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Abstract

The luminosity distance is a key concept in cosmology, providing insights into the
structure and evolution of the universe. Measurements of luminosity distances from
distant Type Ia supernovae have shown that the universe is undergoing accelerated
expansion. Recent studies suggest that second-order perturbations could contribute
to this phenomenon, emphasizing the need for statistical analysis of luminosity dis-
tance in a universe influenced by such perturbations. This research outlines the
theoretical framework, deriving observable quantities like redshift, source position,
physical volume, and area, all in a gauge-invariant form. Using the zero-shear tem-
poral gauge and spatial C-gauge, along with the Einstein-de Sitter universe limit,
an analytical expression for luminosity distance is obtained. Finally, the study qual-
itatively explores methods to derive the luminosity distance monopole.
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Introduction

The luminosity distance serves as a crucial tool in cosmology, enabling the extraction
of significant information about the universe, particularly at low redshifts. This
information, far from being trivial, has led to groundbreaking discoveries. Notably,
measurements of luminosity distances to distant Type Ia supernovae have revealed
one of the most profound cosmological findings of recent times: the universe is
currently in a phase of accelerated expansion [1, 2]. The reason for this behavior is
still a complete mystery.

If the universe is homogeneous and isotropic on large scales, all contributions to
the cosmological energy-momentum tensor are characterized by their energy density
p(z) and pressure P (z). Accelerated expansion requires that overall p + 3P < 0
today. This condition can be met by introducing a so-called ‘dark energy’ component
with very negative pressure in addition to the usual pressureless matter. A natural
choice for this dark energy is something that behaves like a cosmological constant
in General Relativity (GR). Yet, its value does not align with expectations from
quantum field theory. The predicted value exceeds the experimentally measured
one by 120 orders of magnitude — “the worst prediction ever made by a scientific
theory,” according to Lee Smolin [3].

Thus, the luminosity distance is an excellent probe for cosmology, and accurate
measurements and theoretical understanding are crucial for advancing our knowl-
edge. To measure the luminosity distance, we need 'standard candles,” sources with
known luminosity. Later in this thesis, we will discuss the construction and cali-
bration of the distance ladder, starting from parallax and Cepheid variables, and
explain why Type Ia supernovae are particularly effective as standard candles.

This discussion primarily applies to a homogeneous universe, where knowledge
of fluctuations is not necessary to determine that the universe’s expansion is ac-
celerating. This is because deviations from homogeneity are minimal on very large
scales. However, these fluctuations do exist and contain valuable information about
the initial conditions of the universe and the behavior of gravity on large scales.
Since the luminosity distance is well measured, we can use these measurements at
late times to gain insights into the conditions of the very early universe.

Our theory of initial conditions, known as inflation, posits that primordial density



perturbations are generated by the enhancement of vacuum quantum fluctuations
of the “inflaton” field [4, 5]. This leads to the observations we see in the sky being
a realization of a random process. Therefore, while we cannot predict the exact
outcome of any specific measurement, we can predict its statistical properties, such
as the expectation value or mean. By comparing these predictions with actual
observations, we can gain new insights into the Universe. In an idealized scenario
where supernovae are present at every redshift and visible in all directions, the
simplest observable statistic we can construct is the expected value of the luminosity
distance at a given redshift.

In cosmological perturbation theory, the expectation for the luminosity distance
fluctuations is zero at linear order. This arises from our theory of initial conditions,
which posits that the mean of every fluctuation is zero [6]. Consequently, the mean
value of the luminosity distance to the linear order is considered a background
value. However, when we move beyond linear perturbation theory to second-order
fluctuations, a non-zero contribution can emerge. Although this contribution is
expected to be small, it is significant when compared to the zero prediction at linear
order. Even a minuscule value, such as 107!°, can be substantial and carry valuable
information.

Since we only have one observable sky and cannot average over the ensemble of
different realizations of the universe, the mean luminosity distance can be obtained
by spatially averaging over all directions in the sky. The angular average of the lumi-
nosity distance includes both the background and fluctuations, known as monopole
fluctuations because they are averaged over all angles. The expected value of this
monopole fluctuation is not well known because it requires second-order perturba-
tion theory, which is complex in its current form. Prior to the work of J. Yoo and M.
Magi [7], the gauge invariance of the expressions had not been thoroughly checked,
leading to the omission of many terms in the literature without a compelling reason.

Continuing the discussion about the acceleration of the Universe, it has been
known for some time that locally measured cosmological parameters, such as the
Hubble constant (Hy), may not reflect those of the underlying Friedmann universe.
These parameters might be influenced by local fluctuations. Recently, it has even
been argued that second-order perturbations could be responsible for the observed
acceleration of the universe [8-11], suggesting that no cosmological constant or dark
energy is necessary. This hypothesis underscores the importance of deriving statis-
tics for the luminosity distance in a universe with perturbations to the second order.

In order to deal with luminosity distance monopole, we begin by introducing some
theoretical concepts necessary to contextualize both cosmology in general and more
specifically cosmological perturbation theory. After that, we present our calculations

of luminosity distance perturbation to the second order in the Einstein-de Sitter
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Universe.

