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Current situation for αs

I αs is a fundamental parameter of the SM

I Impacts virtually all theoretical calculations
for x-sections & decays for LHC

I Relevant also for EW vacuum stability, GUT,
& searches of new colored sectors

I PDG: αs(mZ) = 0.1179(9) ≈ 0.8%

Not good enough! We want � 1%, else

⇒ Large uncertainties in key processes (Higgs)

⇒ Limiting factor for precision top mass and
EWPO determinations at future colliders

I Many determinations are precision limited by
systematics: PT truncation errors, non-pert.
e�ects, . . .

I Lattice QCD is a powerful tool for the job

(PDG ’21)
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Crash course in lattice QCD (Wilson ’74; . . . )

Path integral

〈O〉 =
1

Z

∫
DADψDψO[A,ψ, ψ] e−SQCD[A,ψ,ψ]

Gauge action

SG =
1

g2
0

∑
x,µ,ν

Re tr
{

1− Pµν(x)
}

Pµν a

µ

ν

ψ(x) ψ(x + µ̂)

Uµ(x)a

L

Fermion action

SF = a4

Nf∑
f=1

∑
x

ψf (x)

Df︷ ︸︸ ︷
(Dw +m0,f )ψf (x) Dw = 1

2

∑
µ

{γµ(∇?µ +∇µ)− a∇?µ∇µ}

X Theoretically robust and cheap to simulate

7 Hard breaking of SUA(Nf) symmetry for m0,f = 0

Continuum limit, a→ 0

g2
0(a)→ 0 a ≡ (amp)

mexp
p

(amhad)

(amp)
=
mexp

had

mexp
p

had = π,K, . . . ⇒ m0,f (a)

In�nite volume limit, L→∞
2 / 20



Crash course in lattice QCD (Wilson ’74; . . . )

Path integral

〈O〉 =
1

Z

∫
DUDψDψO[U,ψ, ψ] e−SG[U ]−SF [U,ψ,ψ]

Gauge action

SG =
1

g2
0

∑
x,µ,ν

Re tr
{

1− Pµν(x)
}

Pµν a

µ

ν

ψ(x) ψ(x + µ̂)

Uµ(x)a

L

Fermion action

SF = a4

Nf∑
f=1

∑
x

ψf (x)

Df︷ ︸︸ ︷
(Dw +m0,f )ψf (x) Dw = 1

2

∑
µ

{γµ(∇?µ +∇µ)− a∇?µ∇µ}

X Theoretically robust and cheap to simulate

7 Hard breaking of SUA(Nf) symmetry for m0,f = 0

Continuum limit, a→ 0

g2
0(a)→ 0 a ≡ (amp)

mexp
p

(amhad)

(amp)
=
mexp

had

mexp
p

had = π,K, . . . ⇒ m0,f (a)

In�nite volume limit, L→∞
2 / 20



Crash course in lattice QCD (Wilson ’74; . . . )

Path integral

〈O〉 =
1

Z

∫
DU O′[U ]

Nf∏
f=1

det(Df [U ])e−SG[U ]

Gauge action

SG =
1

g2
0

∑
x,µ,ν

Re tr
{

1− Pµν(x)
}

Pµν a

µ

ν

ψ(x) ψ(x + µ̂)

Uµ(x)a

L

Fermion action

SF = a4

Nf∑
f=1

∑
x

ψf (x)

Df︷ ︸︸ ︷
(Dw +m0,f )ψf (x) Dw = 1

2

∑
µ

{γµ(∇?µ +∇µ)− a∇?µ∇µ}

X Theoretically robust and cheap to simulate

7 Hard breaking of SUA(Nf) symmetry for m0,f = 0

Continuum limit, a→ 0

g2
0(a)→ 0 a ≡ (amp)

mexp
p

(amhad)

(amp)
=
mexp

had

mexp
p

had = π,K, . . . ⇒ m0,f (a)

In�nite volume limit, L→∞
2 / 20



Crash course in lattice QCD (Wilson ’74; . . . )

Path integral

〈O〉 =
1

Z

∫
DU O′[U ]

