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We’re only at the dawn of the LHC physics programme
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We’ll be able to test the Standard Model at (sub)-percent accuracy…

Run 1 Run 2 Run 3 High-Lumi LHC

provided that the theoretical predictions can keep up!
Plot by R. T. Garcia,  
lhc-commissioning.web.cern.ch



A long way from theory to experiment
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PDFs

Scattering amplitudes

Parton 
showers

Resummation

Monte Carlo event 
generator

Hadronisation

Detector 
simulation

Experimental data

IR subtraction

…
It takes a village to make a prediction!



Precision at the LHC demands at least NNLO QCD
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dσ = dσLO + αS dσNLO + α2
S dσNNLO + …

≈ 10 − 30 % ≈ 1 − 10 %

The difficulty grows with  
• order in the coupling (# loops)  
• number of particles

2 → n
# particles

# loops Multiplicity frontier

NNLO 2 → 3

Loop frontier

N4LO 2 → 1

N3LO 2 → 2

This talk



Rich phenomenology with  processes2 → 3

6

From the Les Houches' “Precision wish-list”: 

• ,   

•  

• ,  ,   

•  

• ,  ,  ,  

pp → γγ + j pp → γγγ

pp → 3j

pp → V + 2j pp → V + bb̄ pp → VV′ + j

pp → H + 2j

pp → tt̄ + j pp → tt̄ + γ pp → tt̄ + W pp → tt̄ + H

Main bottleneck: two-loop five-particle scattering amplitudes



Unfortunately, phenomenology is very demanding
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amplitude = ∑ rational coeffs × special funcs

Wish list: 

• Compact expressions 

• Cancellation of the UV/IR poles 

• “Fast & furious” evaluation in 
physical phase space

amplitude = ∑ Feynman diagrams

?
Loop integration

Logs

Classical polylogs

MPLs

Elliptic MPLs
???



Outline

• The method of choice for multi-scale integrals: differential equations 

• Polylogarithmic special function bases  

• First steps into the “elliptic” world

8

1

<latexit sha1_base64="/lOowamVyaVW/AFT6ke3+46HpxE=">AAAB/XicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWMC5gHJEmZnO8mQ2dllZlYIS/ADvOoneBOvfotf4G84SfZgEgsaiqpuuruCRHBtXPfb2djc2t7ZLewV9w8Oj45LJ6ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYzvZ377CZXmsXw0kwT9iA4lH3BGjZUaXr9UdivuHGSdeDkpQ456v/TTC2OWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/dEourRKSQaxsSUPm6t+JjEZaT6LAdkbUjPSqNxP/87qpGdz6GZdJalCyxaJBKoiJyexrEnKFzIiJJZQpbm8lbEQVZcZms7RF26dGGE6LNhlvNYd10rqueNVKtVEt1+7yjApwDhdwBR7cQA0eoA5NYIDwAq/w5jw7786H87lo3XDymTNYgvP1C0mrlZU=</latexit>

2

<latexit sha1_base64="2NH0yhHYyIqVps39OsFIb86Y24o=">AAAB/XicbVDLSsNAFL2pr1pfVZdugkVwVZJS0GXRjcsW7APaUCaTm3boZBJmJkIJxQ9wq5/gTtz6LX6Bv+G0zcK2HrhwOOde7r3HTzhT2nG+rcLW9s7uXnG/dHB4dHxSPj3rqDiVFNs05rHs+UQhZwLbmmmOvUQiiXyOXX9yP/e7TygVi8WjniboRWQkWMgo0UZq1YblilN1FrA3iZuTCuRoDss/gyCmaYRCU06U6rtOor2MSM0ox1lpkCpMCJ2QEfYNFSRC5WWLQ2f2lVECO4ylKaHthfp3IiORUtPIN50R0WO17s3F/7x+qsNbL2MiSTUKulwUptzWsT3/2g6YRKr51BBCJTO32nRMJKHaZLOyRZmnxhjMSiYZdz2HTdKpVd16td6qVxp3eUZFuIBLuAYXbqABD9CENlBAeIFXeLOerXfrw/pcthasfOYcVmB9/QJLRJWW</latexit>

3

<latexit sha1_base64="Yzk9Qaz505JAyRcjwyoJHnE6Djs=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX0zdlZc=</latexit>

4

<latexit sha1_base64="ljAAxT6S0BU6wixnvK1j7py4aNg=">AAAB+XicbVDLSgNBEOyNr7i+olcvg0HwFHYloMegF48RzAOSJczOdpIhs7PLzKwQluAHeNVP8ObVj/EL/A0nyR5MYkFDUdVNd1eYCq6N5307pa3tnd298r57cHh0fFJxT9s6yRTDFktEoroh1Si4xJbhRmA3VUjjUGAnnNzP/c4zKs0T+WSmKQYxHUk+5IwaKz3WB5WqV/MWIJvEL0gVCjQHlZ9+lLAsRmmYoFr3fC81QU6V4UzgzO1nGlPKJnSEPUsljVEH+eLQGbm0SkSGibIlDVmofydyGms9jUPbGVMz1uveXPzP62VmeBvkXKaZQcmWi4aZICYh869JxBUyI6aWUKa4vZWwMVWUGZvNyhZtnxpjNHNtMv56DpukfV3z67V6tXFXJFSGc7iAK/DhBhrwAE1oAQOEV3iDd+fF+XA+l40lp5g4gxU4X7++WpRZ</latexit>

5

<latexit sha1_base64="6Pce2q+D/EGuvprffHlhWHZUaW0=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexKRI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX1APlZk=</latexit>

k1

<latexit sha1_base64="qdqr9s2tPqvTI28uBun+hUzXXDc=">AAAB/3icbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWNE84BkCbOznWTI7OwyMyuEJQc/wKt+gjfx6qf4Bf6Gk2QPJrGgoajqprsrSATXxnW/nbX1jc2t7cJOcXdv/+CwdHTc1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8j5n1FjpYdTzeqWyW3FnIKvEy0kZctR7pZ9uGLM0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JulZD0Y2VLGjJT/05kNNJ6HAW2M6JmqJe9qfif10lN/9rPuExSg5LNF/VTQUxMpn+TkCtkRowtoUxxeythQ6ooMzadhS3aPjXEcFK0yXjLOayS5mXFq1aq99Vy7SbPqACncAYX4MEV1OAO6tAABgN4gVd4c56dd+fD+Zy3rjn5zAkswPn6BdedlnM=</latexit>

k1 + k2

<latexit sha1_base64="wa8dIr5nSIIf4O00qGV+t8PrVlQ=">AAACA3icbVDLSsNAFL2pr1pfVZduBosgCCUpBV0W3bisYB/QhjCZTNohk0mYmQgldOkHuNVPcCdu/RC/wN9w2mZhWw9cOJxzL/fe46ecKW3b31ZpY3Nre6e8W9nbPzg8qh6fdFWSSUI7JOGJ7PtYUc4E7WimOe2nkuLY57TnR3czv/dEpWKJeNSTlLoxHgkWMoK1kXqR51xFXsOr1uy6PQdaJ05BalCg7VV/hkFCspgKTThWauDYqXZzLDUjnE4rw0zRFJMIj+jAUIFjqtx8fu4UXRglQGEiTQmN5urfiRzHSk1i33TGWI/VqjcT//MGmQ5v3JyJNNNUkMWiMONIJ2j2OwqYpETziSGYSGZuRWSMJSbaJLS0RZmnxjSYVkwyzmoO66TbqDvNevOhWWvdFhmV4QzO4RIcuIYW3EMbOkAgghd4hTfr2Xq3PqzPRWvJKmZOYQnW1y9Iu5fC</latexit>

k2

<latexit sha1_base64="+9bxJXpFNGptAorlmq/UZF493bw=">AAAB/3icbVDLSsNAFL2pr1pfVZdugkVwVZJS0GXRjcuK9gFtKJPJTTt0MgkzE6GELvwAt/oJ7sStn+IX+BtO2yxs64ELh3Pu5d57/IQzpR3n2ypsbG5t7xR3S3v7B4dH5eOTtopTSbFFYx7Lrk8UciawpZnm2E0kksjn2PHHtzO/84RSsVg86kmCXkSGgoWMEm2kh/GgNihXnKozh71O3JxUIEdzUP7pBzFNIxSacqJUz3US7WVEakY5Tkv9VGFC6JgMsWeoIBEqL5ufOrUvjBLYYSxNCW3P1b8TGYmUmkS+6YyIHqlVbyb+5/VSHV57GRNJqlHQxaIw5baO7dnfdsAkUs0nhhAqmbnVpiMiCdUmnaUtyjw1wmBaMsm4qzmsk3at6tar9ft6pXGTZ1SEMziHS3DhChpwB01oAYUhvMArvFnP1rv1YX0uWgtWPnMKS7C+fgHZNpZ0</latexit>

Running examples: two-loop five-particle Feynman integrals for  

• H/V+2 jets production @ LHC 

• +jet production @ LHCtt̄

1

5

4
2

3

!1
!2



Integral families
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Scalar Feynman integrals with the same propagator structure = integral family 

I ⃗a(X; ϵ) = ∫
dDℓ1
iπD/2

dDℓ2
iπD/2

ρ−a9
9 ρ−a10

10 ρ−a11
11

ρa1
1 …ρa8

8

ρ1 = ℓ2
1

ρ2 = (ℓ1 − p1)2 − m2
t

ρ3 = (ℓ1 − p1 − p2)2

{I ⃗a(X; ϵ) |∀ ⃗a ∈ ℤ11} …

Dimensional regularisation:  

6 kinematic variables: , with 

D = 4 − 2ϵ

X = (s12, s23, s34, s45, s15, p2
1) sij = (pi + pj)2

1

5

4
2

3

!1
!2
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Integral bases, alias master integrals

Identities among the ’s, e.g. Integration-By-Parts (IBP) relationsI ⃗a

p = 3 − D
p2 ×

Finite-dimensional basis: ⃗F (X; ϵ)

I ⃗a = ∑
i

ci( ⃗a; X, ϵ) Fi

IBP reduction = solution of large linear system of equations

Often a bottleneck, not for this talk — thanks to FiniteFlow Peraro 2019

Tkachov ’81; Chetyrkin, 
Tkachov ’81; Laporta 2000



2-loop 5-pt 1-mass master integrals
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142

179

86

75

74 86

135

86

Abreu, Ita, Moriello, Page, Tschernow, 
Zeng 2020; Canko, Papadopoulos, 

Syrrakos 2020; Syrrakos 2020; 
Chicherin, Sotnikov, SZ 2021 

Abreu, Ita, Moriello, Page, 
Tschernow 2021; Kardos, 

Papadopoulos, Smirnov, Syrrakos, 
Wever 2022

5

43 1

2

!1!2

Abreu, Chicherin, Ita, Page, Sotnikov, 
Tschernow, SZ 2023



Integrating by differentiating
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Barucchi, Ponzano ’73; Kotikov ’91; Bern, Dixon, Kosower ‘94; Gehrmann, Remiddi 2000

∂
∂s12

⃗F (X; ϵ) = ∑⃗
a

c ⃗a(X; ϵ) I ⃗a(X; ϵ)

= As12
(X; ϵ) ⋅ ⃗F (X; ϵ)

IBP reduction

System of 1st order linear PDEs for the MIs ⃗F

How do we solve it? Is there a “natural” basis?

Integral families by construction closed under differentiation



Canonical form
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Henn 2013

d ⃗F (X; ϵ) = ϵ dÃ(X) ⋅ ⃗F (X; ϵ)d ⃗F (X; ϵ) = ϵ dÃ(X) ⋅ ⃗F (X; ϵ)

• Factorisation of  makes -expansion of the solution easy 

• In the “polylogarithmic” cases, the connection matrix  takes the form

ϵ ϵ

Ã(X)

d ⃗F = ∂ ⃗F
∂s12

ds12 + … + ∂ ⃗F
∂m 2t

dm 2
t

Ã(X) = ∑
i

Ai log Wi(X)  = letters = singularities of the solutionWi(X)

⃗F (X; ϵ) = ∑
k≥0

ϵk F(k)(X) ⟹ ⃗F (k)(X) = ∫ dÃ ⋅ ⃗F (k−1) + const . Solution in terms of 
iterated integrals



Crucial to have a 
systematic procedure to 
find/construct the letters!

1-mass pentagon alphabet: 204 letters

14

127 rational

10 square roots:

77 algebraic

Massless case: 31 letters, 1 square root → Escalation !
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How do we construct a canonical basis?