The organization of this thesis is as follows: in section 1.1, we discussed the
modern standard model of cosmology, whereas in section 1.1.4, special attention
was given to homogeneous and isotropic spaces and Friedmann-Lemaitre-Robertson-
Walker Cosmology. This geometry will be used as the background solution, assuming
a spatially flat case. Next, in sections 1.1.6 and 1.1.7, we presented various methods
of determining distance in cosmology and emphasized the importance of luminosity
distance in the context of observations.

However, it is quite obvious that the Universe is not completely homogeneous,
which highlights the further necessity to consider in sections 1.2 the perturbed ex-
pression for the metric, along with the necessary mathematical apparatus for calcu-
lations in this model. Also, in 1.2.3 and 1.2.4, we specifically focused on the problem
of gauge transformations and the choice of gauge.

At this stage, we are sufficiently equipped to obtain in section 1.3 a generic
expression for cosmological quantities, such as time-lapse and spatial shift, redshift,
source position, physical volume, the area occupied by the source, and finally, the
expression for perturbations in luminosity distance.

Finally, at this stage, we can perform direct calculations for luminosity distance
in terms of metric quantities. In Chapter 2, we obtained this expression in the linear
order of perturbation theory for further use in Chapter 3 to derive the expression
in the second order. After determining the gauge, we applied the Einstein-de Sitter

limit to obtain a formula ready for further processing.



Chapter 1

Theory Overview

1.1 Standart Model of Cosmology

1.1.1 Homogeneity and Isotropy

The Universe is homogeneous and isotropic at large spatial scales. Extensive galaxy
surveys, which have gathered data on over a million galaxies, confirm that the largest
structures in the Universe, such as superclusters of galaxies and vast voids, span tens
of megaparsecs. At scales greater than 200 Mpc, the Universe exhibits uniformity
in all directions (homogeneity) and shows no preferential directions (isotropy).

Currently, around 20 superclusters have been identified [12-14]. The Local Group
resides within the Laniakea Supercluster, encompassing approximately 100,000 galax-
ies spread over 160 Mpc. Superclusters are relatively sparse, with a galaxy density
of only twice the average density of the Universe. One of the closest superclusters
to Laniakea, the Shapley Supercluster, is located in the direction of the Centaurus
constellation, about 200 Mpc away [15].

The most extensive catalog of galaxies and quasars to date is the Sloan Digital
Sky Survey (SDSS) catalog [16]. Freely available, this catalog is the result of years
of data collection by a dedicated telescope and includes millions of celestial objects.
Most of the data has been processed, resulting in measurements of the spectra of
nearly 2 million objects. These measurements have been used to create a three-
dimensional map covering a significant portion of the visible Universe, spanning
over a quarter of the sky.

Early results from the SDSS [17] are illustrated in Fig. 1.1, showing the po-
sitions of 40,000 galaxies and 4,000 quasars. This section of the celestial sphere
spans 500 square degrees, revealing clusters of galaxies and voids. The isotropy and
homogeneity of the Universe become apparent at spatial scales of around 100 Mpc
and larger. The color of each dot indicates the type of astrophysical object, with

certain types dominating due to the peculiarities of structure formation and evolu-
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1.1. STANDART MODEL OF COSMOLOGY

tion. Thus, observations partly reflect conditions from different epochs rather than

a single moment in space.
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Figure 1.1: Spatial distribution of galaxies and quasars based on early SDSS observational
data. Green dots represent all galaxies within a specific solid angle with an apparent
magnitude above a certain threshold. Red dots denote Large Red Galaxies, which are
highly luminous and form a relatively uniform population. Light and dark blue points
indicate the locations of ordinary quasars.

1.1.2 Expansion

The Universe expands as the distances between galaxies increase. Essentially, space,

which is always homogeneous and isotropic, stretches. To describe this expansion,

one introduces the scale factor a(t) as a function of time. The distance between

two distant objects in the Universe is proportional to a (). The rate of cosmological

expansion, or the relative growth of distances per unit of time, is characterized by
the Hubble parameter:

al(t

H(t) = ﬁ. (1.1)

The expansion of the Universe also causes the wavelength of a photon emitted

in the distant past to increase [18, 19]. Similar to other distances, the photon

wavelength increases in proportion to a (t); thus, the photon experiences redshift.

This redshift z is defined by the ratio of photon wavelengths at absorption and

emission:

)\ab
)\em
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Chapter 1

This ratio depends on the time of emission (assuming the photon is detected on
Earth today), i.e., on the distance to the source. Redshift is a measurable quantity:
the emission wavelength is determined by the physics of the emission process (e.g.,
the energy levels of an atom), while A\, is the measured wavelength. One measures
the redshift by identifying the system of emission (or absorption) lines and measuring
how much they are shifted to the red spectral region.

