen eigenvectors can have
an arbitrary phase. This is not a problem in the continuous case, because the eigenstate of the
band is chosen once and then integrated over, making this single phase factor an irrelevant, global
phase. In the discrete case, this would lead to distinct, relative phases that can in
uence the result
randomly. A solution to this problem is an adiabatic evolution of the Berry curvature Fn (kx ; ky)
as follows [30]
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Cn =
1

2�

Z

BZ
d2kFn (kx ; ky) ;

Fn (kx ; ky) =
1
� 2 Im (log [U (0 j � y) U ( � y j � x + � y) U ( � x + � y j � x ) U ( � x j 0)])

U (� i j � j ) = h� n (k + � ei ) j � n (k + � ej )i

(2)

Where U (� i j � j ) takes the role of the discretized Berry potential with � l being the spacings of
the discrete momenta alongkl , therefore describing a plaquette around each point (kx ; ky) in
momentum space. This way of connecting the di�erent U (� i j � j ) will get rid of any phase obtained
by the eigenvectors, since each phase appears exactly once in a bra and exactly once in a ket,
therefore multiplying to unity.

1.2 3D Topological Insulators

There are four Z2-indices (� 0; � ) that characterize time-reversal (TR) symmetric 3D TIs with dis-
crete translational invariance [31]. Analogously to the 2D case, systems with the same sum of
Z2-indices can be adiabatically transformed to one another and are therefore equivalent [32]. Ad-
ditionally, one can consider a subsystem of a 3D TI, which describes a 2D system whose Chern
number can be evaluated as previously discussed. Since the Chern numbers of these 2D slices are
the decisive invariants for us, the four new 3D invariants are not explained in detail. Instead, they
have been introduced to justify the categorisation of the 3D TIs.

Depending on the values of the fourZ2-indices, one must distinguish between three cases; Trivial
systems, weak TIs (WTIs) and strong TIs (STIs). Trivial systems exhibit � i = 0, WTIs have
� 0 = 0 and � 6= 0, while STIs require � 0 6= 0 [33]. The di�erence in 3D TIs can be understood
as such: WTIs can be adiabatically transformed to the case of stacked 2D TIs and require more
symmetries to be stabilized. For STIs this reduction is not possible. Unlike WTIs, STIs surface
states are resilient against perturbations that preserve TR symmetry and cannot close the gap.
Thanks to this, STIs host at least one surface with an odd number of Dirac cones, while WTIs can
only host an even number [34]. The former is of interest, as this anomalous behaviour cannot be
realized in purely 2D systems due to the fermion doubling theorem [35].

To construct a 3D TI one typically begins with a band inverted system, where the type of band
inversion can lead to di�erent topological phases [36]. Initially, when the two bands operate
independently, they intersect at certain momenta and do not form a gap. Such a system would be
considered a conductor as illustrated in Fig. 4. However, the introduction of spin-orbit coupling
(SOC) between these bands can now open up a gap. SOC causes the former conduction band to
contribute to the former valence band and vice versa, therefore mixing the bands, and creating a
new set of conduction and valence bands. This introduces a band gap in the system and the bands
can become topologically non-trivial as a result [37]. This process is known as band inversion and
is illustrated in Fig. 4.
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Figure 4: SOC in a band inverted system gaps the system either fully, making it a 3D TI, or
everywhere except at linear crossing points, describing WSMs and Dirac semimetals [5].

1.3 Weyl Semimetals

As can be seen in Fig. 4, SOC does not necessarily have to gap the bands completely and can
allow for linear crossings at critical points, Dirac points, or, if either time-reversal or inversion
symmetry has been broken, Weyl points. Both Dirac and Weyl points are closely related to linear
band crossings, as one can consider a Dirac node as two overlapping Weyl nodes in momentum
space [38]. In the case of a WSM, the Weyl points need therefore to come in pairs of opposite
chirality and act as sources and sinks of the Berry potential encountered in Sec. 1.1.1 [5].

It is worth noting that these Weyl points are robust and topologically protected, so long as the
considered perturbation is translationally invariant. Consider as an example a Weyl point at
momentum k = 0 that can be written in the form k � � [39]. Further, consider a translationally
invariant perturbation, which in the vicinity of a Weyl point, written in the form of a Bloch
Hamiltonian, yields

H(k) = H 0 � 0 + ( kx � M1) � 1 + ( ky � M2) � 2 + ( kz � M3) � 3: (3)

Here, H0 is the eigenenergy and the Mi are the perturbations to each coe�cient of the Pauli matri-
ces� i . As can be seen, such a perturbation simply shifts the Weyl point to a di�erent momentum,
namely k = (M 1; M2; M3), but can never cause a gap to open.

The WSM di�ers from 3D TIs by the fact that the bulk spectrum exhibits band touchings, as can
be seen on the left of Fig. 5. WSM are therefore not insulators and have a topological invariant
of 0 when considering the whole BZ [40]. Due to the role of the Weyl points acting as sources
and sinks of Berry potential, contours around the Weyl points yield opposite Chern numbers [41].
Consequently, considering the whole BZ encloses equally many sources and sinks, yielding a Chern
number of 0. Still, WSMs are considered topological phases due to the emergence of topological
features [42]. In order to observe these features, consider taking slices in thekxky plane for �xed
kz momenta, as illustrated by the dashed line on the right of Fig. 5.