A lot of progress, but still no general algorithm 

General approach: study leading singularities 

Parameterise loop integrand and take residues (  partial fraction) until all integration 
variables are localised  

Construct integrands with at most simple poles + constant leading singularities

≡

How to construct a canonical basis?
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Arkani-Hamed, Bourjaily, 
Cachazo, Trnka 2012

“dlog” integrand

Analysis automated in DlogBasis Wasser 2016; Henn, Mistlberger, Smirnov, Wasser 2020

Practical limitations



Dlog integrands and leading singularities
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x = m2

p2

∝ ∫
dα1 ∧ dα2

p2 (α1α2 − x)[(1 + α1)(1 + α2) − x]
= ∫

dα1
p2(α1 + α2

1 + x) ∧ [d log(α1α2 − x) − d log(1 + α1 + α2 + α1α2 − x)]
= 1

p2 1 − 4x
× ∫ d log(⋯) ∧ d log(⋯)

p
m2

2D

2Dp2 1 − 4x × ✔

“dlog” formLeading singularity

d log(z + c) = dz
z + c
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How do we solve the canonical DEs (efficiently)?

d ⃗F (X; ϵ) = ϵ dÃ(X) ⋅ ⃗F (X; ϵ)d ⃗F (X; ϵ) = ϵ dÃ(X) ⋅ ⃗F (X; ϵ)

Ã(X) = ∑
i

Ai log Wi(X)



How to solve the DEs?
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1. Express MIs in terms of multiple polylogarithms

G (z1, …, zn; x) = ∫
x

0

dt1
t1 − z1 ∫

t1

0

dt2
t2 − z2

…∫
tn−1

0

dtn
tn − zn

# Well understood functions, libraries for numerical evaluation


$ Difficult or impossible to obtain, functional relations

X0

2. Integrate DEs numerically using generalised series expansions

⃗MI (X; ϵ)γ
X # Very flexible and easy to set up


$ Time consuming, forced to evaluate the MIs

Moriello 2019

DiffExp Hidding 2020, SeaSyde Armadillo et al. 2022, AMFlow Ma, Liu 2022
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DiffExp Hidding 2020, SeaSyde Armadillo et al. 2022, AMFlow Ma, Liu 2022



The “pentagon functions” approach
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Construct a basis of algebraically independent special functions: ⃗f = {f (w)
i }

Efficient numerical evaluation through one-fold integrals

ϵ3(1 − 2ϵ) Δ(1)
3 × = ϵ2 f (2)

23 + ϵ3[ 1
4 (f (1)

1 − f (1)
6 ) f (2)

23 + 1
2 f (3)

3 − 1
2 f (3)

29 ] + ϵ4 f (4)
47 + 3 (ϵ5)

1

2
34

5

Gehrmann, Henn, Lo Presti 2018; Chicherin, Sotnikov 2020; 
Chicherin, Sotnikov, SZ 2021; Abreu, Chicherin, Ita, Page, 

Sotnikov, Tschernow, SZ 2023
Particularly successful for 2-loop 5-point

Caron-Huot, 
Henn 2014

The “philosophy” goes back to the symbol map Goncharov, Spradlin, Vergu, Volovich 2010

Very recent 3-loop developments made in UZH Gehrmann, Henn, Jakubčík et al. 2024



Li2 (z) + 1
2 log2(−z) + Li2 ( 1

z ) + π2

6 = 0

Chen iterated integrals
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[Wi1, …, Win]X0
(X) = ∫γ

d log Win(X′ ) [Wi1, …, Win−1]X0
(X′ )

X0

X

γ

All functional relations become manifest in terms of iterated integrals

Li2 (z) = − [1 − z, z]−1 − log 2 [z]−1 − π2

12
Li2 ( 1

z ) = [1 − z, z]−1 − [z, z]−1 + log 2 [z]−1 − π2

12
1
2 log2(−z) = [z, z]−1

transcendental    

        weight
n =

-linearly independentℚ

Use  as basis of a vector space 
and view MIs/functions as vectors

[W1, …, Wn] Li2(z) = ([1 − z, z], [z, z], [z], 1) ⋅

−1
0

−log(2)
− 1

12



Extract function basis from MI coefficients

22

⃗MI(X; ϵ) = ∑
w≥0

ϵw ⃗MI(w)(X) Solve DEs in terms of Chen iterated integrals 
up to required order (here, )w = 4

 

 

 

{MI(0)
i } ⟶ {1}

{MI(1)
i } ⟶ {f (1)

k }
{MI(2)

i } ∪ {f (1)
i × f (1)

j } ⟶ {f (2)
k }

{MI(3)
i } ∪ {f (2)

i × f (1)
j } ∪ {f (1)

i × f (1)
j × f (1)

k } ⟶ {f (3)
k }

Gaussian elimination / Solution of a linear system of equations

{f (w)
i }i,w=1,…,4

Algebraically independent 

& irreducible



Tune ordering in Gaussian elimination to simplify 
the amplitudes
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• Prefer products of lower-weight functions over higher weight functions 
 Pentagon functions are irreducible, high-weight functions are minimised 

• Prefer 1-loop functions over 2-loop ones 
 Only these can appear in the UV/IR poles of 2-loop amplitudes 

• Identify noteworthy analytic properties and isolate them in the minimal subsets of functions 
 E.g. cancellation of certain letters, divergences, integrable singularities…

⇒

⇒

⇒

If , do we choose 2 MI(1)
1 (X) + MI(1)

2 (X) = 0
MI(1)

2 (X) = − 2 MI(1)
1 (X)

MI(1)
1 (X) = − 1

2 MI(1)
2 (X)

or ?



Need to know relations among boundary values
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We only know  numerically⃗MI(w)(X0)

MI(2)
1 (X0) = − 1.644934067…

MI(2)
2 (X0) = 0.4060916335…

MI(2)
3 (X0) = 1.436746367…

3 MI(2)
1 (X0) + 4 MI(2)

2 (X0) − 2 MI(2)
3 (X0) = 0

Ferguson, Bailey ’92
Previous approach: high-precision evaluation of MPLs + PSLQ algorithm  

• Very heavy from computational point of view (e.g. ~3000-digit precision in Chicherin, 
Sotnikov, SZ 2021) % 

• Relies on MPL representation ☹



The new algorithm
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Abreu, Chicherin, Ita, Page, Sotnikov, Tschernow, SZ 2023

1. Select MI coefficients for the basis at symbol level: {f (w)
i } Goncharov, Spradlin, 

Vergu, Volovich 2010

Symbol = iterated integral stripped of boundary information 

Li2 (z) = − [1 − z, z]−1 − log 2 [z]−1 − π2

12
8 [Li2 (z)] = − [1 − z, z]

2. Ansatz: all MI coefficients are polynomials in  +  and  (up to weight 4){f (w)
i } ζ2 ζ3

MI(2)(X) = ∑
i

αi f (2)
i (X) + ∑

i≤ j
βij f (1)

i (X) f (1)
i (X) + γ ζ2 αi, βij, γ ∈ ℚ

Fixed by symbol-level analysis Fixed by evaluation at  + rationalisationX0



Summary of the algorithm
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Input:

Only needed at the accuracy required for the evaluation (~70 digits) 
Easy to obtain using AMFlow Liu, Ma, Wang 2018; Liu, Ma 2022

• function basis  (written in terms of iterated integrals)  

• relations among the boundary values 

• expression of all MI coefficients as polynomials in  and  values

{f (w)
i }

{f (w)
i } ζ

• canonical DEs 
• numerical boundary values

Output:



One-mass pentagon functions
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All 4! permutations of external massless legs → all that is needed for any amplitude 

All functions evaluated in ~1s (double precision)

Chicherin, Sotnikov, SZ 2021; Abreu, Chicherin, Ita, Page, Sotnikov, Tschernow, SZ 2023



Efficient numerical evaluation
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Weight 1 & 2: explicit expressions using symbol technology Duhr, Gangl, Rhodes 2011

f (1)
2 (X) = log (−s34)

f (2)
2 (X) = Li2 ( s14

p2
1 ) + log (− s14

p2
1 ) log (1 − s14

p2
1 ) + iπ log (s15 − s23 + s45) − iπ log (p2

1)

Weight 3 & 4: numerical integration of 1-fold integral representation Caron-Huot, Henn 2014

f (4) ∼ ∫
1

0
dt log × d log

dt
× f (2)f (3) ∼ ∫

1

0
dt

d log
dt

× f (2)

Implemented in C++ library PentagonFunctions++ Sotnikov
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Weight 3 & 4: numerical integration of 1-fold integral representation Caron-Huot, Henn 2014

f (4) ∼ ∫
1

0
dt log × d log

dt
× f (2)f (3) ∼ ∫

1

0
dt

d log
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× f (2)

Implemented in C++ library PentagonFunctions++ Sotnikov

Recently extended to weight-6 for 3-loop applications 
Liu, Matijašić, Miczajka, Xu, Xu, Zhang 2024



Amplitudes ready for deployment in NNLO QCD phenomenology 

29

 Kallweit, Sotnikov, Wiesemann 2020; Chawdhry, Czakon, Mitov, Poncelet 2020 

 Chawdhry, Czakon, Mitov, Poncelet 2021; Badger, Gehrmann, Marcoli, Moodie 2021  

 Czakon, Mitov, Poncelet 2021; Chen, Gehrmann, Glover, Huss, Marcoli 2022 

  Badger, Czakon, Bayu Hartanto, Moodie, Peraro, Poncelet, SZ 2023 

 Bayu Hartanto, Poncelet, Popescu, SZ 2022; Buonocore, Devoto, Kallweit, Mazzitelli, 
Rottoli, Savoini 2023 

 Buonocore, Devoto, Grazzini, Kallweit, Mazzitelli, Rottoli, Savoini 2023 

 Mazzitelli, Sotnikov, Wiesemann 2024 

 Devoto, Grazzini, Kallweit, Mazzitelli, Savoini 2024 

pp → 3γ
pp → 2γ + j
pp → 3j
pp → γ + 2j
pp → W + bb

pp → W + tt̄
pp → Z + bb̄
pp → H + tt̄

Massification of /t b
… and more to come!
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What about non-polylogarithmic cases?
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1

<latexit sha1_base64="/lOowamVyaVW/AFT6ke3+46HpxE=">AAAB/XicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWMC5gHJEmZnO8mQ2dllZlYIS/ADvOoneBOvfotf4G84SfZgEgsaiqpuuruCRHBtXPfb2djc2t7ZLewV9w8Oj45LJ6ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYzvZ377CZXmsXw0kwT9iA4lH3BGjZUaXr9UdivuHGSdeDkpQ456v/TTC2OWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/dEourRKSQaxsSUPm6t+JjEZaT6LAdkbUjPSqNxP/87qpGdz6GZdJalCyxaJBKoiJyexrEnKFzIiJJZQpbm8lbEQVZcZms7RF26dGGE6LNhlvNYd10rqueNVKtVEt1+7yjApwDhdwBR7cQA0eoA5NYIDwAq/w5jw7786H87lo3XDymTNYgvP1C0mrlZU=</latexit>

2

<latexit sha1_base64="2NH0yhHYyIqVps39OsFIb86Y24o=">AAAB/XicbVDLSsNAFL2pr1pfVZdugkVwVZJS0GXRjcsW7APaUCaTm3boZBJmJkIJxQ9wq5/gTtz6LX6Bv+G0zcK2HrhwOOde7r3HTzhT2nG+rcLW9s7uXnG/dHB4dHxSPj3rqDiVFNs05rHs+UQhZwLbmmmOvUQiiXyOXX9yP/e7TygVi8WjniboRWQkWMgo0UZq1YblilN1FrA3iZuTCuRoDss/gyCmaYRCU06U6rtOor2MSM0ox1lpkCpMCJ2QEfYNFSRC5WWLQ2f2lVECO4ylKaHthfp3IiORUtPIN50R0WO17s3F/7x+qsNbL2MiSTUKulwUptzWsT3/2g6YRKr51BBCJTO32nRMJKHaZLOyRZmnxhjMSiYZdz2HTdKpVd16td6qVxp3eUZFuIBLuAYXbqABD9CENlBAeIFXeLOerXfrw/pcthasfOYcVmB9/QJLRJWW</latexit>

3

<latexit sha1_base64="Yzk9Qaz505JAyRcjwyoJHnE6Djs=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX0zdlZc=</latexit>

4

<latexit sha1_base64="ljAAxT6S0BU6wixnvK1j7py4aNg=">AAAB+XicbVDLSgNBEOyNr7i+olcvg0HwFHYloMegF48RzAOSJczOdpIhs7PLzKwQluAHeNVP8ObVj/EL/A0nyR5MYkFDUdVNd1eYCq6N5307pa3tnd298r57cHh0fFJxT9s6yRTDFktEoroh1Si4xJbhRmA3VUjjUGAnnNzP/c4zKs0T+WSmKQYxHUk+5IwaKz3WB5WqV/MWIJvEL0gVCjQHlZ9+lLAsRmmYoFr3fC81QU6V4UzgzO1nGlPKJnSEPUsljVEH+eLQGbm0SkSGibIlDVmofydyGms9jUPbGVMz1uveXPzP62VmeBvkXKaZQcmWi4aZICYh869JxBUyI6aWUKa4vZWwMVWUGZvNyhZtnxpjNHNtMv56DpukfV3z67V6tXFXJFSGc7iAK/DhBhrwAE1oAQOEV3iDd+fF+XA+l40lp5g4gxU4X7++WpRZ</latexit>