Nf∏
f=1

det(Df [U ])e−SG[U ]

Gauge action

SG
a→0

≈ 1

4g2
0

∫
d4xF aµν(x)F aµν(x) Uµ(x)

a→0

≈ eiaAµ(x)

ψ(x) ψ(x + µ̂)

Uµ(x)a

L

Fermion action

SF = a4

Nf∑
f=1

∑
x

ψf (x)

Df︷ ︸︸ ︷
(Dw +m0,f )ψf (x) Dw = 1

2

∑
µ

{γµ(∇?µ +∇µ)− a∇?µ∇µ}

X Theoretically robust and cheap to simulate

7 Hard breaking of SUA(Nf) symmetry for m0,f = 0

Continuum limit, a→ 0

g2
0(a)→ 0 a ≡ (amp)

mexp
p

(amhad)

(amp)
=
mexp

had

mexp
p

had = π,K, . . . ⇒ m0,f (a)

In�nite volume limit, L→∞
2 / 20



Crash course in lattice QCD (Wilson ’74; . . . )

Path integral

〈O〉 =
1

Z

∫
DU O′[U ]

Nf∏
f=1

det(Df [U ])e−SG[U ]

Gauge action

SG
a→0

≈ 1

4g2
0

∫
d4xF aµν(x)F aµν(x) Uµ(x)

a→0

≈ eiaAµ(x)

ψ(x) ψ(x + µ̂)

Uµ(x)a

L

Fermion action

SF = a4

Nf∑
f=1

∑
x

ψf (x)

Df︷ ︸︸ ︷
(Dw +m0,f )ψf (x) Dw

a→0

≈
∑
µ

γµ(∂µ + iAµ)

X Theoretically robust and cheap to simulate

7 Hard breaking of SUA(Nf) symmetry for m0,f = 0

Continuum limit, a→ 0

g2
0(a)→ 0 a ≡ (amp)

mexp
p

(amhad)

(amp)
=
mexp

had

mexp
p

had = π,K, . . . ⇒ m0,f (a)

In�nite volume limit, L→∞
2 / 20



αs from lattice QCD
All there is to it

O(q)
q→∞
≈

N∑
n=1

cnα
n
MS(q) + O(αN+1

MS ) + O

(
Λp

qp

) [
αO(q) ≡ O(q)

c1

]
Why do we like it?

I Lots of freedom in choosing O ⇒ no need to be exp. accessible
I O de�ned within QCD⇒ EW e�ects only a�ect hadronic inputs
I O(q) non-pert. and accurately measurable up to large scales q [if carefully chosen]
I No need for modeling hadronization

It all starts at low-energy

Lattice QCD parameters are renormalized (�xed) in terms of hadronic inputs

fπ, mπ, mK , . . .︸ ︷︷ ︸
Nf

⇒ g0, m0,ud, m0,s, . . .︸ ︷︷ ︸
Nf

QCD coupling and quark masses in any other scheme, at any scale, are predictions

Caveat
In most calculations Nf = 3. What happens with the charm and bottom? Later!
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Meet the challenge
LQCD butchers space-time by introducing

1. Lattice spacing a, i.e. UV-cuto� ∼ a−1

2. Finite volume L4, i.e. IR-cuto� ∼ L−1

Systematic error constraints

I Low-energy: hadronic inputs mhad

L−1 � mhad � a−1 mhad

e.g.
= fπ,mπ,mK , . . . ∼ ΛQCD

I High-energy: non-pert. coupling αO(q)

L−1 � q � a−1 q � ΛQCD

Problem
Fitting hadronic and pQCD scales into a single lattice requires

L−1 � mhad � q � a−1

I Most common lattice simulations are devised for mhad calculations
I Cost of simulations ∝ (L/a)−7 ⇒ q × 2 is O(100)× more costly

I αO(q)
q→∞
∝ 1/ log(q/ΛQCD) ⇒ Exponentially HARD problem!
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How can we reach high-energy?
Computations of mhad and αO(q) are separate problems
⇒ precision demands dedicated approach for αO(q)

Finite-volume schemes (Wilson; . . . ; Lüscher, Weisz, Wol� ’92)

I Finite-L e�ects are part of the de�nition of αO(q), i.e. q = L−1

Measure the change in �nite-volume correlators as L varies
I Lattice systematics are under control once

L−1 = q � a−1 ⇒ L/a� 1 ⇒ EASY!

