
1 3 Work energy
Conservative forces

Wedefine the word done by a force along a given trajectory as
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The work is the integral of the force
alo ath definedby the trajectory

For in o as alwaysassumed from now on unlessotherwise stated
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where we have defined the scalar quantity
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that we denote as the theurgy ofthe particle

A force is said to be 6 if the work is the same

for any physically possible path
between the same initial

and final points This implies null work on closed path
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A necessary and sufficient condition for E to be 0
conservativeis
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where V is a scalarfunction dependingonly on the position
that we denote as the pot for the potential energy
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Theorem of Energy Conservation

If the forces acting on a particle are conservative then the

total energy 1.12
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Another way to check this is by computing explicitly dd
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1 4 Systf pointparticles
We now proceed generalizing the concepts so far introduced to
a system on n point like particles

The system is closed if the force Fi acting on
the i th

particle can be decomposed as
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whereFig Fiji t av or principleofaction reaction

prove this follows from Galileo's relativity for 2 particlesystem

Fordpen s.is we decompose as
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Let's define the total momentum of the system
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The center of mass E and the total mass m
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such that
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It is easy to proof that

theorem the rate of change of total momentum of a system
is equal to the sun of all the external forces acting on the
system



Proof
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From this theorem it follows that

The momentum of a closedsystem is conserved

The e o m of a closedsystem moves uniformly

Let's consider now the angularmomentumof a system of particles
with respect to a givenpoint The total angularmomentum is
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and its time variation reads
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il i 0 if Ej is parallel to rI F
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which we assume to hold for all
internal forces

strong lawof action and reaction

theorem the rate of change of total angularmomentumof a

system is equal to the sun of all the external torquesacting
on the system



Let's finally look at the energyof the system
The work of all forces when considering the evolution of the
system from time ts to time t2 is
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T
tot

frac12Sigmaim2vi2 total kinetic energy

It maybe convenient to change variables and separate the
motion of the c o.im of thesystem

overrightarrowxeom coordinate
overrightarrowr1 par tick word in the c.am frame

overrightarrowxioverrightarrowrioverrightarrowX

Then the total kin energy becomes

T
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Kim energy of
the c 0 m

internal kinetic
energywhere we have usedthe

fact that Sigmaimioverrightarrowr20
c o m momentum in the c o m frame

Let's now consider the case of conservative forces
In order to identify the different contributions to the potential
energy we decompose the total work as
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potential associated to
theexternal forces
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Focusing on internal forces the hypothesisof conservative forces implies
there exists a scalarfunction Vijleftoverrightarrowrioverrightarrowrjright such that

beginmatrixoverrightarrowFijoverrightarrownablaxinablaijleftoverrightarrowxioverrightarrowxjrightequivoverrightarrownablainablaijleftoverrightarrowxioverrightarrowxjrightoverrightarrowFjioverrightarrownablaxjVijleftoverrightarrowxioverrightarrowxjrightequivoverrightarrownablajnablaijleftoverrightarrowxioverrightarrowxjrightendmatrix
In order to satisfy the strong law of action reaction

wemust have

Vijvarphileftleftoverrightarrowrioverrightarrowrjrightright leftoverrightarrowrioverrightarrowrjrightequivleftoverrightarrowrijrightequivsqrtoverrightarrowrijcdotoverrightarrowrij 1.24

where varphileftsright is a generic scalar function
Wefind indeed
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hence

overrightarrowFijoverrightarrownablaiVijequivoverrightarrownablaijVijoverrightarrownablajVijoverrightarrowFji
where overrightarrownablaij denotes the gradientwith respect to the variable overrightarrowrij



We are now ready to compute the internal work
For each pairof particles we have

overrightarrowFijdoverrightarrowxioverrightarrowFjidoverrightarrowxjoverrightarrownablainablaijdoverrightarrowrioverrightarrownablajVijdoverrightarrowrjleftoverrightarrownablaijVijrightcdotdoverrightarrowrij
That implies
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potential associated to internalforces
thefrac12factor isthere because each
ij pairsappearstwice

We can thusdefine a total potential energy
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tot Ttot is conserved

In general the internal potential energy is non zero and most

important can vary with time Only in specific systems it is

separately conserved these are what we call rigid bodies
Formally a rigid body can bedefined as a system of particles
where the overrightarrowrij are fixed cannot vary with time the

internal forces do not wor k