5

<latexit sha1_base64="6Pce2q+D/EGuvprffHlhWHZUaW0=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexKRI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX1APlZk=</latexit>

k1

<latexit sha1_base64="qdqr9s2tPqvTI28uBun+hUzXXDc=">AAAB/3icbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWNE84BkCbOznWTI7OwyMyuEJQc/wKt+gjfx6qf4Bf6Gk2QPJrGgoajqprsrSATXxnW/nbX1jc2t7cJOcXdv/+CwdHTc1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8j5n1FjpYdTzeqWyW3FnIKvEy0kZctR7pZ9uGLM0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JulZD0Y2VLGjJT/05kNNJ6HAW2M6JmqJe9qfif10lN/9rPuExSg5LNF/VTQUxMpn+TkCtkRowtoUxxeythQ6ooMzadhS3aPjXEcFK0yXjLOayS5mXFq1aq99Vy7SbPqACncAYX4MEV1OAO6tAABgN4gVd4c56dd+fD+Zy3rjn5zAkswPn6BdedlnM=</latexit>

k1 + k2

<latexit sha1_base64="wa8dIr5nSIIf4O00qGV+t8PrVlQ=">AAACA3icbVDLSsNAFL2pr1pfVZduBosgCCUpBV0W3bisYB/QhjCZTNohk0mYmQgldOkHuNVPcCdu/RC/wN9w2mZhWw9cOJxzL/fe46ecKW3b31ZpY3Nre6e8W9nbPzg8qh6fdFWSSUI7JOGJ7PtYUc4E7WimOe2nkuLY57TnR3czv/dEpWKJeNSTlLoxHgkWMoK1kXqR51xFXsOr1uy6PQdaJ05BalCg7VV/hkFCspgKTThWauDYqXZzLDUjnE4rw0zRFJMIj+jAUIFjqtx8fu4UXRglQGEiTQmN5urfiRzHSk1i33TGWI/VqjcT//MGmQ5v3JyJNNNUkMWiMONIJ2j2OwqYpETziSGYSGZuRWSMJSbaJLS0RZmnxjSYVkwyzmoO66TbqDvNevOhWWvdFhmV4QzO4RIcuIYW3EMbOkAgghd4hTfr2Xq3PqzPRWvJKmZOYQnW1y9Iu5fC</latexit>

k2

<latexit sha1_base64="+9bxJXpFNGptAorlmq/UZF493bw=">AAAB/3icbVDLSsNAFL2pr1pfVZdugkVwVZJS0GXRjcuK9gFtKJPJTTt0MgkzE6GELvwAt/oJ7sStn+IX+BtO2yxs64ELh3Pu5d57/IQzpR3n2ypsbG5t7xR3S3v7B4dH5eOTtopTSbFFYx7Lrk8UciawpZnm2E0kksjn2PHHtzO/84RSsVg86kmCXkSGgoWMEm2kh/GgNihXnKozh71O3JxUIEdzUP7pBzFNIxSacqJUz3US7WVEakY5Tkv9VGFC6JgMsWeoIBEqL5ufOrUvjBLYYSxNCW3P1b8TGYmUmkS+6YyIHqlVbyb+5/VSHV57GRNJqlHQxaIw5baO7dnfdsAkUs0nhhAqmbnVpiMiCdUmnaUtyjw1wmBaMsm4qzmsk3at6tar9ft6pXGTZ1SEMziHS3DhChpwB01oAYUhvMArvFnP1rv1YX0uWgtWPnMKS7C+fgHZNpZ0</latexit>

1

<latexit sha1_base64="/lOowamVyaVW/AFT6ke3+46HpxE=">AAAB/XicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWMC5gHJEmZnO8mQ2dllZlYIS/ADvOoneBOvfotf4G84SfZgEgsaiqpuuruCRHBtXPfb2djc2t7ZLewV9w8Oj45LJ6ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYzvZ377CZXmsXw0kwT9iA4lH3BGjZUaXr9UdivuHGSdeDkpQ456v/TTC2OWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/dEourRKSQaxsSUPm6t+JjEZaT6LAdkbUjPSqNxP/87qpGdz6GZdJalCyxaJBKoiJyexrEnKFzIiJJZQpbm8lbEQVZcZms7RF26dGGE6LNhlvNYd10rqueNVKtVEt1+7yjApwDhdwBR7cQA0eoA5NYIDwAq/w5jw7786H87lo3XDymTNYgvP1C0mrlZU=</latexit>

2

<latexit sha1_base64="2NH0yhHYyIqVps39OsFIb86Y24o=">AAAB/XicbVDLSsNAFL2pr1pfVZdugkVwVZJS0GXRjcsW7APaUCaTm3boZBJmJkIJxQ9wq5/gTtz6LX6Bv+G0zcK2HrhwOOde7r3HTzhT2nG+rcLW9s7uXnG/dHB4dHxSPj3rqDiVFNs05rHs+UQhZwLbmmmOvUQiiXyOXX9yP/e7TygVi8WjniboRWQkWMgo0UZq1YblilN1FrA3iZuTCuRoDss/gyCmaYRCU06U6rtOor2MSM0ox1lpkCpMCJ2QEfYNFSRC5WWLQ2f2lVECO4ylKaHthfp3IiORUtPIN50R0WO17s3F/7x+qsNbL2MiSTUKulwUptzWsT3/2g6YRKr51BBCJTO32nRMJKHaZLOyRZmnxhjMSiYZdz2HTdKpVd16td6qVxp3eUZFuIBLuAYXbqABD9CENlBAeIFXeLOerXfrw/pcthasfOYcVmB9/QJLRJWW</latexit>

3

<latexit sha1_base64="Yzk9Qaz505JAyRcjwyoJHnE6Djs=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX0zdlZc=</latexit>

4

<latexit sha1_base64="ljAAxT6S0BU6wixnvK1j7py4aNg=">AAAB+XicbVDLSgNBEOyNr7i+olcvg0HwFHYloMegF48RzAOSJczOdpIhs7PLzKwQluAHeNVP8ObVj/EL/A0nyR5MYkFDUdVNd1eYCq6N5307pa3tnd298r57cHh0fFJxT9s6yRTDFktEoroh1Si4xJbhRmA3VUjjUGAnnNzP/c4zKs0T+WSmKQYxHUk+5IwaKz3WB5WqV/MWIJvEL0gVCjQHlZ9+lLAsRmmYoFr3fC81QU6V4UzgzO1nGlPKJnSEPUsljVEH+eLQGbm0SkSGibIlDVmofydyGms9jUPbGVMz1uveXPzP62VmeBvkXKaZQcmWi4aZICYh869JxBUyI6aWUKa4vZWwMVWUGZvNyhZtnxpjNHNtMv56DpukfV3z67V6tXFXJFSGc7iAK/DhBhrwAE1oAQOEV3iDd+fF+XA+l40lp5g4gxU4X7++WpRZ</latexit>

5

<latexit sha1_base64="6Pce2q+D/EGuvprffHlhWHZUaW0=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexKRI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX1APlZk=</latexit>

k1

<latexit sha1_base64="qdqr9s2tPqvTI28uBun+hUzXXDc=">AAAB/3icbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWNE84BkCbOznWTI7OwyMyuEJQc/wKt+gjfx6qf4Bf6Gk2QPJrGgoajqprsrSATXxnW/nbX1jc2t7cJOcXdv/+CwdHTc1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8j5n1FjpYdTzeqWyW3FnIKvEy0kZctR7pZ9uGLM0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JulZD0Y2VLGjJT/05kNNJ6HAW2M6JmqJe9qfif10lN/9rPuExSg5LNF/VTQUxMpn+TkCtkRowtoUxxeythQ6ooMzadhS3aPjXEcFK0yXjLOayS5mXFq1aq99Vy7SbPqACncAYX4MEV1OAO6tAABgN4gVd4c56dd+fD+Zy3rjn5zAkswPn6BdedlnM=</latexit>

k1 + k2

<latexit sha1_base64="wa8dIr5nSIIf4O00qGV+t8PrVlQ=">AAACA3icbVDLSsNAFL2pr1pfVZduBosgCCUpBV0W3bisYB/QhjCZTNohk0mYmQgldOkHuNVPcCdu/RC/wN9w2mZhWw9cOJxzL/fe46ecKW3b31ZpY3Nre6e8W9nbPzg8qh6fdFWSSUI7JOGJ7PtYUc4E7WimOe2nkuLY57TnR3czv/dEpWKJeNSTlLoxHgkWMoK1kXqR51xFXsOr1uy6PQdaJ05BalCg7VV/hkFCspgKTThWauDYqXZzLDUjnE4rw0zRFJMIj+jAUIFjqtx8fu4UXRglQGEiTQmN5urfiRzHSk1i33TGWI/VqjcT//MGmQ5v3JyJNNNUkMWiMONIJ2j2OwqYpETziSGYSGZuRWSMJSbaJLS0RZmnxjSYVkwyzmoO66TbqDvNevOhWWvdFhmV4QzO4RIcuIYW3EMbOkAgghd4hTfr2Xq3PqzPRWvJKmZOYQnW1y9Iu5fC</latexit>

k2

<latexit sha1_base64="+9bxJXpFNGptAorlmq/UZF493bw=">AAAB/3icbVDLSsNAFL2pr1pfVZdugkVwVZJS0GXRjcuK9gFtKJPJTTt0MgkzE6GELvwAt/oJ7sStn+IX+BtO2yxs64ELh3Pu5d57/IQzpR3n2ypsbG5t7xR3S3v7B4dH5eOTtopTSbFFYx7Lrk8UciawpZnm2E0kksjn2PHHtzO/84RSsVg86kmCXkSGgoWMEm2kh/GgNihXnKozh71O3JxUIEdzUP7pBzFNIxSacqJUz3US7WVEakY5Tkv9VGFC6JgMsWeoIBEqL5ufOrUvjBLYYSxNCW3P1b8TGYmUmkS+6YyIHqlVbyb+5/VSHV57GRNJqlHQxaIw5baO7dnfdsAkUs0nhhAqmbnVpiMiCdUmnaUtyjw1wmBaMsm4qzmsk3at6tar9ft6pXGTZ1SEMziHS3DhChpwB01oAYUhvMArvFnP1rv1YX0uWgtWPnMKS7C+fgHZNpZ0</latexit>

1

<latexit sha1_base64="/lOowamVyaVW/AFT6ke3+46HpxE=">AAAB/XicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWMC5gHJEmZnO8mQ2dllZlYIS/ADvOoneBOvfotf4G84SfZgEgsaiqpuuruCRHBtXPfb2djc2t7ZLewV9w8Oj45LJ6ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYzvZ377CZXmsXw0kwT9iA4lH3BGjZUaXr9UdivuHGSdeDkpQ456v/TTC2OWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/dEourRKSQaxsSUPm6t+JjEZaT6LAdkbUjPSqNxP/87qpGdz6GZdJalCyxaJBKoiJyexrEnKFzIiJJZQpbm8lbEQVZcZms7RF26dGGE6LNhlvNYd10rqueNVKtVEt1+7yjApwDhdwBR7cQA0eoA5NYIDwAq/w5jw7786H87lo3XDymTNYgvP1C0mrlZU=</latexit>

2

<latexit sha1_base64="2NH0yhHYyIqVps39OsFIb86Y24o=">AAAB/XicbVDLSsNAFL2pr1pfVZdugkVwVZJS0GXRjcsW7APaUCaTm3boZBJmJkIJxQ9wq5/gTtz6LX6Bv+G0zcK2HrhwOOde7r3HTzhT2nG+rcLW9s7uXnG/dHB4dHxSPj3rqDiVFNs05rHs+UQhZwLbmmmOvUQiiXyOXX9yP/e7TygVi8WjniboRWQkWMgo0UZq1YblilN1FrA3iZuTCuRoDss/gyCmaYRCU06U6rtOor2MSM0ox1lpkCpMCJ2QEfYNFSRC5WWLQ2f2lVECO4ylKaHthfp3IiORUtPIN50R0WO17s3F/7x+qsNbL2MiSTUKulwUptzWsT3/2g6YRKr51BBCJTO32nRMJKHaZLOyRZmnxhjMSiYZdz2HTdKpVd16td6qVxp3eUZFuIBLuAYXbqABD9CENlBAeIFXeLOerXfrw/pcthasfOYcVmB9/QJLRJWW</latexit>

3

<latexit sha1_base64="Yzk9Qaz505JAyRcjwyoJHnE6Djs=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX0zdlZc=</latexit>

4

<latexit sha1_base64="ljAAxT6S0BU6wixnvK1j7py4aNg=">AAAB+XicbVDLSgNBEOyNr7i+olcvg0HwFHYloMegF48RzAOSJczOdpIhs7PLzKwQluAHeNVP8ObVj/EL/A0nyR5MYkFDUdVNd1eYCq6N5307pa3tnd298r57cHh0fFJxT9s6yRTDFktEoroh1Si4xJbhRmA3VUjjUGAnnNzP/c4zKs0T+WSmKQYxHUk+5IwaKz3WB5WqV/MWIJvEL0gVCjQHlZ9+lLAsRmmYoFr3fC81QU6V4UzgzO1nGlPKJnSEPUsljVEH+eLQGbm0SkSGibIlDVmofydyGms9jUPbGVMz1uveXPzP62VmeBvkXKaZQcmWi4aZICYh869JxBUyI6aWUKa4vZWwMVWUGZvNyhZtnxpjNHNtMv56DpukfV3z67V6tXFXJFSGc7iAK/DhBhrwAE1oAQOEV3iDd+fF+XA+l40lp5g4gxU4X7++WpRZ</latexit>