Step-scaling strategy (Lüscher et al. ’94; Jansen et al. ’96)

1. Given αO(qhad = L−1
had)

e.g.
= 1, determine qhad/mhad ∼ O(1)

2. Measure change in αO(q = L−1) as L→ L/2

σO(u) ≡ αO(2q)|u=αO(q) ⇒ non-pert. β-function

3. Starting from qhad ∼ ΛQCD, after n ∼ O(10) steps, we reach

qPT = 2nqhad ∼ O(100) GeV where αO(qPT) ∼ 0.1

4. Extract αMS(qPT) from PT expansion of αO(qPT)

5. αMS(qPT)
PT→ ΛMS/qPT → ΛMS/qhad → ΛMS/mhad
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Schrödinger functional couplings (Symanzik ’81; Lüscher et al. ’92; Sint ’94; . . . )

Gauge �elds bcs.

Ak(x)|x0=0 = Ck(η, ν) Ak(x)|x0=T = C′k(η, ν)

Quark �elds bcs.
[
P± = 1

2
(1± γ0)

]
P+ψ|x0=0 = P−ψ|x0=T = 0

ψP−|x0=0 = ψP+|x0=T = 0

SF coupling

αSF,ν(q) ∝ 1

∂ηΓ

∣∣∣∣
η=0

Γ = − lnZ[C,C′] q = L−1 m = 0

x0 = T

x0 = 0

L× L× L

T
GµνGµν

Gradient �ow (GF)

∂tBµ(t, x) = DνGνµ(t, x) Bµ(0, x) = Aµ(x)

Gµν = ∂µBν − ∂νBµ + [Bµ, Bν ] Dµ = ∂µ + [Bµ, · ]

Gauge-invariant composite �elds of Bµ are �nite for t > 0 (Lüscher, Weisz ’12)

GF coupling

αGF(q) ∝ t2〈Gaµν(t, x)Gaµν(t, x)〉|x0=T/2 q = L−1
√

8t = L/3 m = 0
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αs from a non-perturbative determination of Λ
(Nf=3)

MS

1. Determination of µhad/fπ,K to
establish µhad = 197(3) MeV

where α(3)
GF(µhad) = 0.9

2. Non-pert. running GF-scheme
from µhad to µ0 = 4.3(1) GeV

3. Non-pert. matching �nite-volume
schemes: GF→ SF

4. Non-pert. running SF-scheme from
µ0 to µPT = 24µ0 ∼ 70 GeV

5. NNLO matching SF→ MS schemes

and α(3)

MS
(µPT) extraction

6. α(3)

MS
(µPT)→ Λ

(3)

MS
=

3.5%︷ ︸︸ ︷
341(12) MeV

7. PT decoupling for c- and b-quarks gives

Λ
(3)

MS
→ Λ

(5)

MS
→ α

(5)

MS
(mZ) = 0.1185(8)︸ ︷︷ ︸

0.7%(ALPHA Collab. ’17)
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%
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How accurate is Nf = 3 QCD?
Including the charm quark in hadronic simulations is challenging

I Very �ne lattice spacings are needed⇒ CPU expensive
mc ∼ 1.3 GeV ⇒ amc & 0.3 in typical simulations

I More costly simulations and complex tuning of parameters

g0, m0,ud, m0,s, m0,c ⇔ fπ , mπ , mK , mD

Systematics in Λ
(3)

MS
→ Λ

(5)

MS

I Matching Λ-parameters

The ratios Λ
(3)

MS
/Λ

(4)

MS
and Λ

(4)

MS
/Λ

(5)

MS
are given by

P`,f(M/Λ
(Nf )

MS
) = Λ

(N`)

MS
/Λ

(Nf )

MS
M ≡ RGI-mass decoupling quark(s)

