
2 The Lagrangian Formalism

2.1 Generalities
In the previous lectures we have seen how theeq ofmotion

get modified in the case of conservative systems with
holonomic constraints generalised coordinates
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Today we will prove that these equations follows from
a

variational principle known as the Principle of heart
Action or Hamilton's Principle

To state this principle let's firstdefine the action s

associated to a given trajectory describing the motion

from an initial configuration qjA q.lt to a final
configuration 9jB giltB
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The principle states that

Thetrajectory followed by the system is such that
S reaches

a stationary point correct qCt a extremurn of the action

Before showing that this principle leads to 2.11 let us first
note some points

I This principle focuses on the whole trajectory
rather

than on the istontoneous evolution ofthe system
In physical terms we can say that the system

evolves

in such a way to minimize the transfer of energy

from kinetic to potential and viceversa

II This formulation is byconstruction independent from
the coordinates and the reference frame used to describe the
motion of thesystem It is also suitable to be generalised

to systems where the 9 have nothing to do with 3D

space coordinates

I As far as we know all fundamental interactions in Nature

can be described by this principle using the proper
action and by its generalization when we consider

quantum phenomena

IT Using this principle the transition from classical mechanics

to quantum mechanics is particularlysimple discussion



2.2 ElementofVariationalcolalus
To understand what it means to extremise a functional

let's consider a simple example

Let's start from a ID system
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We want to determine the form of ya that corresponds to
an extremism of Jp keeping fixed ycx Y and Yaz Ya

To this purpose let's consider a generic well behaved function

zCH satisfying Zari Zara and a continuousparameters
We can then build a class of paths depending on

YCX L Y t t 42K 2.5

Finding the extrema of Jp with respect to this class ofpath
is obtained solving dJ dL o Thespecific path y ex is a stationary
point of the functional if

dJy 2.6
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2 8int_x1x2fracpartialFpartialyfracpartialypartialalphadxint_x1x2fracpartialFpartialyfracpartial2ypartialxpartialalphadxfracpartialFpartialyfracpartialypartialalphax1x2int_x1x2fracddxleftfracpartialFpartialyrightfracpartialypartialalphadx
after integrating byports

fracpartialypartialalphax1x2etaleftx2rightetaleftx1rightphi
2.9fracdJdalphaint_x1x2leftfracpartialFpartialyfracddxfracpartialFpartialyrightfracpartialypartialalphadx
210fracdJdalphaalpha0int_x1x2leftfracpartialFpartialyfracddxfracpartialFpartialyrightetaleftxrightdx0

Since this equation mustbe satisfied for any etaleftxright we reach the

conclusion that the path yleftxright corresponding to a stationary point

of JFleftYright must satisfy

2.1fracpartialFpartialyfracddxfracpartialFpartialy0
the introduction of the continuos parameter

propto is an auxiliary
step we canskip introducing the conceptof functional derivative

2.12

deltaJFleftYrightJFleftYdeltaYrightJFleftYrightint_x1x1leftFleftydeltayydeltayxrightFleftyyxrightrightdxint_x1x2leftfracpartialFpartialydeltayfracpartialFpartialyfracddxleftdeltayrightrightdx



2.13int_x1x2leftfracpartialFpartialyfracddxleftfracpartialFpartialyrightrightdeltaydxfracpartialFpartialydeltayx2x1
vanishes if deltayleftx1rightdeltayleftx2rightphi

2.1deltaJFleftYright0 fracpartialFpartialyfracddxleftfracpartialFpartialyrightphi
Example Shortest distance between two points on a plane

2.15

dssqrtdx2dy2left1y2rightfrac12dxy leftX2Y2right

Yleftxright
leftx1y1right

Isint_x1x2dsint_x1x2left1y2rightfrac12dxFleftyyxrightX

2.16fracpartialFpartialyyleft1yrightfrac12fracpartialFpartialyphi
Theminimization condition 2.14 reads

2.17

fracddxleftyleft1y2rightfrac12right0Rightarrowy const

l or fracd2ydx20
which is nothing but the path corresponding to a straight line



2.3 Euler Lagrange's Eg from Hamilton'sprinciple

Generalizing the ID core discussed above we can easyly prove that

left21right i e the Euler Lagrange EqcdotS for a system described by N
coordinates qilefttright i1ldotsN follow from the minimization of the

action defined in 2.3

2.1deltaSleftqirightint_tAtBLleftqideltaqiq1deltaqitrightLleftqiqitrightdt
Considering each af the deltaqilefttright as independent and satisfying

deltaqilefttArightdeltaqilefttBright0 we arrive to

i1ldotsN 2.1deltaSleftairight0RightarrowfracddtleftfracpartialLpartialqirightfracpartialLpartialqi0
It is interesting to check explicitly the statement II on pag 1

namely the independence from the coordinate system of the Euler Lag

equations

Let's consider a new setof variables Yii1ldotsN suchthat

2.2yilefttrightyileftq1lefttrightldotsqxlefttrighttright
The only condition we require is that

the changeof coordinate

is invertible namely

2.21detleftfracpartialyipartialqkrightneq0
Jacobian ofthe
transformation

mathbbNtimesmathbbN matrix Jin
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Let's now compute 940Yi and 240
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since Det J 10 the Euler Lagrange equations on the gi variables

imply equivalent equations for
the ya variables

ft 8 dot o e I N

We have thus proved that these equations are indeed coordinate

independent



To conclude let's finally verify that the actionprinciple is
equivalent to Newton's second law for a conservative system of
N particles

qilefttrightleftrightarrowoverrightarrowXklefttrightequivxkjlefttright
beginmatrixi1ldots3Nendmatrix

n ofporticles
Space directions

k1ldotsN

j1ldots3

ToverrightarrowZkfrac12mk2overrightarrowxk2sum_kjfrac12mk2leftxkjright2
UUleftoverrightarrowxiright

overrightarrowFkoverrightarrownablaxkUleftoverrightarrowxirightrightarrowFkjfracpartialUleftximrightpartialxkjfracpartialLleftoverrightarrowxioverrightarrowxirightpartialxkj 2.24

2.25fracddtfracpartialLpartialqifracpartialLpartialqiphiRightarrowmkddotoverrightarrowxkoverrightarrowFkleftoverrightarrowxirightphi