5

<latexit sha1_base64="6Pce2q+D/EGuvprffHlhWHZUaW0=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexKRI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX1APlZk=</latexit>

k1

<latexit sha1_base64="qdqr9s2tPqvTI28uBun+hUzXXDc=">AAAB/3icbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWNE84BkCbOznWTI7OwyMyuEJQc/wKt+gjfx6qf4Bf6Gk2QPJrGgoajqprsrSATXxnW/nbX1jc2t7cJOcXdv/+CwdHTc1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8j5n1FjpYdTzeqWyW3FnIKvEy0kZctR7pZ9uGLM0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JulZD0Y2VLGjJT/05kNNJ6HAW2M6JmqJe9qfif10lN/9rPuExSg5LNF/VTQUxMpn+TkCtkRowtoUxxeythQ6ooMzadhS3aPjXEcFK0yXjLOayS5mXFq1aq99Vy7SbPqACncAYX4MEV1OAO6tAABgN4gVd4c56dd+fD+Zy3rjn5zAkswPn6BdedlnM=</latexit>

k1 + k2

<latexit sha1_base64="wa8dIr5nSIIf4O00qGV+t8PrVlQ=">AAACA3icbVDLSsNAFL2pr1pfVZduBosgCCUpBV0W3bisYB/QhjCZTNohk0mYmQgldOkHuNVPcCdu/RC/wN9w2mZhWw9cOJxzL/fe46ecKW3b31ZpY3Nre6e8W9nbPzg8qh6fdFWSSUI7JOGJ7PtYUc4E7WimOe2nkuLY57TnR3czv/dEpWKJeNSTlLoxHgkWMoK1kXqR51xFXsOr1uy6PQdaJ05BalCg7VV/hkFCspgKTThWauDYqXZzLDUjnE4rw0zRFJMIj+jAUIFjqtx8fu4UXRglQGEiTQmN5urfiRzHSk1i33TGWI/VqjcT//MGmQ5v3JyJNNNUkMWiMONIJ2j2OwqYpETziSGYSGZuRWSMJSbaJLS0RZmnxjSYVkwyzmoO66TbqDvNevOhWWvdFhmV4QzO4RIcuIYW3EMbOkAgghd4hTfr2Xq3PqzPRWvJKmZOYQnW1y9Iu5fC</latexit>

k2

<latexit sha1_base64="+9bxJXpFNGptAorlmq/UZF493bw=">AAAB/3icbVDLSsNAFL2pr1pfVZdugkVwVZJS0GXRjcuK9gFtKJPJTTt0MgkzE6GELvwAt/oJ7sStn+IX+BtO2yxs64ELh3Pu5d57/IQzpR3n2ypsbG5t7xR3S3v7B4dH5eOTtopTSbFFYx7Lrk8UciawpZnm2E0kksjn2PHHtzO/84RSsVg86kmCXkSGgoWMEm2kh/GgNihXnKozh71O3JxUIEdzUP7pBzFNIxSacqJUz3US7WVEakY5Tkv9VGFC6JgMsWeoIBEqL5ufOrUvjBLYYSxNCW3P1b8TGYmUmkS+6YyIHqlVbyb+5/VSHV57GRNJqlHQxaIw5baO7dnfdsAkUs0nhhAqmbnVpiMiCdUmnaUtyjw1wmBaMsm4qzmsk3at6tar9ft6pXGTZ1SEMziHS3DhChpwB01oAYUhvMArvFnP1rv1YX0uWgtWPnMKS7C+fgHZNpZ0</latexit>
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Dlog analysis obstructed by an elliptic curve1

<latexit sha1_base64="/lOowamVyaVW/AFT6ke3+46HpxE=">AAAB/XicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWMC5gHJEmZnO8mQ2dllZlYIS/ADvOoneBOvfotf4G84SfZgEgsaiqpuuruCRHBtXPfb2djc2t7ZLewV9w8Oj45LJ6ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYzvZ377CZXmsXw0kwT9iA4lH3BGjZUaXr9UdivuHGSdeDkpQ456v/TTC2OWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/dEourRKSQaxsSUPm6t+JjEZaT6LAdkbUjPSqNxP/87qpGdz6GZdJalCyxaJBKoiJyexrEnKFzIiJJZQpbm8lbEQVZcZms7RF26dGGE6LNhlvNYd10rqueNVKtVEt1+7yjApwDhdwBR7cQA0eoA5NYIDwAq/w5jw7786H87lo3XDymTNYgvP1C0mrlZU=</latexit>

2

<latexit sha1_base64="2NH0yhHYyIqVps39OsFIb86Y24o=">AAAB/XicbVDLSsNAFL2pr1pfVZdugkVwVZJS0GXRjcsW7APaUCaTm3boZBJmJkIJxQ9wq5/gTtz6LX6Bv+G0zcK2HrhwOOde7r3HTzhT2nG+rcLW9s7uXnG/dHB4dHxSPj3rqDiVFNs05rHs+UQhZwLbmmmOvUQiiXyOXX9yP/e7TygVi8WjniboRWQkWMgo0UZq1YblilN1FrA3iZuTCuRoDss/gyCmaYRCU06U6rtOor2MSM0ox1lpkCpMCJ2QEfYNFSRC5WWLQ2f2lVECO4ylKaHthfp3IiORUtPIN50R0WO17s3F/7x+qsNbL2MiSTUKulwUptzWsT3/2g6YRKr51BBCJTO32nRMJKHaZLOyRZmnxhjMSiYZdz2HTdKpVd16td6qVxp3eUZFuIBLuAYXbqABD9CENlBAeIFXeLOerXfrw/pcthasfOYcVmB9/QJLRJWW</latexit>

3

<latexit sha1_base64="Yzk9Qaz505JAyRcjwyoJHnE6Djs=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX0zdlZc=</latexit>

4

<latexit sha1_base64="ljAAxT6S0BU6wixnvK1j7py4aNg=">AAAB+XicbVDLSgNBEOyNr7i+olcvg0HwFHYloMegF48RzAOSJczOdpIhs7PLzKwQluAHeNVP8ObVj/EL/A0nyR5MYkFDUdVNd1eYCq6N5307pa3tnd298r57cHh0fFJxT9s6yRTDFktEoroh1Si4xJbhRmA3VUjjUGAnnNzP/c4zKs0T+WSmKQYxHUk+5IwaKz3WB5WqV/MWIJvEL0gVCjQHlZ9+lLAsRmmYoFr3fC81QU6V4UzgzO1nGlPKJnSEPUsljVEH+eLQGbm0SkSGibIlDVmofydyGms9jUPbGVMz1uveXPzP62VmeBvkXKaZQcmWi4aZICYh869JxBUyI6aWUKa4vZWwMVWUGZvNyhZtnxpjNHNtMv56DpukfV3z67V6tXFXJFSGc7iAK/DhBhrwAE1oAQOEV3iDd+fF+XA+l40lp5g4gxU4X7++WpRZ</latexit>

5

<latexit sha1_base64="6Pce2q+D/EGuvprffHlhWHZUaW0=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexKRI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX1APlZk=</latexit>

k1

<latexit sha1_base64="qdqr9s2tPqvTI28uBun+hUzXXDc=">AAAB/3icbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWNE84BkCbOznWTI7OwyMyuEJQc/wKt+gjfx6qf4Bf6Gk2QPJrGgoajqprsrSATXxnW/nbX1jc2t7cJOcXdv/+CwdHTc1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8j5n1FjpYdTzeqWyW3FnIKvEy0kZctR7pZ9uGLM0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JulZD0Y2VLGjJT/05kNNJ6HAW2M6JmqJe9qfif10lN/9rPuExSg5LNF/VTQUxMpn+TkCtkRowtoUxxeythQ6ooMzadhS3aPjXEcFK0yXjLOayS5mXFq1aq99Vy7SbPqACncAYX4MEV1OAO6tAABgN4gVd4c56dd+fD+Zy3rjn5zAkswPn6BdedlnM=</latexit>

k1 + k2

<latexit sha1_base64="wa8dIr5nSIIf4O00qGV+t8PrVlQ=">AAACA3icbVDLSsNAFL2pr1pfVZduBosgCCUpBV0W3bisYB/QhjCZTNohk0mYmQgldOkHuNVPcCdu/RC/wN9w2mZhWw9cOJxzL/fe46ecKW3b31ZpY3Nre6e8W9nbPzg8qh6fdFWSSUI7JOGJ7PtYUc4E7WimOe2nkuLY57TnR3czv/dEpWKJeNSTlLoxHgkWMoK1kXqR51xFXsOr1uy6PQdaJ05BalCg7VV/hkFCspgKTThWauDYqXZzLDUjnE4rw0zRFJMIj+jAUIFjqtx8fu4UXRglQGEiTQmN5urfiRzHSk1i33TGWI/VqjcT//MGmQ5v3JyJNNNUkMWiMONIJ2j2OwqYpETziSGYSGZuRWSMJSbaJLS0RZmnxjSYVkwyzmoO66TbqDvNevOhWWvdFhmV4QzO4RIcuIYW3EMbOkAgghd4hTfr2Xq3PqzPRWvJKmZOYQnW1y9Iu5fC</latexit>

k2

<latexit sha1_base64="+9bxJXpFNGptAorlmq/UZF493bw=">AAAB/3icbVDLSsNAFL2pr1pfVZdugkVwVZJS0GXRjcuK9gFtKJPJTTt0MgkzE6GELvwAt/oJ7sStn+IX+BtO2yxs64ELh3Pu5d57/IQzpR3n2ypsbG5t7xR3S3v7B4dH5eOTtopTSbFFYx7Lrk8UciawpZnm2E0kksjn2PHHtzO/84RSsVg86kmCXkSGgoWMEm2kh/GgNihXnKozh71O3JxUIEdzUP7pBzFNIxSacqJUz3US7WVEakY5Tkv9VGFC6JgMsWeoIBEqL5ufOrUvjBLYYSxNCW3P1b8TGYmUmkS+6YyIHqlVbyb+5/VSHV57GRNJqlHQxaIw5baO7dnfdsAkUs0nhhAqmbnVpiMiCdUmnaUtyjw1wmBaMsm4qzmsk3at6tar9ft6pXGTZ1SEMziHS3DhChpwB01oAYUhvMArvFnP1rv1YX0uWgtWPnMKS7C+fgHZNpZ0</latexit>

1

<latexit sha1_base64="/lOowamVyaVW/AFT6ke3+46HpxE=">AAAB/XicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWMC5gHJEmZnO8mQ2dllZlYIS/ADvOoneBOvfotf4G84SfZgEgsaiqpuuruCRHBtXPfb2djc2t7ZLewV9w8Oj45LJ6ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYzvZ377CZXmsXw0kwT9iA4lH3BGjZUaXr9UdivuHGSdeDkpQ456v/TTC2OWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/dEourRKSQaxsSUPm6t+JjEZaT6LAdkbUjPSqNxP/87qpGdz6GZdJalCyxaJBKoiJyexrEnKFzIiJJZQpbm8lbEQVZcZms7RF26dGGE6LNhlvNYd10rqueNVKtVEt1+7yjApwDhdwBR7cQA0eoA5NYIDwAq/w5jw7786H87lo3XDymTNYgvP1C0mrlZU=</latexit>

2

<latexit sha1_base64="2NH0yhHYyIqVps39OsFIb86Y24o=">AAAB/XicbVDLSsNAFL2pr1pfVZdugkVwVZJS0GXRjcsW7APaUCaTm3boZBJmJkIJxQ9wq5/gTtz6LX6Bv+G0zcK2HrhwOOde7r3HTzhT2nG+rcLW9s7uXnG/dHB4dHxSPj3rqDiVFNs05rHs+UQhZwLbmmmOvUQiiXyOXX9yP/e7TygVi8WjniboRWQkWMgo0UZq1YblilN1FrA3iZuTCuRoDss/gyCmaYRCU06U6rtOor2MSM0ox1lpkCpMCJ2QEfYNFSRC5WWLQ2f2lVECO4ylKaHthfp3IiORUtPIN50R0WO17s3F/7x+qsNbL2MiSTUKulwUptzWsT3/2g6YRKr51BBCJTO32nRMJKHaZLOyRZmnxhjMSiYZdz2HTdKpVd16td6qVxp3eUZFuIBLuAYXbqABD9CENlBAeIFXeLOerXfrw/pcthasfOYcVmB9/QJLRJWW</latexit>

3

<latexit sha1_base64="Yzk9Qaz505JAyRcjwyoJHnE6Djs=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX0zdlZc=</latexit>

4

<latexit sha1_base64="ljAAxT6S0BU6wixnvK1j7py4aNg=">AAAB+XicbVDLSgNBEOyNr7i+olcvg0HwFHYloMegF48RzAOSJczOdpIhs7PLzKwQluAHeNVP8ObVj/EL/A0nyR5MYkFDUdVNd1eYCq6N5307pa3tnd298r57cHh0fFJxT9s6yRTDFktEoroh1Si4xJbhRmA3VUjjUGAnnNzP/c4zKs0T+WSmKQYxHUk+5IwaKz3WB5WqV/MWIJvEL0gVCjQHlZ9+lLAsRmmYoFr3fC81QU6V4UzgzO1nGlPKJnSEPUsljVEH+eLQGbm0SkSGibIlDVmofydyGms9jUPbGVMz1uveXPzP62VmeBvkXKaZQcmWi4aZICYh869JxBUyI6aWUKa4vZWwMVWUGZvNyhZtnxpjNHNtMv56DpukfV3z67V6tXFXJFSGc7iAK/DhBhrwAE1oAQOEV3iDd+fF+XA+l40lp5g4gxU4X7++WpRZ</latexit>