I Hadronic quantities
Renormalization of lattice QCD requires tuning g0,m0,ud, . . . , so that

Rhad

e.g.
=

[
mπ

fπ

]lat

,

[
mK

fπ

]lat

, . . . =

[
mπ

fπ

]exp

,

[
mK

fπ

]exp

, . . .

mexp
had ≡ exp. value (corrected for QED and mu 6= md e�ects)

Q: What’s the size of charm e�ects: R(Nf=3)
had = R

(Nf=4)
had + O(M−2

c )?
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E�ective theory of decoupling and PT matching
Fundamental theory

LQCDNf
=

1

4g2
FµνFµν +

N∑̀
f=1

ψfD/ ψf +

Nf∑
f=N`+1

ψf (D/ +M)ψf

E�ective theory (Weinberg ’80; . . . )

Leff = LQCDN`
+

1

M2

∑
i

ωiΦi + . . . ⇒ LO : Leff = LQCDN`

Matching couplings in PT (Bernreuther, Wetzel ’82; . . . ; Chetyrkin, Kühn, Sturm ’06; Schröder, Steinhauser ’06)

EFT is matched at LO once the e�ective and fundamental couplings are matched

α
(N`)

MS
(m?) ≡ α? ξ

(
α?) α? ≡ α(Nf )

MS
(m?) m? = mMS(m?)

Matching Λ-parameters in PT

Λ
(N`)

MS
(M,Λ

(Nf )

MS
) = P`,f(M/Λ

(Nf )

MS
) Λ

(Nf )

MS
⇒ P`,f(M/Λ

(Nf )

MS
) =

ϕ
(N`)

MS

(
α?ξ(α?)

)
ϕ
(Nf )

MS
(α?)

where

Λ
(Nf )
X = µϕ

(Nf )
X (αX(µ)) ϕ

(Nf )
X (α) = . . . exp

{
−
∫ α

0

dy

β
(Nf )
X (y)

+ . . .

}

M = mX(µ) ε
(Nf )
X (αX(µ)) ε

(Nf )
X (α) = . . . exp

{
−
∫ α

0
dy
τ

(Nf )
X (y)

β
(Nf )
X (y)

+ . . .

}
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Perturbative decoupling at work
(Athenodorou et al. ’18)

0 10 20 30 40
0

0.02

0.04

Mc/Λ

M/Λ

re
la
ti
v
e
d
i�
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en

ce
to

P
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2 loop

3 loop

4 loop

5 loop
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I P`,f(M/Λ) ∼ P (n-loop)
`,f (M/Λ) + O(αn−1

? )

I PT expansion shows very good “convergence”

⇒ PT uncertainties are quite small

Q: But can we really trust PT decoupling at Mc/Λ?

n-loop α
(5)

MS
(mZ) αn − αn−1

2 0.11699
3 0.11827 0.00128
4 0.11846 0.00019
5 0.11852 0.00006

α
(5)

MS
(mZ) = 0.1185(8)(3)PT
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How perturbative are heavy quarks?
Non-perturbative matching

Λ(N`)

m
(N`)
had,1

= P had,1
`,f

(
M/Λ(Nf )

) Λ(Nf )

m
(Nf )
had,1(M)

⇒ m
(N`)
had,2 = m

(Nf )
had,2(M) + O

(
Λ2

M2

)
Factorization formula (Bruno et al. ’15; Athenodorou et al. ’18)

m
(Nf )
had (M)

m
(Nf )
had (0)

= Qhad
`,f × P had

`,f

(
M/Λ(Nf )

)
=Qhad

`,f︸ ︷︷ ︸
NP & M-indep.

× P`,f
(
M/Λ(Nf )

)︸ ︷︷ ︸
PT & universal

+ O

(
Λ2

M2

)

Result: Typical O(Λ2/M2
c ) corrections to P3,4(Mc/Λ) are < 1% e�ects (Athenodorou et al. ’18)

⇒ Λ
(3)

MS

PT→ Λ
(4)

MS
precise enough for δΛ(3)

MS
& 1.5%

Ratios of hadronic scales

m
(Nf )
had,1(M)

m
(Nf )
had,2(M)

=
m

(N`)
had,1

m
(N`)
had,2

+ O

(
Λ2

M2

)

Result: Typical O(Λ2/M2
c ) corrections to such ratios are < 0.5% e�ects

⇒ Good enough for a per-cent precision determination of Λ
(3)

MS
(Knechtli et al. ’17; Höllwieser et al. ’20)
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Non-perturbative renormalization by decoupling
Current situation

I δΛ
(3)

MS
∼ 3.5%⇒ room for improvement!