For z < 1, the distance to the source r and the redshift are related by the Hubble

law as:

z = Hyr. (1.3)

Present value, according to our convention, is denoted by Hy. Notably, in 1929,
Edwin Hubble first determined this constant to be 500 km/s per million parsecs
[20]. Since then, the Hubble constant has been actively measured using various
methods [21-24]. Early on, Hubble used bright stars and the light from nebulae
to estimate redshift and determine the constant. Later, type Ia supernovae were
identified as better standard candles for distant galaxies, leading to more precise
redshift measurements. We will discuss this in more detail later.

High-accuracy measurements using the James Webb Space Telescope in 2023 [25]
have confirmed earlier observations from the Hubble Space Telescope [26], yielding

a Hubble constant of

Hy=173.04+1.0kms ' Mpc ™. (1.4)

1.1.3 Pieces of General Relativity

In 1915, Albert Einstein presented the geometric theory of gravitation known as
General Relativity (GR), which is considered a cornerstone of modern physics. This
theory refines Newton’s law of universal gravitation by providing a unified descrip-
tion of gravity as a geometric property of space and time. Specifically, the curvature
of spacetime is directly related to the energy and momentum of the matter and
radiation present. Wheeler [27] encapsulated this central idea of general relativity
with the phrase, “Spacetime tells matter how to move; matter tells spacetime how to
curve.” Given that gravitation is the dominant force on large scales, GR is essential
for adequately describing the Universe in cosmology.

The main mathematical instruments for describing curved spacetime are differ-
ential manifolds. By that, we mean a space consisting of patches that locally look
like R™ and are smoothly connected together. A metric must be introduced to define
geometrical properties on a manifold. The metric tensor g,, serves as a mathemat-

ical entity that defines distances and angles, similar to how the inner product in

10 IS THE UNIVERSE ACCELERATING?



1.1. STANDART MODEL OF COSMOLOGY

Euclidean space does. With the quantities dz* interpreted as components of an
infinitesimal coordinate displacement four-vector, the metric determines the invari-
ant square of an infinitesimal line element, commonly known as an interval. This

interval is represented by

ds® = g, dxtdz”. (1.5)

The Christoffel symbol, derived from the metric, describes how basis vectors
change from point to point within a coordinate system. It quantifies the rate of
change of the covariant basis concerning the coordinate variable. The Christoffel

symbol is given by

1
Fﬁp = 59#0 (apgz/a + 81/9,00 - aagup) . (16)

This symbol, also referred to as the connection, illustrates how the tangent spaces
at different points in spacetime are interconnected. From this connection, we can

derive the Riemann curvature tensor R¥ . which provides an intrinsic method for

vpo )

describing the curvature of a surface:

R, =0, —8,I + T " T " (1.7)

vpo Vo pe vp~ o€*

Contracting it, we get the Ricci tensor and the Ricci scalar.

R, = R

v R=R. (1.8)
These quantities are of particular interest because they appear in the main equa-

tion of General Relativity, the Einstein field equations:

1 8t
Ry + (A B §R) G =~ Ly (1.9)
where T}, is the stress-energy tensor that describes the density and flux of energy
and momentum in spacetime. It is an attribute of matter, radiation, and non-
gravitational force fields. A is the cosmological constant and G is the gravitational

constant.

1.1.4 Homogeneous Isotropic Spaces and FLRW Maetric

As we discussed before, to a very solid approximation, our Universe is homogeneous
and isotropic at sufficiently large scales. This implies that, at a given moment in
time, the geometry of space is that of a homogeneous and isotropic manifold. There
are only three such manifolds: the 3D sphere, the 3D plane, and the 3D hyperboloid.

The geometry of a 3-dimensional sphere is best understood by imagining it embedded

IS THE UNIVERSE ACCELERATING? 11



Chapter 1

in a (fictitious) 4-dimensional Euclidean space and expressing the equation of the

3-sphere in its standard form:

() + (22)* + (2% + (a9 = R?, (1.10)

where % are coordinates of the 4-dimensional Euclidean space and R is the radius

of the 3-sphere. Let us introduce three angles x, €, ¢ so that

x' = Rsin y sin @ sin ¢,
2 . .
x° = Rsin y sinf cos ¢,
X i (1.11)
23 = Rsin x cos ¢,

2! = Rcosy.

With such parametrization, the distance between two points on the 3-sphere can

be written as:

dI*> = R® [dx* + sin® x (d6” + sin® 0d¢?) | . (1.12)

Similarly, we can write down the distance between two points on the hyperboloid,
and its expression for the plane is just a 3-dimensional Pythagorean formula. How-
ever, 3-sphere, 3-hyperboloid, and 3-plane metrics can be written in a unified form.

To do this, one may come back from using y angle to radial coordinate 7:

dr?

I’ = T—ga T r? (d6? + sin® 0de?) | (1.13)
where
%, 3-sphere,
K= 0, 3-plane, (1.14)
— % , 3-hyperboloid.

Expanding homogeneous and isotropic Universe is described by Friedmann-Lemaitre-
Robertson-Walker (FLRW) metric

ds® = —dt* + a® (t) gi;da'da’, (1.15)

where g;; is the metric of unit (R = 1) 3-sphere, unit 3-hyperboloid or 3-plane.