5

<latexit sha1_base64="6Pce2q+D/EGuvprffHlhWHZUaW0=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexKRI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX1APlZk=</latexit>

1

<latexit sha1_base64="/lOowamVyaVW/AFT6ke3+46HpxE=">AAAB/XicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWMC5gHJEmZnO8mQ2dllZlYIS/ADvOoneBOvfotf4G84SfZgEgsaiqpuuruCRHBtXPfb2djc2t7ZLewV9w8Oj45LJ6ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYzvZ377CZXmsXw0kwT9iA4lH3BGjZUaXr9UdivuHGSdeDkpQ456v/TTC2OWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/dEourRKSQaxsSUPm6t+JjEZaT6LAdkbUjPSqNxP/87qpGdz6GZdJalCyxaJBKoiJyexrEnKFzIiJJZQpbm8lbEQVZcZms7RF26dGGE6LNhlvNYd10rqueNVKtVEt1+7yjApwDhdwBR7cQA0eoA5NYIDwAq/w5jw7786H87lo3XDymTNYgvP1C0mrlZU=</latexit>

2

<latexit sha1_base64="2NH0yhHYyIqVps39OsFIb86Y24o=">AAAB/XicbVDLSsNAFL2pr1pfVZdugkVwVZJS0GXRjcsW7APaUCaTm3boZBJmJkIJxQ9wq5/gTtz6LX6Bv+G0zcK2HrhwOOde7r3HTzhT2nG+rcLW9s7uXnG/dHB4dHxSPj3rqDiVFNs05rHs+UQhZwLbmmmOvUQiiXyOXX9yP/e7TygVi8WjniboRWQkWMgo0UZq1YblilN1FrA3iZuTCuRoDss/gyCmaYRCU06U6rtOor2MSM0ox1lpkCpMCJ2QEfYNFSRC5WWLQ2f2lVECO4ylKaHthfp3IiORUtPIN50R0WO17s3F/7x+qsNbL2MiSTUKulwUptzWsT3/2g6YRKr51BBCJTO32nRMJKHaZLOyRZmnxhjMSiYZdz2HTdKpVd16td6qVxp3eUZFuIBLuAYXbqABD9CENlBAeIFXeLOerXfrw/pcthasfOYcVmB9/QJLRJWW</latexit>

3

<latexit sha1_base64="Yzk9Qaz505JAyRcjwyoJHnE6Djs=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX0zdlZc=</latexit>

4

<latexit sha1_base64="ljAAxT6S0BU6wixnvK1j7py4aNg=">AAAB+XicbVDLSgNBEOyNr7i+olcvg0HwFHYloMegF48RzAOSJczOdpIhs7PLzKwQluAHeNVP8ObVj/EL/A0nyR5MYkFDUdVNd1eYCq6N5307pa3tnd298r57cHh0fFJxT9s6yRTDFktEoroh1Si4xJbhRmA3VUjjUGAnnNzP/c4zKs0T+WSmKQYxHUk+5IwaKz3WB5WqV/MWIJvEL0gVCjQHlZ9+lLAsRmmYoFr3fC81QU6V4UzgzO1nGlPKJnSEPUsljVEH+eLQGbm0SkSGibIlDVmofydyGms9jUPbGVMz1uveXPzP62VmeBvkXKaZQcmWi4aZICYh869JxBUyI6aWUKa4vZWwMVWUGZvNyhZtnxpjNHNtMv56DpukfV3z67V6tXFXJFSGc7iAK/DhBhrwAE1oAQOEV3iDd+fF+XA+l40lp5g4gxU4X7++WpRZ</latexit>

3

<latexit sha1_base64="Yzk9Qaz505JAyRcjwyoJHnE6Djs=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX0zdlZc=</latexit>

k1

<latexit sha1_base64="qdqr9s2tPqvTI28uBun+hUzXXDc=">AAAB/3icbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWNE84BkCbOznWTI7OwyMyuEJQc/wKt+gjfx6qf4Bf6Gk2QPJrGgoajqprsrSATXxnW/nbX1jc2t7cJOcXdv/+CwdHTc1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8j5n1FjpYdTzeqWyW3FnIKvEy0kZctR7pZ9uGLM0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JulZD0Y2VLGjJT/05kNNJ6HAW2M6JmqJe9qfif10lN/9rPuExSg5LNF/VTQUxMpn+TkCtkRowtoUxxeythQ6ooMzadhS3aPjXEcFK0yXjLOayS5mXFq1aq99Vy7SbPqACncAYX4MEV1OAO6tAABgN4gVd4c56dd+fD+Zy3rjn5zAkswPn6BdedlnM=</latexit>

1

<latexit sha1_base64="/lOowamVyaVW/AFT6ke3+46HpxE=">AAAB/XicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWMC5gHJEmZnO8mQ2dllZlYIS/ADvOoneBOvfotf4G84SfZgEgsaiqpuuruCRHBtXPfb2djc2t7ZLewV9w8Oj45LJ6ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYzvZ377CZXmsXw0kwT9iA4lH3BGjZUaXr9UdivuHGSdeDkpQ456v/TTC2OWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/dEourRKSQaxsSUPm6t+JjEZaT6LAdkbUjPSqNxP/87qpGdz6GZdJalCyxaJBKoiJyexrEnKFzIiJJZQpbm8lbEQVZcZms7RF26dGGE6LNhlvNYd10rqueNVKtVEt1+7yjApwDhdwBR7cQA0eoA5NYIDwAq/w5jw7786H87lo3XDymTNYgvP1C0mrlZU=</latexit>

2

<latexit sha1_base64="2NH0yhHYyIqVps39OsFIb86Y24o=">AAAB/XicbVDLSsNAFL2pr1pfVZdugkVwVZJS0GXRjcsW7APaUCaTm3boZBJmJkIJxQ9wq5/gTtz6LX6Bv+G0zcK2HrhwOOde7r3HTzhT2nG+rcLW9s7uXnG/dHB4dHxSPj3rqDiVFNs05rHs+UQhZwLbmmmOvUQiiXyOXX9yP/e7TygVi8WjniboRWQkWMgo0UZq1YblilN1FrA3iZuTCuRoDss/gyCmaYRCU06U6rtOor2MSM0ox1lpkCpMCJ2QEfYNFSRC5WWLQ2f2lVECO4ylKaHthfp3IiORUtPIN50R0WO17s3F/7x+qsNbL2MiSTUKulwUptzWsT3/2g6YRKr51BBCJTO32nRMJKHaZLOyRZmnxhjMSiYZdz2HTdKpVd16td6qVxp3eUZFuIBLuAYXbqABD9CENlBAeIFXeLOerXfrw/pcthasfOYcVmB9/QJLRJWW</latexit>

3

<latexit sha1_base64="Yzk9Qaz505JAyRcjwyoJHnE6Djs=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX0zdlZc=</latexit>

4

<latexit sha1_base64="ljAAxT6S0BU6wixnvK1j7py4aNg=">AAAB+XicbVDLSgNBEOyNr7i+olcvg0HwFHYloMegF48RzAOSJczOdpIhs7PLzKwQluAHeNVP8ObVj/EL/A0nyR5MYkFDUdVNd1eYCq6N5307pa3tnd298r57cHh0fFJxT9s6yRTDFktEoroh1Si4xJbhRmA3VUjjUGAnnNzP/c4zKs0T+WSmKQYxHUk+5IwaKz3WB5WqV/MWIJvEL0gVCjQHlZ9+lLAsRmmYoFr3fC81QU6V4UzgzO1nGlPKJnSEPUsljVEH+eLQGbm0SkSGibIlDVmofydyGms9jUPbGVMz1uveXPzP62VmeBvkXKaZQcmWi4aZICYh869JxBUyI6aWUKa4vZWwMVWUGZvNyhZtnxpjNHNtMv56DpukfV3z67V6tXFXJFSGc7iAK/DhBhrwAE1oAQOEV3iDd+fF+XA+l40lp5g4gxU4X7++WpRZ</latexit>

3

<latexit sha1_base64="Yzk9Qaz505JAyRcjwyoJHnE6Djs=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX0zdlZc=</latexit>

k1

<latexit sha1_base64="qdqr9s2tPqvTI28uBun+hUzXXDc=">AAAB/3icbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWNE84BkCbOznWTI7OwyMyuEJQc/wKt+gjfx6qf4Bf6Gk2QPJrGgoajqprsrSATXxnW/nbX1jc2t7cJOcXdv/+CwdHTc1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8j5n1FjpYdTzeqWyW3FnIKvEy0kZctR7pZ9uGLM0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JulZD0Y2VLGjJT/05kNNJ6HAW2M6JmqJe9qfif10lN/9rPuExSg5LNF/VTQUxMpn+TkCtkRowtoUxxeythQ6ooMzadhS3aPjXEcFK0yXjLOayS5mXFq1aq99Vy7SbPqACncAYX4MEV1OAO6tAABgN4gVd4c56dd+fD+Zy3rjn5zAkswPn6BdedlnM=</latexit>

1

<latexit sha1_base64="/lOowamVyaVW/AFT6ke3+46HpxE=">AAAB/XicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWMC5gHJEmZnO8mQ2dllZlYIS/ADvOoneBOvfotf4G84SfZgEgsaiqpuuruCRHBtXPfb2djc2t7ZLewV9w8Oj45LJ6ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYzvZ377CZXmsXw0kwT9iA4lH3BGjZUaXr9UdivuHGSdeDkpQ456v/TTC2OWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/dEourRKSQaxsSUPm6t+JjEZaT6LAdkbUjPSqNxP/87qpGdz6GZdJalCyxaJBKoiJyexrEnKFzIiJJZQpbm8lbEQVZcZms7RF26dGGE6LNhlvNYd10rqueNVKtVEt1+7yjApwDhdwBR7cQA0eoA5NYIDwAq/w5jw7786H87lo3XDymTNYgvP1C0mrlZU=</latexit>

2

<latexit sha1_base64="2NH0yhHYyIqVps39OsFIb86Y24o=">AAAB/XicbVDLSsNAFL2pr1pfVZdugkVwVZJS0GXRjcsW7APaUCaTm3boZBJmJkIJxQ9wq5/gTtz6LX6Bv+G0zcK2HrhwOOde7r3HTzhT2nG+rcLW9s7uXnG/dHB4dHxSPj3rqDiVFNs05rHs+UQhZwLbmmmOvUQiiXyOXX9yP/e7TygVi8WjniboRWQkWMgo0UZq1YblilN1FrA3iZuTCuRoDss/gyCmaYRCU06U6rtOor2MSM0ox1lpkCpMCJ2QEfYNFSRC5WWLQ2f2lVECO4ylKaHthfp3IiORUtPIN50R0WO17s3F/7x+qsNbL2MiSTUKulwUptzWsT3/2g6YRKr51BBCJTO32nRMJKHaZLOyRZmnxhjMSiYZdz2HTdKpVd16td6qVxp3eUZFuIBLuAYXbqABD9CENlBAeIFXeLOerXfrw/pcthasfOYcVmB9/QJLRJWW</latexit>

3

<latexit sha1_base64="Yzk9Qaz505JAyRcjwyoJHnE6Djs=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX0zdlZc=</latexit>

4

<latexit sha1_base64="ljAAxT6S0BU6wixnvK1j7py4aNg=">AAAB+XicbVDLSgNBEOyNr7i+olcvg0HwFHYloMegF48RzAOSJczOdpIhs7PLzKwQluAHeNVP8ObVj/EL/A0nyR5MYkFDUdVNd1eYCq6N5307pa3tnd298r57cHh0fFJxT9s6yRTDFktEoroh1Si4xJbhRmA3VUjjUGAnnNzP/c4zKs0T+WSmKQYxHUk+5IwaKz3WB5WqV/MWIJvEL0gVCjQHlZ9+lLAsRmmYoFr3fC81QU6V4UzgzO1nGlPKJnSEPUsljVEH+eLQGbm0SkSGibIlDVmofydyGms9jUPbGVMz1uveXPzP62VmeBvkXKaZQcmWi4aZICYh869JxBUyI6aWUKa4vZWwMVWUGZvNyhZtnxpjNHNtMv56DpukfV3z67V6tXFXJFSGc7iAK/DhBhrwAE1oAQOEV3iDd+fF+XA+l40lp5g4gxU4X7++WpRZ</latexit>

3

<latexit sha1_base64="Yzk9Qaz505JAyRcjwyoJHnE6Djs=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX0zdlZc=</latexit>

k1

<latexit sha1_base64="qdqr9s2tPqvTI28uBun+hUzXXDc=">AAAB/3icbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWNE84BkCbOznWTI7OwyMyuEJQc/wKt+gjfx6qf4Bf6Gk2QPJrGgoajqprsrSATXxnW/nbX1jc2t7cJOcXdv/+CwdHTc1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8j5n1FjpYdTzeqWyW3FnIKvEy0kZctR7pZ9uGLM0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JulZD0Y2VLGjJT/05kNNJ6HAW2M6JmqJe9qfif10lN/9rPuExSg5LNF/VTQUxMpn+TkCtkRowtoUxxeythQ6ooMzadhS3aPjXEcFK0yXjLOayS5mXFq1aq99Vy7SbPqACncAYX4MEV1OAO6tAABgN4gVd4c56dd+fD+Zy3rjn5zAkswPn6BdedlnM=</latexit>