I δΛ
(3)

MS
dominated by NP running 0.2− 70 GeV

I Halving δΛ(3)

MS
by brute force is CPU expensive

Key observations

I P`,f(M/Λ) has small PT and NP corrections for M/Λ & 5

I Λ
(Nf )

MS
is M-independent⇒ same for QCDNf

with any M

I LQCD can access QCDNf
with any M

Master equation 1.0 (ALPHA Collab. ’20, ’22)

Λ(N`)

m
(N`)
had

= P had
`,f

(
M/Λ(Nf )

) Λ(Nf )

m
(Nf )
had (M)

I Compute Λ
(0)

MS
/m

(0)
had in pure Yang-Mills

I Determine m(3)
had(M)/m

(3)
had(mphys

u,d,s) and set m(3)
had(mphys

u,d,s) ≡ mexp
had

I Extrapolate for M →∞
12 / 20
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Key observations

I P`,f(M/Λ) has small PT and NP corrections for M/Λ & 5

I Λ
(Nf )

MS
is M-independent⇒ same for QCDNf

with any M

I LQCD can access QCDNf
with any M

Master equation 1.0 (ALPHA Collab. ’20, ’22)

Λ
(0)

MS

m
(0)
had

= P
(n-loop)
0,3

(
M/Λ

(3)

MS

) Λ
(3)

MS

m
(3)
had(M)

+ O(αn−1
? ) + O

(
Λ2

M2

)
I Compute Λ

(0)

MS
/m

(0)
had in pure Yang-Mills

I Determine m(3)
had(M)/m

(3)
had(mphys

u,d,s) and set m(3)
had(mphys

u,d,s) ≡ mexp
had

I Extrapolate for M →∞
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Non-perturbative renormalization by decoupling
Is this feasible?

L−1 � m
(3)
had �M � a−1

Example

L/a = 100 mπL ∼ 4 ⇒ a−1 ∼ 3 GeV ⇒ M ∼ 1 GeV

Decoupling in a �nite volume

I Decoupling scale

α
(3)
GF(µ

(3)
dec) = 0.3 ⇒ µ

(3)
dec = L−1

dec = 789(15) MeV

I Massive coupling (Appelquist, Carazzone ’75; . . . )

α
(0)
GF(µ

(0)
dec)

def.
= α

(3)
GF(µ

(3)
dec,M) ⇒ µ

(0)
dec = µ

(3)
dec + O(M−2) ∼ µdec

Master formula 2.0 (ALPHA Collab. ’20, ’22)

Λ
(0)

MS

µdec
= P

(n-loop)
0,3

(
M/Λ

(3)

MS

)Λ
(3)

MS

µdec
+ O(αn−1

? ) + O

(
µ2

dec

M2

)
I Determine α(3)

GF(µdec,M) such that L−1
dec = µdec �M � a−1

Ldec/a ∼ 50 µdec ∼ 800 MeV ⇒ M ∼ 10 GeV

I Compute Λ
(0)

MS
/µdec = (Λ

(0)

MS
/Λ

(0)
GF)ϕ

(0)
GF(α

(0)
GF(µdec))
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Large-mass limit
E�ective action

LQCD ≈ LYM +
1

M2
L2,dec + . . . LYM =

1

4g2
F aµνF

a
µν

〈OGF〉QCD = 〈OGF〉YM − 1

M2

∫
d4x〈OGFL2,dec(x)〉conn

YM + O(M−3)

O(1/M2) counterterm

L2,dec =

2∑
i=1

di(g
2)Di

D1 =
1

g2
tr (DµFµνDρFρν) D2 =

1

g2
tr (DµFρνDµFρν)− 23

7
D1

O(1/M2) contribution
[
α? ≡ α(3)

MS
(m?)