10



Figure 5: Brillouin zone of a WSM: On the left, two chirally opposite, conical Weyl cones separated
in momentum space can be seen and on the right, the Chern number of 2D slices alongkz are
indicated, where slices between the Weyl cones are topologically non-trivial.

As long as no Weyl point lies in the plane, this describes a 2D gapped system. Moreover, consider-
ing slices between two Weyl points describes a Chern insulator for eachkz momentum, as covered
in Sec. 1.1, that will exhibit chiral, conducting edge states for OBC [43]. This is further explained
in Sec. 1.3.1.

The WSM used in this thesis is a two sublattice model exhibiting time-reversal symmetry and
breaking inversion symmetry in order to separate the Weyl cones in momentum space. Otherwise,
the Weyl cones overlap in k-space and form a Dirac cone [44]. Time-reversal symmetry requires
each Weyl point at some momentumkWeyl to be mapped to the opposite momentum� kWeyl , while
preserving the chirality [1]. This e�ectively doubles the number of Weyl points for each split Dirac
cone, in this case yielding four, as can be seen in Fig. 6.

Figure 6: Bandstructure of the modelled WSM at kz = � with the four band touching Weyl points.

The bandstructure in Fig. 6 is given by the Hamiltonian

H(k) = � [(CAz � � ) cos (ky)] � 0

� [C1 (1 + cos (kz)) + 2C y cos (ky � kx )] � x

� [C1 sin (kz)] � y � [(CAz + � ) cos (ky)] � z;

(4)

where Ci and � are parameters that will be introduced later, as they do not in
uence the position
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of the Weyl nodes in momentum space.

The Chern numbers can then be calculated according to Eq. (2) for di�erentkx momenta, where
the 2D system is then integrated over theky ; kz momenta, as shown in Fig. 7.

Figure 7: Chern numbers of the two bands for di�erent kx momenta.

As can be seen, traversing the BZ closes the gap, which allows for the value of the Chern number
to change, consistent with the discussion above. Also important to note is the fact that the Chern
numbers of the two bands are always opposite to each other, as the system as a whole has to be
trivial and therefore has to add up to 0.

Lastly, while Fig. 6 shows the Weyl cones nicely, it is limited by the fact that one of the momenta
needs to be �xed. Therefore, the bandstructure is presented as the eigenvalues along the high
symmetry path shown in red in Fig. 8.
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Figure 8: BZ of the WSM used in this thesis with two of the four Weyl points marked in blue,
as well as the high symmetry points inside the BZ in violet and the path along BZ that is traced
in red. The starting point is � and goes counter clockwise, continues to Z upon returning, where
another counter clockwise round is traced. This yields the path �-X-S-Y-�-Z-U-R-T

Tracing such a path now yields a 2D plot instead still showing the most important features of the
bandstructure, such as the Weyl points. The high symmetry path bandstructure for the studied
WSM model is shown in Fig. 9.

Figure 9: Theoretical WSM bandstructure for periodic boundary conditions (PBC) along the
high symmetry path shown in Fig. 8. The black dots correspond to the momenta at which the
Hamiltonian's energy was evaluated. The step-size is 2�= 8 in order to re
ect the resolution of the
system of study.

Since the theoretical values are ideal, they will most likely never perfectly agree with experimental
observations. For this reason, the theoretical bandstructure will be scaled to be comparable to the
measured bandstructures, since the important feature is the shape of the bandstructure.
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1.3.1 Fermi Arc

The fact that the volume between two Weyl points in momentum space consists of 2D slices of
Chern insulators has an interesting consequence for the WSM bandstructure for OBC along one
direction, e.g. the z-direction. Due to the termination of the crystal, kz is not a good quantum
number near the edges and the result are surface Brillouin zones (SBZs), which are characterized
by the z-components of the boundaries in real space andkx ; ky components in momentum space.
The chiral edge states of the Chern slices are localized at these SBZs, where only one chirality is
found per surface. These chiral edge states give rise to the so called Fermi arcs illustrated in Fig.
10, which connect two Weyl points of opposite chirality in the SBZ [5].

Figure 10: Illustration of a SBZ zone of a WSM with two Weyl points colored in blue and orange,
as well as the Fermi arc connecting them.

This anomalous Fermi arc forms an open Fermi surface contour at the boundaries, which is not
possible in purely 2D systems, as they require closed contours [10]. Due to the fact that spectral

ow into the bulk is possible at the Weyl points, both surfaces, and thus both Fermi arcs, are
connected via the bulk, hence when overlapping both SBZs, the closed contour is restored [45].

Since the used WSM model exhibits four Weyl points, therefore creating two sources and sinks of
Berry curvature, two Fermi arcs emerge. As the Fermi arcs are the most important features, a
similar high symmetry path is traced in the SBZ in order to present the OBC bandstructure in
a clear way. There are now only two momenta left, making the traced path as easy as starting
at (0,0) and going to each Weyl point in the following order: (0; �= 2), then to ( �; �= 2), (�; 3�= 2),
(2�; 3�= 2) and �nally back to (2 �; 2� ). The bandstructure of the WSM for OBC along this path
is shown in Fig. 11.
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