1

<latexit sha1_base64="/lOowamVyaVW/AFT6ke3+46HpxE=">AAAB/XicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWMC5gHJEmZnO8mQ2dllZlYIS/ADvOoneBOvfotf4G84SfZgEgsaiqpuuruCRHBtXPfb2djc2t7ZLewV9w8Oj45LJ6ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYzvZ377CZXmsXw0kwT9iA4lH3BGjZUaXr9UdivuHGSdeDkpQ456v/TTC2OWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/dEourRKSQaxsSUPm6t+JjEZaT6LAdkbUjPSqNxP/87qpGdz6GZdJalCyxaJBKoiJyexrEnKFzIiJJZQpbm8lbEQVZcZms7RF26dGGE6LNhlvNYd10rqueNVKtVEt1+7yjApwDhdwBR7cQA0eoA5NYIDwAq/w5jw7786H87lo3XDymTNYgvP1C0mrlZU=</latexit>

2

<latexit sha1_base64="2NH0yhHYyIqVps39OsFIb86Y24o=">AAAB/XicbVDLSsNAFL2pr1pfVZdugkVwVZJS0GXRjcsW7APaUCaTm3boZBJmJkIJxQ9wq5/gTtz6LX6Bv+G0zcK2HrhwOOde7r3HTzhT2nG+rcLW9s7uXnG/dHB4dHxSPj3rqDiVFNs05rHs+UQhZwLbmmmOvUQiiXyOXX9yP/e7TygVi8WjniboRWQkWMgo0UZq1YblilN1FrA3iZuTCuRoDss/gyCmaYRCU06U6rtOor2MSM0ox1lpkCpMCJ2QEfYNFSRC5WWLQ2f2lVECO4ylKaHthfp3IiORUtPIN50R0WO17s3F/7x+qsNbL2MiSTUKulwUptzWsT3/2g6YRKr51BBCJTO32nRMJKHaZLOyRZmnxhjMSiYZdz2HTdKpVd16td6qVxp3eUZFuIBLuAYXbqABD9CENlBAeIFXeLOerXfrw/pcthasfOYcVmB9/QJLRJWW</latexit>

3

<latexit sha1_base64="Yzk9Qaz505JAyRcjwyoJHnE6Djs=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX0zdlZc=</latexit>

4

<latexit sha1_base64="ljAAxT6S0BU6wixnvK1j7py4aNg=">AAAB+XicbVDLSgNBEOyNr7i+olcvg0HwFHYloMegF48RzAOSJczOdpIhs7PLzKwQluAHeNVP8ObVj/EL/A0nyR5MYkFDUdVNd1eYCq6N5307pa3tnd298r57cHh0fFJxT9s6yRTDFktEoroh1Si4xJbhRmA3VUjjUGAnnNzP/c4zKs0T+WSmKQYxHUk+5IwaKz3WB5WqV/MWIJvEL0gVCjQHlZ9+lLAsRmmYoFr3fC81QU6V4UzgzO1nGlPKJnSEPUsljVEH+eLQGbm0SkSGibIlDVmofydyGms9jUPbGVMz1uveXPzP62VmeBvkXKaZQcmWi4aZICYh869JxBUyI6aWUKa4vZWwMVWUGZvNyhZtnxpjNHNtMv56DpukfV3z67V6tXFXJFSGc7iAK/DhBhrwAE1oAQOEV3iDd+fF+XA+l40lp5g4gxU4X7++WpRZ</latexit>

3

<latexit sha1_base64="Yzk9Qaz505JAyRcjwyoJHnE6Djs=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX0zdlZc=</latexit>

k1

<latexit sha1_base64="qdqr9s2tPqvTI28uBun+hUzXXDc=">AAAB/3icbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWNE84BkCbOznWTI7OwyMyuEJQc/wKt+gjfx6qf4Bf6Gk2QPJrGgoajqprsrSATXxnW/nbX1jc2t7cJOcXdv/+CwdHTc1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8j5n1FjpYdTzeqWyW3FnIKvEy0kZctR7pZ9uGLM0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JulZD0Y2VLGjJT/05kNNJ6HAW2M6JmqJe9qfif10lN/9rPuExSg5LNF/VTQUxMpn+TkCtkRowtoUxxeythQ6ooMzadhS3aPjXEcFK0yXjLOayS5mXFq1aq99Vy7SbPqACncAYX4MEV1OAO6tAABgN4gVd4c56dd+fD+Zy3rjn5zAkswPn6BdedlnM=</latexit>

5

<latexit sha1_base64="6Pce2q+D/EGuvprffHlhWHZUaW0=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexKRI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX1APlZk=</latexit>

4

<latexit sha1_base64="ljAAxT6S0BU6wixnvK1j7py4aNg=">AAAB+XicbVDLSgNBEOyNr7i+olcvg0HwFHYloMegF48RzAOSJczOdpIhs7PLzKwQluAHeNVP8ObVj/EL/A0nyR5MYkFDUdVNd1eYCq6N5307pa3tnd298r57cHh0fFJxT9s6yRTDFktEoroh1Si4xJbhRmA3VUjjUGAnnNzP/c4zKs0T+WSmKQYxHUk+5IwaKz3WB5WqV/MWIJvEL0gVCjQHlZ9+lLAsRmmYoFr3fC81QU6V4UzgzO1nGlPKJnSEPUsljVEH+eLQGbm0SkSGibIlDVmofydyGms9jUPbGVMz1uveXPzP62VmeBvkXKaZQcmWi4aZICYh869JxBUyI6aWUKa4vZWwMVWUGZvNyhZtnxpjNHNtMv56DpukfV3z67V6tXFXJFSGc7iAK/DhBhrwAE1oAQOEV3iDd+fF+XA+l40lp5g4gxU4X7++WpRZ</latexit>

3

<latexit sha1_base64="Yzk9Qaz505JAyRcjwyoJHnE6Djs=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX0zdlZc=</latexit>

2

<latexit sha1_base64="2NH0yhHYyIqVps39OsFIb86Y24o=">AAAB/XicbVDLSsNAFL2pr1pfVZdugkVwVZJS0GXRjcsW7APaUCaTm3boZBJmJkIJxQ9wq5/gTtz6LX6Bv+G0zcK2HrhwOOde7r3HTzhT2nG+rcLW9s7uXnG/dHB4dHxSPj3rqDiVFNs05rHs+UQhZwLbmmmOvUQiiXyOXX9yP/e7TygVi8WjniboRWQkWMgo0UZq1YblilN1FrA3iZuTCuRoDss/gyCmaYRCU06U6rtOor2MSM0ox1lpkCpMCJ2QEfYNFSRC5WWLQ2f2lVECO4ylKaHthfp3IiORUtPIN50R0WO17s3F/7x+qsNbL2MiSTUKulwUptzWsT3/2g6YRKr51BBCJTO32nRMJKHaZLOyRZmnxhjMSiYZdz2HTdKpVd16td6qVxp3eUZFuIBLuAYXbqABD9CENlBAeIFXeLOerXfrw/pcthasfOYcVmB9/QJLRJWW</latexit>

1

<latexit sha1_base64="/lOowamVyaVW/AFT6ke3+46HpxE=">AAAB/XicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWMC5gHJEmZnO8mQ2dllZlYIS/ADvOoneBOvfotf4G84SfZgEgsaiqpuuruCRHBtXPfb2djc2t7ZLewV9w8Oj45LJ6ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYzvZ377CZXmsXw0kwT9iA4lH3BGjZUaXr9UdivuHGSdeDkpQ456v/TTC2OWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/dEourRKSQaxsSUPm6t+JjEZaT6LAdkbUjPSqNxP/87qpGdz6GZdJalCyxaJBKoiJyexrEnKFzIiJJZQpbm8lbEQVZcZms7RF26dGGE6LNhlvNYd10rqueNVKtVEt1+7yjApwDhdwBR7cQA0eoA5NYIDwAq/w5jw7786H87lo3XDymTNYgvP1C0mrlZU=</latexit>

∝ ∫ dx
;(x)

∧ dlogs Degree-4 polynomial with distinct roots

;(x) = (x + m2
t ) (x − 3m2

t ) (;0 + ;1 x + ;2 x2)

y2 = ;(x)Elliptic curve:

✕ ✕ ✕ ✕
Re(x)

Im(x)

Roots of ;(x)

x1 x2 x3 x4

3 MIs in this sector

With some 
imagination, 
this is a donut!
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Punctured Riemann sphere

Leading singularities  residues≡

∮γi

dx
x − c

ℂ ∪ {∞}\{z = ci}

Differential forms:  
dx

x − ci

✕
γi
✕

Torus
ℂ ∪ {∞}\{branch cuts}

γ1 γ2

Differential forms:  
dx
;(x)

, …

Periods of the elliptic curve

∮γ1

dx
;(x)

∝ K ( (x3 − x2)(x4 − x1)
(x3 − x1)(x4 − x2) )



Heroic effort into developing the maths we need

34

Review: arXiv:2203.07088 (Bourjaily, Broedel, Chaubey, Duhr…, Marzucca…) 

Last week: arXiv:2412.02300 (Duhr, Porkert, Stawinski), arXiv:2411.19042 (Forner, Nega, Tancredi) 

Still challenging to obtain “canonical” DEs & most applications have few variables 

We have 5 ratios + elliptic curve is coupled to the nested root ! 

How far can we go without canonical DEs?

https://arxiv.org/pdf/2203.07088
https://arxiv.org/abs/2412.02300
https://arxiv.org/abs/2411.19042


Get as close to canonical as possible

35

d ⃗g(X; ϵ) =
2

∑
k=0

ϵk Ω(k)(X) ⋅ ⃗g(X; ϵ)

Ω(k)(X) = ∑
i

A(k)
i d log Wi(X) + ∑

j
B(k)

j ωj(X)

1

<latexit sha1_base64="/lOowamVyaVW/AFT6ke3+46HpxE=">AAAB/XicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWMC5gHJEmZnO8mQ2dllZlYIS/ADvOoneBOvfotf4G84SfZgEgsaiqpuuruCRHBtXPfb2djc2t7ZLewV9w8Oj45LJ6ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYzvZ377CZXmsXw0kwT9iA4lH3BGjZUaXr9UdivuHGSdeDkpQ456v/TTC2OWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/dEourRKSQaxsSUPm6t+JjEZaT6LAdkbUjPSqNxP/87qpGdz6GZdJalCyxaJBKoiJyexrEnKFzIiJJZQpbm8lbEQVZcZms7RF26dGGE6LNhlvNYd10rqueNVKtVEt1+7yjApwDhdwBR7cQA0eoA5NYIDwAq/w5jw7786H87lo3XDymTNYgvP1C0mrlZU=</latexit>

2

<latexit sha1_base64="2NH0yhHYyIqVps39OsFIb86Y24o=">AAAB/XicbVDLSsNAFL2pr1pfVZdugkVwVZJS0GXRjcsW7APaUCaTm3boZBJmJkIJxQ9wq5/gTtz6LX6Bv+G0zcK2HrhwOOde7r3HTzhT2nG+rcLW9s7uXnG/dHB4dHxSPj3rqDiVFNs05rHs+UQhZwLbmmmOvUQiiXyOXX9yP/e7TygVi8WjniboRWQkWMgo0UZq1YblilN1FrA3iZuTCuRoDss/gyCmaYRCU06U6rtOor2MSM0ox1lpkCpMCJ2QEfYNFSRC5WWLQ2f2lVECO4ylKaHthfp3IiORUtPIN50R0WO17s3F/7x+qsNbL2MiSTUKulwUptzWsT3/2g6YRKr51BBCJTO32nRMJKHaZLOyRZmnxhjMSiYZdz2HTdKpVd16td6qVxp3eUZFuIBLuAYXbqABD9CENlBAeIFXeLOerXfrw/pcthasfOYcVmB9/QJLRJWW</latexit>

3

<latexit sha1_base64="Yzk9Qaz505JAyRcjwyoJHnE6Djs=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX0zdlZc=</latexit>

4

<latexit sha1_base64="ljAAxT6S0BU6wixnvK1j7py4aNg=">AAAB+XicbVDLSgNBEOyNr7i+olcvg0HwFHYloMegF48RzAOSJczOdpIhs7PLzKwQluAHeNVP8ObVj/EL/A0nyR5MYkFDUdVNd1eYCq6N5307pa3tnd298r57cHh0fFJxT9s6yRTDFktEoroh1Si4xJbhRmA3VUjjUGAnnNzP/c4zKs0T+WSmKQYxHUk+5IwaKz3WB5WqV/MWIJvEL0gVCjQHlZ9+lLAsRmmYoFr3fC81QU6V4UzgzO1nGlPKJnSEPUsljVEH+eLQGbm0SkSGibIlDVmofydyGms9jUPbGVMz1uveXPzP62VmeBvkXKaZQcmWi4aZICYh869JxBUyI6aWUKa4vZWwMVWUGZvNyhZtnxpjNHNtMv56DpukfV3z67V6tXFXJFSGc7iAK/DhBhrwAE1oAQOEV3iDd+fF+XA+l40lp5g4gxU4X7++WpRZ</latexit>