]
α

(3)
GF(µ,M)− α(0)

GF(µ) ∝ 1

M2

2∑
i=1

α
γ̂Di −2γ̂m
? di(α?)

∫
d4x 〈OGFDRGI

i (x)〉conn
YM + . . .

I LO anomalous dim: γ̂m = 4/9 ; γ̂D1 = 0 ; γ̂D2 = 7/11 (Husung et al. ’20; Husung ’21)

I Matching: di(α?) = d̂iα? + O(α2
?)
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Continuum limit
Symanzik e�ective action (Symanzik ’82; Sheikholeslami, Wohlert ’85; Lüscher et al. ’96; . . . ; Husung et al. ’22; Husung ’23)

Llatt ≈ LQCD +
1

ΛUV
L1 +

1

Λ2
UV

L2 + . . . ΛUV = a−1

〈OGF〉latt = 〈OGF〉QCD − a
∫

d4x 〈OGFL1(x)〉conn
QCD + O(a2)

O(a) counterterms

L1 =
3∑
i=1

ci(g
2)Oi ⇐ Consequence of breaking SUA(Nf) symmetry

O1 = ψσµνFµνψ O2 = M2ψψ O3 =
M

4g2
F aµνF

a
µν

O(a)-improvement

I Add irrelevant ops. to Llatt which cancel L1-contributions

Llatt → Llatt + acsw(g2
0)ψσµνF

latt
µν ψ

mq → mq(1 + bm(g2
0)amq) g2

0 → g2
0(1 + bg(g2

0)amq)

I O1 and O2 e�ects removed, but residual O(g6
0aM)-e�ects from O3
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Large-mass continuum limit
Symanzik e�. action (Symanzik ’82; Sheikholeslami, Wohlert ’85; Lüscher et al. ’96; . . . ; Husung et al. ’22; Husung ’23)

Llatt ≈ LQCD +��HHaL1 + a2L2 + . . . L2 =

18∑
i=1

bi(g
2)Bi

O(a2) contribution

∆(a) ≡ α(3)
GF(µ,M, a)− α(3)

GF(µ,M, 0)

Large-mass expansion
[
µ�M � a−1

]
LQCD ≈ LYM +

1

M2
L2,dec + . . .

Bi ≈M2di0D0 +
2∑
j=1

dijDj + . . . D0 =
1

4g2
F aµνF

a
µν

Conclusion

∆(a) = O(a2M2) + O(a2µ2)

LO anomalous dim:

I γ̂Bmin = −1/9 for O(a2M2) term (Husung et al. ’22; Husung ’23)

I Only partial info available for O(a2µ2) term
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Continuum limit of the massive coupling

0.0 0.1 0.2 0.3 0.4
5.00

5.25

5.50

5.75

6.00

(aM)2

ḡ
2 z

z =1.972
z =4.0
z =6.0
z =8.0
z =10.0
z =12.0

0.000 0.001 0.002 0.003 0.004 0.005 0.006
5.00

5.25

5.50

5.75

6.00

(a/L)2

ḡ
2 z

z =1.972
z =4.0
z =6.0
z =8.0
z =10.0
z =12.0

Global �t ansatz

ḡ2
z = C(z) + p1[α

(3)

MS
(a−1)]Γ̂(aµdec)2 + p2[α

(3)

MS
(a−1)]Γ̂

′
(aM)2 ±O(aM)

ḡ2
z/(4π) = α

(3)
GF(µdec,M, a) z = M/µdec

Remarks

I p1, p2 are z-independent; we �nd p1 � p2

I Γ,Γ′, and aM varied to assess systematics

I Estimate of residual O(aM) e�ects using δbg = bNLO
g

I Final results consider: aM ≤ 0.4, z ≥ 4, Γ̂ = Γ̂′ = 0
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Large-mass extrapolation of Λ
(3)

MS
Pure-gauge running (MDB, Ramos ’19)

α
(0)
GF(µdec)

def.
= α

(3)
GF(µdec,M)