It turns out useful to work with the conformal time, defined as dn = adt, such
that (1.15) becomes

ds* = a® () (—dn* + gidx'dz’) . (1.16)

12 IS THE UNIVERSE ACCELERATING?



1.1. STANDART MODEL OF COSMOLOGY

Usually, the spacetime is considered to be spatially flat, so from now on, when

we refer to the FLRW metric, we consider the following:

ds* = a® (n) (—dn* + da” + dy® + d=°) . (1.17)

1.1.5 Friedmann-Lemaitre Equations

The dynamics of the expanding Universe appeared implicitly in the metric described
in the previous subsection. To make this time dependence explicit, we must solve
Einstein’s field equations (1.9). The first consideration is that due to the symmetries
arising from the Robertson-Walker metric, the energy-momentum tensor takes the
form of a perfect fluid, the components dependent only on time coordinate. Hence,

we know that the energy-momentum tensor for a perfect fluid is [28]:

T;w = (P + p) Up Uy + 9D, (118)

and it fulfills the energy and momentum conservation
Ty = 0. (1.19)

Using the expression for metric (1.15) together with definitions (1.8) and (1.6),

Einstein equations take a form:

00-component: H (t) + H? (t) = G (p+ 3p) + %’

aff-component: H*(t)=%Cp - K 4 2

(1.20)

These are called Friedmann-Lemaitre equations. Having these equations, together

with equation of state p = wp one may determine evolution of the Universe.

1.1.6 Distances in Cosmology

In cosmology, distance measures provide a natural concept of distance between two
objects or events in the universe. These measures are commonly employed to link
an observable quantity, such as the luminosity of a distant quasar or the redshift of
a distant galaxy, to another, more calculation-friendly quantity that is not directly

observable, such as the comoving coordinates of the quasar or galaxy.

e Comoving distance:

The comoving distance between the source emitting light at time ¢; and the

observer at the Earth at time #; can be computed by the following formula

IS THE UNIVERSE ACCELERATING? 13



Chapter 1

(derived using (1.15)):

to z

t;

e Angular diameter distance:

In terms of an object’s physical size, D, and its angular size, 60, as viewed

from Earth, one can obtain angular diameter distance

D
Dy=—. 1.22
=z (122
As can be seen from the Fig. 1.2 §0 = %, and so
(x,0+ 06, 9,t;)
< < D
(x,0,0,t:)
Figure 1.2: Simplified scheme of observation.
X
Dy = . 1.23
AT 142 ( )

This is commonly used to observe so called standard rulers, astronomical ob-

ject for which the actual physical size is known.

Luminosity distance:
To express the luminosity distance, we will use the flux-luminosity relation:

L

= —. 1.24
47 D? (1.24)

The number of photons crossing the unit surface at the observer’s position is
inversely proportional to the area A, while the energy of each photon differs
from the energy at emission by the redshift factor (1 + z)~!. The same factor
additionally enters the expression for the number of photons crossing the unit
surface in unit time since the time intervals for the source and observer differ

by factor (1 + z)~!. Using this, one can write down the expression of flux at

14
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1.1. STANDART MODEL OF COSMOLOGY

the observer’s position in terms of absolute luminosity L as:

L
F=— (1.25)
(1+2)°A
In the flat universe, one may write A = 47x?2, so one may find the relationship
between angular and luminosity distance, known as Etherington’s reciprocity

theorem:

Dp=(1+2)x=(1+2)7?D,. (1.26)

The luminosity distance is important for measurements of standard candles
like type la supernovae, which were first used to discover the acceleration of

the expansion of the universe.

1.1.7 Cosmic Distance Ladder

The cosmic distance ladder is a series of techniques that astronomers use to measure
the vast distances to celestial objects. Given the immense scales involved, there is
no single method that can measure all these distances directly. Within our solar sys-
tem, we can use direct measurements, such as radar, combined with straightforward
trigonometry. However, these methods become impractical when dealing with larger
scales. For instance, radar signals would take minutes or even hours to traverse the
solar system, and the closest star is a staggering four light years away! This chapter
will explore the ingenious methods astronomers have developed to overcome these

challenges and map the universe.

e Parallax:

The modern parallax method relies on observing the apparent shift in position
of a star relative to the background stars as the Earth orbits the Sun. Due to
the vast distances of stars, the perceived motion in the night sky is minuscule,

and the parallax equation is simply:

d=—, (1.27)
p
where d is the distance in parsecs, and p is the parallax angle measured in

arcseconds.

Despite the high precision of parallax measurements, the method has signif-
icant limitations regarding the maximum measurable distance. The furthest

distances currently measurable using parallax reach up to the center of the

IS THE UNIVERSE ACCELERATING? 15
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Milky Way galaxy, achievable with advanced instruments such as the Gaia

space telescope [29, 30].

Figure 1.3: Stellar parallax motion

e Standard candles:

In astronomical research, almost all objects used as physical distance indicators
belong to a class with a known intrinsic brightness or luminosity. By comparing
this intrinsic luminosity to the observed brightness of the object, the distance
can be calculated using the formula from the Sec. 1.1.6. These objects with
known luminosity are referred to as “standard candles”, a term coined by
Henrietta Leavitt [31].