5

<latexit sha1_base64="6Pce2q+D/EGuvprffHlhWHZUaW0=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexKRI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX1APlZk=</latexit>

k1

<latexit sha1_base64="qdqr9s2tPqvTI28uBun+hUzXXDc=">AAAB/3icbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWNE84BkCbOznWTI7OwyMyuEJQc/wKt+gjfx6qf4Bf6Gk2QPJrGgoajqprsrSATXxnW/nbX1jc2t7cJOcXdv/+CwdHTc1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8j5n1FjpYdTzeqWyW3FnIKvEy0kZctR7pZ9uGLM0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JulZD0Y2VLGjJT/05kNNJ6HAW2M6JmqJe9qfif10lN/9rPuExSg5LNF/VTQUxMpn+TkCtkRowtoUxxeythQ6ooMzadhS3aPjXEcFK0yXjLOayS5mXFq1aq99Vy7SbPqACncAYX4MEV1OAO6tAABgN4gVd4c56dd+fD+Zy3rjn5zAkswPn6BdedlnM=</latexit>

k1 + k2

<latexit sha1_base64="wa8dIr5nSIIf4O00qGV+t8PrVlQ=">AAACA3icbVDLSsNAFL2pr1pfVZduBosgCCUpBV0W3bisYB/QhjCZTNohk0mYmQgldOkHuNVPcCdu/RC/wN9w2mZhWw9cOJxzL/fe46ecKW3b31ZpY3Nre6e8W9nbPzg8qh6fdFWSSUI7JOGJ7PtYUc4E7WimOe2nkuLY57TnR3czv/dEpWKJeNSTlLoxHgkWMoK1kXqR51xFXsOr1uy6PQdaJ05BalCg7VV/hkFCspgKTThWauDYqXZzLDUjnE4rw0zRFJMIj+jAUIFjqtx8fu4UXRglQGEiTQmN5urfiRzHSk1i33TGWI/VqjcT//MGmQ5v3JyJNNNUkMWiMONIJ2j2OwqYpETziSGYSGZuRWSMJSbaJLS0RZmnxjSYVkwyzmoO66TbqDvNevOhWWvdFhmV4QzO4RIcuIYW3EMbOkAgghd4hTfr2Xq3PqzPRWvJKmZOYQnW1y9Iu5fC</latexit>

k2

<latexit sha1_base64="+9bxJXpFNGptAorlmq/UZF493bw=">AAAB/3icbVDLSsNAFL2pr1pfVZdugkVwVZJS0GXRjcuK9gFtKJPJTTt0MgkzE6GELvwAt/oJ7sStn+IX+BtO2yxs64ELh3Pu5d57/IQzpR3n2ypsbG5t7xR3S3v7B4dH5eOTtopTSbFFYx7Lrk8UciawpZnm2E0kksjn2PHHtzO/84RSsVg86kmCXkSGgoWMEm2kh/GgNihXnKozh71O3JxUIEdzUP7pBzFNIxSacqJUz3US7WVEakY5Tkv9VGFC6JgMsWeoIBEqL5ufOrUvjBLYYSxNCW3P1b8TGYmUmkS+6YyIHqlVbyb+5/VSHV57GRNJqlHQxaIw5baO7dnfdsAkUs0nhhAqmbnVpiMiCdUmnaUtyjw1wmBaMsm4qzmsk3at6tar9ft6pXGTZ1SEMziHS3DhChpwB01oAYUhvMArvFnP1rv1YX0uWgtWPnMKS7C+fgHZNpZ0</latexit>

Badger, Becchetti, Giraudo, SZ 2024

“Non-logarithmic” one-forms, e.g.  ω(x, y) = ωx(x, y) dx + ωy(x, y) dy

Algebraic functions

(Linearly independent)



Push the trouble into the finite part

36

Choose the “problematic” MIs so that they start at order  

In principle, possible because the -poles of 2-loop amplitudes are determined by 
1-loop amplitudes 

In practice not obvious: 

• arbitrary MIs have -poles 

• the “non-problematic” MIs are coupled to the problematic ones through the DEs

ϵ4

ϵ

ϵ

New ingredient: numerical evaluations at random points to determine which g(k)
i (X) = 0



The boundary values conspire… to help us!

37

⃗g(X; ϵ) = ∑
k≥0

ϵk ⃗g(k)(X)

d ⃗g(k)(X) = Ω(0)(X) ⋅ ⃗g(k)(X) + Ω(1)(X) ⋅ ⃗g(k−1)(X) + Ω(2)(X) ⋅ ⃗g(k−2)(X)

Drop all vanishing   

Can be solved in terms of iterated integrals 
 pentagon functions ✓

g(k)
i (X)

⇒

d ⃗g(0)(X) = 0
d ⃗g(1)(X) ∼ d log × ⃗g(0)(X)

= 0



Almost everything is polylogarithmic!

38

Only 6  cannot be expressed in terms of iterated integrals this wayg(4)
i (X)

We just add them to our function basis as independent functions

Polylogarithmic
Non-polylogarithmic



All special functions for the 2-loop amplitudes  
@ leading colour

39

1

<latexit sha1_base64="/lOowamVyaVW/AFT6ke3+46HpxE=">AAAB/XicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWMC5gHJEmZnO8mQ2dllZlYIS/ADvOoneBOvfotf4G84SfZgEgsaiqpuuruCRHBtXPfb2djc2t7ZLewV9w8Oj45LJ6ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYzvZ377CZXmsXw0kwT9iA4lH3BGjZUaXr9UdivuHGSdeDkpQ456v/TTC2OWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/dEourRKSQaxsSUPm6t+JjEZaT6LAdkbUjPSqNxP/87qpGdz6GZdJalCyxaJBKoiJyexrEnKFzIiJJZQpbm8lbEQVZcZms7RF26dGGE6LNhlvNYd10rqueNVKtVEt1+7yjApwDhdwBR7cQA0eoA5NYIDwAq/w5jw7786H87lo3XDymTNYgvP1C0mrlZU=</latexit>

2

<latexit sha1_base64="2NH0yhHYyIqVps39OsFIb86Y24o=">AAAB/XicbVDLSsNAFL2pr1pfVZdugkVwVZJS0GXRjcsW7APaUCaTm3boZBJmJkIJxQ9wq5/gTtz6LX6Bv+G0zcK2HrhwOOde7r3HTzhT2nG+rcLW9s7uXnG/dHB4dHxSPj3rqDiVFNs05rHs+UQhZwLbmmmOvUQiiXyOXX9yP/e7TygVi8WjniboRWQkWMgo0UZq1YblilN1FrA3iZuTCuRoDss/gyCmaYRCU06U6rtOor2MSM0ox1lpkCpMCJ2QEfYNFSRC5WWLQ2f2lVECO4ylKaHthfp3IiORUtPIN50R0WO17s3F/7x+qsNbL2MiSTUKulwUptzWsT3/2g6YRKr51BBCJTO32nRMJKHaZLOyRZmnxhjMSiYZdz2HTdKpVd16td6qVxp3eUZFuIBLuAYXbqABD9CENlBAeIFXeLOerXfrw/pcthasfOYcVmB9/QJLRJWW</latexit>

3

<latexit sha1_base64="Yzk9Qaz505JAyRcjwyoJHnE6Djs=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX0zdlZc=</latexit>

4

<latexit sha1_base64="ljAAxT6S0BU6wixnvK1j7py4aNg=">AAAB+XicbVDLSgNBEOyNr7i+olcvg0HwFHYloMegF48RzAOSJczOdpIhs7PLzKwQluAHeNVP8ObVj/EL/A0nyR5MYkFDUdVNd1eYCq6N5307pa3tnd298r57cHh0fFJxT9s6yRTDFktEoroh1Si4xJbhRmA3VUjjUGAnnNzP/c4zKs0T+WSmKQYxHUk+5IwaKz3WB5WqV/MWIJvEL0gVCjQHlZ9+lLAsRmmYoFr3fC81QU6V4UzgzO1nGlPKJnSEPUsljVEH+eLQGbm0SkSGibIlDVmofydyGms9jUPbGVMz1uveXPzP62VmeBvkXKaZQcmWi4aZICYh869JxBUyI6aWUKa4vZWwMVWUGZvNyhZtnxpjNHNtMv56DpukfV3z67V6tXFXJFSGc7iAK/DhBhrwAE1oAQOEV3iDd+fF+XA+l40lp5g4gxU4X7++WpRZ</latexit>

5

<latexit sha1_base64="6Pce2q+D/EGuvprffHlhWHZUaW0=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexKRI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX1APlZk=</latexit>

k1

<latexit sha1_base64="qdqr9s2tPqvTI28uBun+hUzXXDc=">AAAB/3icbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWNE84BkCbOznWTI7OwyMyuEJQc/wKt+gjfx6qf4Bf6Gk2QPJrGgoajqprsrSATXxnW/nbX1jc2t7cJOcXdv/+CwdHTc1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8j5n1FjpYdTzeqWyW3FnIKvEy0kZctR7pZ9uGLM0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JulZD0Y2VLGjJT/05kNNJ6HAW2M6JmqJe9qfif10lN/9rPuExSg5LNF/VTQUxMpn+TkCtkRowtoUxxeythQ6ooMzadhS3aPjXEcFK0yXjLOayS5mXFq1aq99Vy7SbPqACncAYX4MEV1OAO6tAABgN4gVd4c56dd+fD+Zy3rjn5zAkswPn6BdedlnM=</latexit>

k1 + k2

<latexit sha1_base64="wa8dIr5nSIIf4O00qGV+t8PrVlQ=">AAACA3icbVDLSsNAFL2pr1pfVZduBosgCCUpBV0W3bisYB/QhjCZTNohk0mYmQgldOkHuNVPcCdu/RC/wN9w2mZhWw9cOJxzL/fe46ecKW3b31ZpY3Nre6e8W9nbPzg8qh6fdFWSSUI7JOGJ7PtYUc4E7WimOe2nkuLY57TnR3czv/dEpWKJeNSTlLoxHgkWMoK1kXqR51xFXsOr1uy6PQdaJ05BalCg7VV/hkFCspgKTThWauDYqXZzLDUjnE4rw0zRFJMIj+jAUIFjqtx8fu4UXRglQGEiTQmN5urfiRzHSk1i33TGWI/VqjcT//MGmQ5v3JyJNNNUkMWiMONIJ2j2OwqYpETziSGYSGZuRWSMJSbaJLS0RZmnxjSYVkwyzmoO66TbqDvNevOhWWvdFhmV4QzO4RIcuIYW3EMbOkAgghd4hTfr2Xq3PqzPRWvJKmZOYQnW1y9Iu5fC</latexit>

k2

<latexit sha1_base64="+9bxJXpFNGptAorlmq/UZF493bw=">AAAB/3icbVDLSsNAFL2pr1pfVZdugkVwVZJS0GXRjcuK9gFtKJPJTTt0MgkzE6GELvwAt/oJ7sStn+IX+BtO2yxs64ELh3Pu5d57/IQzpR3n2ypsbG5t7xR3S3v7B4dH5eOTtopTSbFFYx7Lrk8UciawpZnm2E0kksjn2PHHtzO/84RSsVg86kmCXkSGgoWMEm2kh/GgNihXnKozh71O3JxUIEdzUP7pBzFNIxSacqJUz3US7WVEakY5Tkv9VGFC6JgMsWeoIBEqL5ufOrUvjBLYYSxNCW3P1b8TGYmUmkS+6YyIHqlVbyb+5/VSHV57GRNJqlHQxaIw5baO7dnfdsAkUs0nhhAqmbnVpiMiCdUmnaUtyjw1wmBaMsm4qzmsk3at6tar9ft6pXGTZ1SEMziHS3DhChpwB01oAYUhvMArvFnP1rv1YX0uWgtWPnMKS7C+fgHZNpZ0</latexit>

1

<latexit sha1_base64="/lOowamVyaVW/AFT6ke3+46HpxE=">AAAB/XicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWMC5gHJEmZnO8mQ2dllZlYIS/ADvOoneBOvfotf4G84SfZgEgsaiqpuuruCRHBtXPfb2djc2t7ZLewV9w8Oj45LJ6ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYzvZ377CZXmsXw0kwT9iA4lH3BGjZUaXr9UdivuHGSdeDkpQ456v/TTC2OWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/dEourRKSQaxsSUPm6t+JjEZaT6LAdkbUjPSqNxP/87qpGdz6GZdJalCyxaJBKoiJyexrEnKFzIiJJZQpbm8lbEQVZcZms7RF26dGGE6LNhlvNYd10rqueNVKtVEt1+7yjApwDhdwBR7cQA0eoA5NYIDwAq/w5jw7786H87lo3XDymTNYgvP1C0mrlZU=</latexit>

2

<latexit sha1_base64="2NH0yhHYyIqVps39OsFIb86Y24o=">AAAB/XicbVDLSsNAFL2pr1pfVZdugkVwVZJS0GXRjcsW7APaUCaTm3boZBJmJkIJxQ9wq5/gTtz6LX6Bv+G0zcK2HrhwOOde7r3HTzhT2nG+rcLW9s7uXnG/dHB4dHxSPj3rqDiVFNs05rHs+UQhZwLbmmmOvUQiiXyOXX9yP/e7TygVi8WjniboRWQkWMgo0UZq1YblilN1FrA3iZuTCuRoDss/gyCmaYRCU06U6rtOor2MSM0ox1lpkCpMCJ2QEfYNFSRC5WWLQ2f2lVECO4ylKaHthfp3IiORUtPIN50R0WO17s3F/7x+qsNbL2MiSTUKulwUptzWsT3/2g6YRKr51BBCJTO32nRMJKHaZLOyRZmnxhjMSiYZdz2HTdKpVd16td6qVxp3eUZFuIBLuAYXbqABD9CENlBAeIFXeLOerXfrw/pcthasfOYcVmB9/QJLRJWW</latexit>