Λ
(0)

MS
/µdec = (Λ

(0)

MS
/Λ

(0)
GF)ϕ

(0)
GF(α

(0)
GF(µdec))

α
(3)
GF(µdec, 3.2 GeV) ⇒ Λ

(0)

MS
/µdec = 0.719(16)

α
(3)
GF(µdec, 9.5 GeV) ⇒ Λ

(0)

MS
/µdec = 0.797(21)

Master formula

ρP
(5-loop)
0,3 (z/ρ) = Λ

(0)

MS
/µdec

ρ = Λ
(3)

MS,eff
/µdec

z = M/µdec

µdec = 789(15) MeV

0.00 0.05 0.10 0.15 0.20 0.25

325

350

375

400

425

(µdec/M)2

Λ
(3
)

M
S
,e
ff
[M

eV
]

Fit ansatz

Λ
(3)

MS,eff
= A+

B

z2
αΓ̂m
?

Result
[
z ≥ 6 ; Γ̂m = 0

]
Λ

(3)

MS
= 336(10)(6)aM (3)Γ̂m

MeV
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The coupling from decoupling
More decoupling

Λ
(3)

MS

P
(5-loop)
3,4 (Mc/Λ

(4)

MS
)

−→ Λ
(4)

MS

P
(5-loop)
4,5 (Mb/Λ

(5)

MS
)

−→ Λ
(5)

MS

β
(5-loop)
MS−→ α

(5)

MS
(mZ)

Final result

α
(5)

MS
(mZ) = 0.11823(69)(42)aM (20)Γ̂m

(9)3→5 = 0.1182(8)

FLAG 21: α(5)

MS
(mZ) = 0.1184(8) PDG 21: α(5)

MS
(mZ) = 0.1179(9) (FLAG ’21; PDG ’21)

0

10

20

30

40

50

µdec O(aM) Λ
(0)

MS
/µdec αGF(µdec,M) others

%

Contribution to relative error squared of αs

0.115 0.116 0.117 0.118 0.119 0.12 0.121 0.122

αs(MZ)

ALPHA 17
PACS-CS 09A

Ayala 20
TUMQCD 19

Cali 20
HPQCD 10
Maltman 08
HPQCD 14A
HPQCD 10
FLAG 21

This work
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Conclusions & Outlook

Conclusions

I Heavy-quark decoupling is a powerful tool for extracting αs

I Allows us to replace the non-perturbative running from µdec

to µPT in Nf = 3 QCD with that in pure Yang Mills

I Current precision αs(mZ) ≈ 0.7% is comparable with the
most precise lattice determinations

I Uncertainty is currently dominated by:

1. Physical units of the scale µdec

2. Residual O(aM) uncertainty
3. Pure-gauge running

Outlook

I Short-term: Reanalysis of αs with no residual O(aM) uncertainty (coming soon)

I Mid-term: Compute Λ
(0)

MS
/µdec with 1/3 of the uncertainty (≈ 0.5%)

I Long(er)-term: More precise scale determination
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High-energy matching (ALPHA Collab. ’16, ’18)

ν = 0 ν = −0.5
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What was done

1. Match SFν → MS schemes at µn = 2nµ0 = 2n/L0 using

αMS(sµn) = αν(µn) + cν1(s)α2
ν(µn) + cν2(s)α3

ν(µn) cν1(s?) = 0 |cν2(s?)| . 1

2. Extract ΛMS/µ0 from αMS(sµn) using 5-loop βMS-function

3. Assess size of PT truncation errors (of O(α2) in ΛMS/µ0)
through s-parameter dependence around s?
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Non-perturbative decoupling tests

0 0.2 0.4 0.6 0.8 1 1.2 1.4
0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

ηM =
∂ lnm

(Nf )
had (M)

∂ lnM
=
∂ lnP had

0,2 (M)

∂ lnM
mhad = 1/

√
t0, 1/

√
tc, 1/w0

(Athenodorou et al. ’18)



Non-perturbative decoupling tests
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Pure Yang-Mills running

(MDB, Ramos ’19)
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