After measuring the periods and relative brightnesses of Cepheid variables,
Henrietta Leavitt discovered a correlation between the period and apparent
brightness of these stars. Specifically, stars with longer periods exhibited
greater brightness than those with shorter periods. By reasonably assum-
ing that the Small Magellanic Cloud is sufficiently distant to consider all stars
within it at approximately the same distance from Earth, one can infer a rela-
tionship between the period and the absolute brightness of these stars as well.
This finding was pivotal in the field of modern astrophysics, as it implied that
by simply measuring the pulsation period of a Cepheid, one could determine

a distance to it — an otherwise challenging task.

Supernovae of Type la:

The final step in the cosmic distance ladder involves Type la supernovae,
which occur in binary systems where a white dwarf accretes material from
its companion star. Once the white dwarf’s mass reaches the Chandrasekhar
limit, the electron degeneracy pressure can no longer support it, leading to a
catastrophic collapse. This collapse triggers violent nuclear reactions in the
core, releasing an enormous amount of energy and causing the star to explode,

completely disrupting it. Because all Type Ia supernovae result from the same

16
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1.1. STANDART MODEL OF COSMOLOGY

physical process, they behave similarly and release a consistent amount of
energy, making them ideal standard candles. Additionally, Type Ia supernovae
are incredibly bright, often outshining all other stars in their galaxy combined.
They can be detected in galaxies hundreds of millions of light years away,
providing a powerful tool for measuring distances and calibrating redshifts far

beyond the reach of Cepheid variables.

1.1.8 Universe is Accelerating. Or...

Soon after the expansion of the universe was firmly established, observational cos-
mologists began striving to detect variations in the expansion speed as a function
of redshift. They were so convinced that gravitational interactions among galaxies
would decelerate the expansion that they introduced the deceleration parameter ¢,
which they believed to be positive.

The two teams [32, 33] aimed to measure the matter density parameter through
the distance-redshift relation (1.26) of Type Ia supernovae. We can express y via
(1.21) as:

dz’'

W)/
a0ty ) \/Q (1+ 2) + Q (1 4+ 2)°

where €2, and €2, are the normalized values of the present radiation energy density

(1.28)

X:

and matter density, respectively. Fitting these parameters leads to a paradox: if we
assume a matter-dominated cosmology, the matter density parameter would have
to be significantly negative to coincide with the observations, which favored an
accelerated expansion.

To resolve this, a cosmological model mixing matter with some kind of fluid
that acts as a source of static negative energy density has been introduced. Within
the framework of general relativity, such a fluid may cause the acceleration of the

)

expansion. The term “dark energy” used nowadays refers to this hypothetical fluid.

However, the assumption of dark energy is not entirely intuitive, and several
researchers have questioned the majority opinion on the acceleration or even the as-
sumption that the universe is homogeneous and isotropic. For example, a paper by
Jacques Colin et al. [34] says that the cosmic acceleration deduced from supernovae
may be an artifact of our being non-Copernican observers rather than evidence for
a dominant component of “dark energy” in the Universe. A paper [9] argues that
the concept of “dark energy” is unreliable because the assumption of a perfectly
homogeneous background becomes invalid at later times due to the increasing influ-
ence of perturbations. This means that the standard use of the Friedmann equation

to describe the average behavior of the universe at low redshifts is likely incorrect,
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Chapter 1

as it fails to account for the effects of inhomogeneities. Therefore, to continue the

discussion, we need to enter the area of relativistic perturbation theory.

1.2 Relativistic Perturbation Theory

Our current understanding of the evolution of the universe is based on the FLRW
(Friedmann-Lemaitre-Robertson-Walker) cosmological model, which describes a spa-
tially homogeneous and isotropic universe. Initially, the universe consisted of uni-
formly distributed matter. Over billions of years, this matter has coalesced into
large-scale structures, including galaxies containing hundreds of billions of stars,
galaxy clusters, superclusters, and vast filaments of matter.

Under the framework of general relativity, these denser regions and the voids
between them influence the curvature of space-time, as matter determines the cur-
vature of space-time. Consequently, the additional mass of galaxies and galaxy
clusters (including dark matter, if particles of it are directly detected) causes the
nearby space-time to curve more positively. Conversely, voids induce negative curva-
tures in the surrounding space-time. To account for these variations, the Relativistic

Perturbation Theory has been introduced.

1.2.1 Metric Perturbations and Observed Four-Velocity

Using the FLRW coordinate system, wherein the temporal coordinate is denoted by
cosmic time ¢ or conformal time 7, while the spatial coordinates are represented by
comoving coordinates . The components of the metric for the real inhomogeneous

universe can be expressed as:

gm (0, @) = —a® (n) (1 + 2A (1, 1)), na (1, T) = —a® (n) Ba (1, T) |
9as (1, 7) = a® (n) (bup + 2Cap (1, 7)) ; (1.29)

where the spacetime fields A, B,, and C,s represent nonlinear perturbations to the
background metric, based on the flat 3-metric d,3. These perturbations highlight
the inhomogeneities of the real universe, and their absence yields the background
FLRW metric.