3

<latexit sha1_base64="Yzk9Qaz505JAyRcjwyoJHnE6Djs=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX0zdlZc=</latexit>

4

<latexit sha1_base64="ljAAxT6S0BU6wixnvK1j7py4aNg=">AAAB+XicbVDLSgNBEOyNr7i+olcvg0HwFHYloMegF48RzAOSJczOdpIhs7PLzKwQluAHeNVP8ObVj/EL/A0nyR5MYkFDUdVNd1eYCq6N5307pa3tnd298r57cHh0fFJxT9s6yRTDFktEoroh1Si4xJbhRmA3VUjjUGAnnNzP/c4zKs0T+WSmKQYxHUk+5IwaKz3WB5WqV/MWIJvEL0gVCjQHlZ9+lLAsRmmYoFr3fC81QU6V4UzgzO1nGlPKJnSEPUsljVEH+eLQGbm0SkSGibIlDVmofydyGms9jUPbGVMz1uveXPzP62VmeBvkXKaZQcmWi4aZICYh869JxBUyI6aWUKa4vZWwMVWUGZvNyhZtnxpjNHNtMv56DpukfV3z67V6tXFXJFSGc7iAK/DhBhrwAE1oAQOEV3iDd+fF+XA+l40lp5g4gxU4X7++WpRZ</latexit>

5

<latexit sha1_base64="6Pce2q+D/EGuvprffHlhWHZUaW0=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexKRI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX1APlZk=</latexit>

k1

<latexit sha1_base64="qdqr9s2tPqvTI28uBun+hUzXXDc=">AAAB/3icbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWNE84BkCbOznWTI7OwyMyuEJQc/wKt+gjfx6qf4Bf6Gk2QPJrGgoajqprsrSATXxnW/nbX1jc2t7cJOcXdv/+CwdHTc1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8j5n1FjpYdTzeqWyW3FnIKvEy0kZctR7pZ9uGLM0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JulZD0Y2VLGjJT/05kNNJ6HAW2M6JmqJe9qfif10lN/9rPuExSg5LNF/VTQUxMpn+TkCtkRowtoUxxeythQ6ooMzadhS3aPjXEcFK0yXjLOayS5mXFq1aq99Vy7SbPqACncAYX4MEV1OAO6tAABgN4gVd4c56dd+fD+Zy3rjn5zAkswPn6BdedlnM=</latexit>

k1 + k2

<latexit sha1_base64="wa8dIr5nSIIf4O00qGV+t8PrVlQ=">AAACA3icbVDLSsNAFL2pr1pfVZduBosgCCUpBV0W3bisYB/QhjCZTNohk0mYmQgldOkHuNVPcCdu/RC/wN9w2mZhWw9cOJxzL/fe46ecKW3b31ZpY3Nre6e8W9nbPzg8qh6fdFWSSUI7JOGJ7PtYUc4E7WimOe2nkuLY57TnR3czv/dEpWKJeNSTlLoxHgkWMoK1kXqR51xFXsOr1uy6PQdaJ05BalCg7VV/hkFCspgKTThWauDYqXZzLDUjnE4rw0zRFJMIj+jAUIFjqtx8fu4UXRglQGEiTQmN5urfiRzHSk1i33TGWI/VqjcT//MGmQ5v3JyJNNNUkMWiMONIJ2j2OwqYpETziSGYSGZuRWSMJSbaJLS0RZmnxjSYVkwyzmoO66TbqDvNevOhWWvdFhmV4QzO4RIcuIYW3EMbOkAgghd4hTfr2Xq3PqzPRWvJKmZOYQnW1y9Iu5fC</latexit>

k2

<latexit sha1_base64="+9bxJXpFNGptAorlmq/UZF493bw=">AAAB/3icbVDLSsNAFL2pr1pfVZdugkVwVZJS0GXRjcuK9gFtKJPJTTt0MgkzE6GELvwAt/oJ7sStn+IX+BtO2yxs64ELh3Pu5d57/IQzpR3n2ypsbG5t7xR3S3v7B4dH5eOTtopTSbFFYx7Lrk8UciawpZnm2E0kksjn2PHHtzO/84RSsVg86kmCXkSGgoWMEm2kh/GgNihXnKozh71O3JxUIEdzUP7pBzFNIxSacqJUz3US7WVEakY5Tkv9VGFC6JgMsWeoIBEqL5ufOrUvjBLYYSxNCW3P1b8TGYmUmkS+6YyIHqlVbyb+5/VSHV57GRNJqlHQxaIw5baO7dnfdsAkUs0nhhAqmbnVpiMiCdUmnaUtyjw1wmBaMsm4qzmsk3at6tar9ft6pXGTZ1SEMziHS3DhChpwB01oAYUhvMArvFnP1rv1YX0uWgtWPnMKS7C+fgHZNpZ0</latexit>

1

<latexit sha1_base64="/lOowamVyaVW/AFT6ke3+46HpxE=">AAAB/XicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWMC5gHJEmZnO8mQ2dllZlYIS/ADvOoneBOvfotf4G84SfZgEgsaiqpuuruCRHBtXPfb2djc2t7ZLewV9w8Oj45LJ6ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYzvZ377CZXmsXw0kwT9iA4lH3BGjZUaXr9UdivuHGSdeDkpQ456v/TTC2OWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/dEourRKSQaxsSUPm6t+JjEZaT6LAdkbUjPSqNxP/87qpGdz6GZdJalCyxaJBKoiJyexrEnKFzIiJJZQpbm8lbEQVZcZms7RF26dGGE6LNhlvNYd10rqueNVKtVEt1+7yjApwDhdwBR7cQA0eoA5NYIDwAq/w5jw7786H87lo3XDymTNYgvP1C0mrlZU=</latexit>

2

<latexit sha1_base64="2NH0yhHYyIqVps39OsFIb86Y24o=">AAAB/XicbVDLSsNAFL2pr1pfVZdugkVwVZJS0GXRjcsW7APaUCaTm3boZBJmJkIJxQ9wq5/gTtz6LX6Bv+G0zcK2HrhwOOde7r3HTzhT2nG+rcLW9s7uXnG/dHB4dHxSPj3rqDiVFNs05rHs+UQhZwLbmmmOvUQiiXyOXX9yP/e7TygVi8WjniboRWQkWMgo0UZq1YblilN1FrA3iZuTCuRoDss/gyCmaYRCU06U6rtOor2MSM0ox1lpkCpMCJ2QEfYNFSRC5WWLQ2f2lVECO4ylKaHthfp3IiORUtPIN50R0WO17s3F/7x+qsNbL2MiSTUKulwUptzWsT3/2g6YRKr51BBCJTO32nRMJKHaZLOyRZmnxhjMSiYZdz2HTdKpVd16td6qVxp3eUZFuIBLuAYXbqABD9CENlBAeIFXeLOerXfrw/pcthasfOYcVmB9/QJLRJWW</latexit>

3

<latexit sha1_base64="Yzk9Qaz505JAyRcjwyoJHnE6Djs=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX0zdlZc=</latexit>

4

<latexit sha1_base64="ljAAxT6S0BU6wixnvK1j7py4aNg=">AAAB+XicbVDLSgNBEOyNr7i+olcvg0HwFHYloMegF48RzAOSJczOdpIhs7PLzKwQluAHeNVP8ObVj/EL/A0nyR5MYkFDUdVNd1eYCq6N5307pa3tnd298r57cHh0fFJxT9s6yRTDFktEoroh1Si4xJbhRmA3VUjjUGAnnNzP/c4zKs0T+WSmKQYxHUk+5IwaKz3WB5WqV/MWIJvEL0gVCjQHlZ9+lLAsRmmYoFr3fC81QU6V4UzgzO1nGlPKJnSEPUsljVEH+eLQGbm0SkSGibIlDVmofydyGms9jUPbGVMz1uveXPzP62VmeBvkXKaZQcmWi4aZICYh869JxBUyI6aWUKa4vZWwMVWUGZvNyhZtnxpjNHNtMv56DpukfV3z67V6tXFXJFSGc7iAK/DhBhrwAE1oAQOEV3iDd+fF+XA+l40lp5g4gxU4X7++WpRZ</latexit>

5

<latexit sha1_base64="6Pce2q+D/EGuvprffHlhWHZUaW0=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexKRI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX1APlZk=</latexit>

k1

<latexit sha1_base64="qdqr9s2tPqvTI28uBun+hUzXXDc=">AAAB/3icbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWNE84BkCbOznWTI7OwyMyuEJQc/wKt+gjfx6qf4Bf6Gk2QPJrGgoajqprsrSATXxnW/nbX1jc2t7cJOcXdv/+CwdHTc1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8j5n1FjpYdTzeqWyW3FnIKvEy0kZctR7pZ9uGLM0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JulZD0Y2VLGjJT/05kNNJ6HAW2M6JmqJe9qfif10lN/9rPuExSg5LNF/VTQUxMpn+TkCtkRowtoUxxeythQ6ooMzadhS3aPjXEcFK0yXjLOayS5mXFq1aq99Vy7SbPqACncAYX4MEV1OAO6tAABgN4gVd4c56dd+fD+Zy3rjn5zAkswPn6BdedlnM=</latexit>

k1 + k2

<latexit sha1_base64="wa8dIr5nSIIf4O00qGV+t8PrVlQ=">AAACA3icbVDLSsNAFL2pr1pfVZduBosgCCUpBV0W3bisYB/QhjCZTNohk0mYmQgldOkHuNVPcCdu/RC/wN9w2mZhWw9cOJxzL/fe46ecKW3b31ZpY3Nre6e8W9nbPzg8qh6fdFWSSUI7JOGJ7PtYUc4E7WimOe2nkuLY57TnR3czv/dEpWKJeNSTlLoxHgkWMoK1kXqR51xFXsOr1uy6PQdaJ05BalCg7VV/hkFCspgKTThWauDYqXZzLDUjnE4rw0zRFJMIj+jAUIFjqtx8fu4UXRglQGEiTQmN5urfiRzHSk1i33TGWI/VqjcT//MGmQ5v3JyJNNNUkMWiMONIJ2j2OwqYpETziSGYSGZuRWSMJSbaJLS0RZmnxjSYVkwyzmoO66TbqDvNevOhWWvdFhmV4QzO4RIcuIYW3EMbOkAgghd4hTfr2Xq3PqzPRWvJKmZOYQnW1y9Iu5fC</latexit>

k2

<latexit sha1_base64="+9bxJXpFNGptAorlmq/UZF493bw=">AAAB/3icbVDLSsNAFL2pr1pfVZdugkVwVZJS0GXRjcuK9gFtKJPJTTt0MgkzE6GELvwAt/oJ7sStn+IX+BtO2yxs64ELh3Pu5d57/IQzpR3n2ypsbG5t7xR3S3v7B4dH5eOTtopTSbFFYx7Lrk8UciawpZnm2E0kksjn2PHHtzO/84RSsVg86kmCXkSGgoWMEm2kh/GgNihXnKozh71O3JxUIEdzUP7pBzFNIxSacqJUz3US7WVEakY5Tkv9VGFC6JgMsWeoIBEqL5ufOrUvjBLYYSxNCW3P1b8TGYmUmkS+6YyIHqlVbyb+5/VSHV57GRNJqlHQxaIw5baO7dnfdsAkUs0nhhAqmbnVpiMiCdUmnaUtyjw1wmBaMsm4qzmsk3at6tar9ft6pXGTZ1SEMziHS3DhChpwB01oAYUhvMArvFnP1rv1YX0uWgtWPnMKS7C+fgHZNpZ0</latexit>

2 permutations 1 permutation

2 permutations

Polylogarithmic, can be evaluated 
efficiently with available technique! 

Non-polylogarithmic

d ⃗G(X) = M(X) ⋅ ⃗G(X)

⃗G(X) = (F(4*)
1 , …, F(4*)

12 , …, F(1)
1 , 1)

⊤
Non-polylog. funcs. defined via 
auxiliary DEs, much simpler 
than those for the MIs

84 functions

Solved with DiffExp 
in ~1 min / point 
(~15 s / segment)

 Hidding 2020



First results for the two-loop  amplitudes gg → gtt̄

40

Badger, Becchetti, Brancaccio, Hartanto, SZ, in preparation

• Analytic cancellation of UV/IR poles 

• Dramatic simplification in the rational coefficients 
(O(100) drop in polynomial degrees)

F(2)(X) = ∑
i

Ri(X) moni (F(w)
j )Leading colour helicity 

finite remainders:

Rational coefficients Monomials of 
special functions

For now, evaluated numerically through finite-field routine

Thanks to our representation of the MIs:
Ready for analytic 

computation!



Conclusions

41

!ank y"!

General algorithm for constructing a special-function basis to solve canonical DEs 

• Numerical evaluation suitable for pheno. 

• Substantial simplification of the scattering amplitudes

All 2-loop 5-pt. integrals with 1 external massive leg

First steps towards the extension of this 
method to non-polylogarithmic integrals

5

1

2

4

3

!2!1

2-loop 5-pt. integrals for jet 
@ leading colour

pp → tt̄+

1
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