It is also important to introduce a vector field u on the spacetime manifold
describing the real inhomogeneous universe, expressed in coordinates via the chart
u = u* (x) 0,,. This vector field describes the observer’s four-velocity along the curve,
satisfying the following equations at each point of the observer’s world line:

d dxt(r) O

dr dr  Oxn’

u,ut = —1. (1.30)
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1.2. RELATIVISTIC PERTURBATION THEORY

From the symmetries of the FLRW solution, one may notice that in the background,
only the temporal component of the observer’s four-velocity is non-vanishing. Per-
turbations from the background introduce nonlinear perturbations du and U® to the
observer’s four-velocity:

ut = ! (1 + du, U". (1.31)
a

1.2.2 Scalar-Vector-Tensor Decomposition

Given the splitting of the spatial hypersurface and the symmetry associated with it,

we decompose the perturbation variables to all orders as:

A=a,  By=Bat+BY  Cop = ¢laptraptC+C, U™ = —v 0™,
(1.32)

The decomposition into scalar, vector, and tensor components is interesting be-
cause it allows us to consider three types of perturbations separately. For example,
scalar perturbations of the metric, which couple with density matter fluctuation p,
lead to the large-scale structure we observe today. Tensor perturbations describe
gravitational waves, while vector perturbations decay exponentially in an expanding
universe, making them less interesting to study. At nonlinear order, these pertur-

bations mix, complicating the evolution of the quantities.

1.2.3 Gauge Transformation

The general covariance of general relativity ensures that any coordinate system can
be used to describe physical phenomena, and these descriptions must be independent
of the coordinate system. This principle is known as diffeomorphism symmetry in
general relativity. However, when we decompose the metric into a background and
perturbations, we must evaluate both quantities at the same point for calculations.
To achieve this, we introduce a diffeomorphism and its pull-back. In perturbation
theory, this mapping is called a gauge choice, which establishes a one-to-one cor-
respondence between points in the physical and background spacetimes to define
perturbation quantities. The gauge choice is not unique, as different correspon-
dences can be found for the same background spacetime due to general coordinate
transformations on the perturbed spacetime.

To look at the gauge transformation using so-called passive approach [35], we

consider the following transformation between two coordinates x* and z#:

ot =" + é“(:c”) =t + f“ + %@ﬁpfﬂ (1.33)
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The variables g" and f“ are perturbed order quantities. To the second order, we

may have the following:
éu = é(l)# + 5(2)#7 (1.34)

and similarly for (. For any tensor quantity, we use the tensor transformation

property between x* and z* spacetimes:

N -2, - P
= —v (I’ )7 t;w@ ) = %@t,\p(x ) (135)

oxk P

$@7) = 6(i7),  Bu(a7)

By comparing tensor quantities at the same spacetime point, x®, we can derive
the gauge transformation properties of the tensor quantity. Specifically, a tensor

quantity t transforms as follows [36]:

c c 1 2
t(2€) = t(2°) — Lt + §£<~t, (1.36)
where £; is a Lie derivative along ¢*. One can show that [37]

S ~ ~ ~ - o~ o~ 1~ ~ ~
D) = ) = 0.8+ 048" £ + 502", (1.37)
- e ~ e ~  Fb o~ 1 cbge |~ Fb ofe |~ Ffb Fo |~ FC | & ofC F
o (7%) = Dol )_Ua7b€b_vb€b,a+§va,bc€b€ + TapE” £+ Ty, (E A TE 0+ 0L 4 0
(1.38)
Lab (xe> = gab (l,e) - 250(0,50,[)) - Zh{ab,cgC + 2£c(agd,b)£c7d + gcdéc,aédﬁ—i_

- ~ . -~ 1- ~ -~ o~
+ gd (2§C7(bta)c7d + 2tc(agc7b)d + Etab,cdgc + tab,cgc,d> : (139)
Following the approach in [37], one may define

=, fr=¢ (1.40)

where £ is based 3-metric on ggg Analogously, in terms of (* we set (° = ¢° and

(™ = ¢ where (* is based on 3-metric gf}; Thus, we have

_ 1 / 1 « o _ o la/ la B
& = "+ 3¢+ 500" €= T ST S (L))
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1.2. RELATIVISTIC PERTURBATION THEORY

Therefore, the metric quantities can be written as:

~

A=A— <€0/+ %,50) _Algo —24 <€O/+%/§O) —A@ga _Baga/

3 a a 1 /d" 1
+oEVEV 40 e (Y + =€, )+ 43" + o | —+ — ) | —5£7¢,
2 a a 2\ a a 2

(1.42)

~ a’
By =B, —£° 4+, —2A° , — (B; + 2515’&) £ —Bo” =B, 57 — Bst? ,+2Co5¢"
/ /
— G 20 + €5 + Ty — € (sg 2, & 2%5%)
— €8 — g = € (9,6 + %) . (143)
P R ) B N C) RS
af = Lap — Ef 9o — 590{5,76 - 97(a€ B)

a’ 1 a
+Ba” 5= (0;5 + QEC“B) 60 —Capr€" =208 5y HE(aE” = 5E% st —9apE €,

+£°

a @ 1(d" d®\ @0, (Low @0\ ® o0 @) LB e
9058 T (ot 5 ) 9as€ (58 € ) Gap T2 0008 5 90E )

1 1 1
5 (3 ®3) s 5 (3) ®3) 3) ®3)
€ 39+ 3055 € a8 4 (ggamgﬁg & (395 + JIapaed’ + gv(a@,ﬁ)‘S) '

4
(1.44)
The Scalar-Vector-Tensor decomposed quantities transform as:
~ 1 0 !/
a:a—g(af )+ A, (1.45)
. 1\’
B=pB—-¢&+ (55) + AT'VBe, (1.46)
BY = BY + €9 4 Bey — Vo AT'VP B, (1.47)
~ 1 1 1 3) - A v A wit] «
7:’7—554'5 A‘f“éR (3A VVC&XQ—C&I), (148)

. a5 1,, 1 1 e .
p=p- ;éo + 30 — A (A + §R(3)> (BAT'VV Ceap — C.2),  (1.49)

-1

. 1
CW =) —¢® 49 (A + §R<3>) (VPCeap — VaAT'VIVCe5),  (1.50)
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«

A 1 g 1 1 (3 1 -1 -
Gy =C (%—Cw—gcgl gi,g)—g (V(Nﬁ - gg&b?A) (A + §R(3)) (3BA7'VIVCers — C))

1 -1
— Vi (A + §R<3>> (V7Ceyy — VATV IVCes) . (1.51)

The quadratic parts of the gauge transformation equations (1.42), (1.43), and (1.44)
are denoted byA¢, Be,, and Ceop respectively.

1.2.4 (Gauge Conditions

Of course, the situation described above is not complete. To solve most problems, we
also need to define the perturbation of the time-like four-vector u#, which describes
the motion of an observer. Additionally, we must consider several fluid quantities
related to the energy-momentum tensor, such as the energy density p, the isotropic
pressure p, the energy flux g, and the anisotropic pressure m,zs.

Once we are all equipped, we may choose the gauge conditions. These are com-
monly separated into temporal gauge fixing conditions, fixing £°, and spatial gauge

fixing conditions, fixing ¢ and 5.

e Temporal gauge fixing condition affects only scalar-type perturbation [37].
Depending on the task, one can impose any one of the following temporal gauge

conditions to be valid at any spacetime point:

a=0—8=¢ ), synchronous gauge,
v=0—¢& =0, comoving gauge, (1.52)
x=a(® +8)=0—¢& =0, zero-shear gauge.

Any variable under any gauge condition (except for the synchronous gauge)
has a unique equivalent gauge-invariant combination. It is to say o, = a|y=o

is the same as « in the zero-shear gauge.

e Spatial gauge conditions applies to both scalar-type (via fixing &) and the
vector-type (via fixing 5,(1”)) perturbations. Due to the spatial homogeneity of

the background, we have natural spatial gauge fixing conditions to choose [38]:

B=0,BY=0-¢=¢oca, &) =€ (x) B-gauge,

e e _ (1.53)
v =0, Cy 0—=>£=0, & 0 C-gauge.

The B-gauge conditions do not fully fix the spatial and rotational gauge modes,
leaving some gauge modes remaining even after they are applied. In contrast,

the C-gauge conditions successfully eliminate all gauge modes.
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1.3 Gauge-Invariant Expression for Luminosity Dis-

tance

In the recent sections, we explored perturbations in a homogeneous and isotropic
universe, which lay the groundwork for the complex structures we observe today.
A completely homogeneous universe would not form such entities as planets, stars,
galaxies, clusters, and superclusters of galaxies. To create these structures, primor-
dial fluctuations are essential.

Cosmology is unique in its need for a distinct theory regarding its initial condi-
tions. Currently, the theory of inflation stands as the most widely accepted explana-
tion for these initial conditions. This theory suggests that initial perturbations arise
from the amplification of vacuum quantum fluctuations of the “inflaton” field. As a
result, the outcomes of our observations are inherently influenced by the realization
of random processes. While we may not be able to predict the exact outcome of any
specific measurement, we can predict its statistical properties.

The task of obtaining statistics for the observable Universe is theoretically com-
plex. Unlike other fields, we cannot run multiple universes to observe their outcomes.
Instead, we examine all directions in the sky to derive statistical quantities through
averaging over all angles. Notably, linear-order perturbations do not produce any
statistical differences, as the mean values of all fluctuations, according to inflation-
ary theory, are zero. Therefore, we must derive an expression in the second order of

perturbation theory to advance our understanding.

1.3.1 Metric Perturbations and Observer Four-Velocity

We will adopt the metric that is given in (1.29). And proceed further by lowering
indices in (1.31), to obtain:

Uy = Gt = —a (14 0u+ 244 2A0u + BUY) (1.54)
Uy = Japt!' = a (Z/{a - B, — duBB, + QCagZ/{B) ) (1.55)

The normalization condition constraints velocity perturbations to metric perturba-

tions:
1 1
0=dut+A(l+ 25u)+§5u2 (1+2A)+BU* (1 + 5u)—§ua (Us +2U Cqp) . (1.56)
Assuming the observer’s path is a geodesic, the observer’s acceleration a* vanishes:

a' = u'V,ut = uout + T ufu =0, (1.57)
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where V, is the covariant derivative compatible with g and I'), are the Christoffel

symbols. Utilizing (1.31), the geodesic can be explicitly expressed as:

!/
a’=0= (Pgn + %) (14 6u)* + (207,U* + 6u') (14 du) + T2 U U + U s0u,
/

3w> (1 + 6u) + T UUT +UPDU.

a_ T 2 B «
a® =0=T7 (1+du) +<2F25L{ +U” — -

(1.58)

Among all the Christoffel symbols, only I'], has a non-vanishing background contri-
bution, such that a* = 0 at the background level. Hence, terms involving Flﬁu“uﬁ

are at least third order in perturbations.

1.3.2 Physical Observables in the Observer Rest Frame

Analogously to the observer four-velocity, a vector field k can be defined, expressed

in coordinates as k = k* (x) d,. This vector field is constrained along the light path:
k= k" (xp) 0y, (1.59)

and describes a null vector at each point:

d dz* 0

k=N T dN oo

(1.60)

This requirement uniquely specifies the affine parameter A, ensuring that the com-

ponents of k are linked to physical observables.

The observers conduct cosmological observations within their rest frame, wherein
the metric is Minkowski 7),;,, and the time direction is determined by the four-
velocity u* of the observer [39]. This frame is defined only within the infinitesimal
neighborhood of a given spacetime point of the observer. Nevertheless, a tangent
space orthogonal to the observer’s time direction u* can be precisely defined by
constructing three spacelike vectors ef’. Together with the time direction e = u*,
these four vectors constitute an orthonormal basis for the observer (7, = g ete},
where a, b, c,.. = 0,1, 2,3 denote the components of a tetrad and can be raised and
lowered using the Minkowski metric).

In the observer’s rest frame, cosmological measurements are made and geomet-
rically described in terms of the tetrad basis at the point of observation. The

components of the light wavevector in this reference frame are given by [40]:

a

k' = ekt = w (1, —n')", (1.61)
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where the components of the photon wavevector in the observer rest-frame are ex-
pressed in terms of the observable quantities: the angular frequency w = 27v of the

photon and the angular position n® of the source.

In the observer rest-frame, a set of angles (6, ¢) is assigned to the unit directional
vector n' = (sinf cos ¢, sin fsin ¢, cos@). Notably, these cosmological observables
(such as w or n’) remain independent of FLRW coordinates, while the components

of the photon wavevector k* or the tetrad vectors e/ are coordinate-dependent.

We equip the null light path with tetrad basis vectors at each point. However,
numerous ways exist to achieve this. If {e,} is a tetrad basis at a point and we
make a change of basis to arrive at {e,}, then {e/} remains a tetrad basis only
if the transformation consists of three independent boosts and three independent
spatial rotations (Lorentz group). First of all, one can align the tetrad frame with
the observer trajectory to fix the freedom in boosts. The observer moves with a
timelike velocity u®, defining the proper-time direction eff = u*. We fix the residual
rotation freedom by aligning the space-like tetrad vectors parallel to the FLRW
spatial directions at the background level. Then, we can parameterize the spatial

directions of the tetrad in the following way:
1

el = u”, el = = (de], 68 + def) , (1.62)
a

where de] and de* are perturbations, capturing the deviation from the background.

It is natural to further split def* into the symmetric part S;; and the anti-symmetric

part A;; as:
o saj 1 1
dej = —5j P, Sij = 5 (pij + pji) Ay = b (Pij — pji) » (1.63)
using orthonormality condition,
Nab = Guv€hey, g = n“begez, etel =4t egez = 52. (1.64)

We may constrain the time component of the spatial tetrads:

del =6 (U, — B,) (1.65)
and the symmetric part of the spatial component

Sij = 0800Cas = Cyj. (1.66)

The anti-symmetric part A;; is, however, left unconstrained by the orthonormality
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condition.

Now that we have the local tetrad vectors, we can proceed to establish a connec-
tion between the local observables and the photon wavevector k* within the FLRW
frame. The observer measures both the photon frequency w and the angular position
n’ of the source. To compute the components of k in coordinates, we employ the

expressions for tetrad components:

(2

kM = elke, el = ut, el = = [5? (Us — Bg), 68 —387C5 — 62 ALl (1.67)
a
and photon propagation in an FLRW coordinate can be derived as:

nt =n'el! = —— +ut, n*u, =0, nynt = 1. (1.68)

w
In the absence of perturbations, the spatial components of the photon wavevector k*
are directly proportional to the observed direction n’ in the observer’s rest frame, as

the spatial tetrad vectors are inherently aligned with an FLRW coordinate system.

However, the presence of perturbations alters their expressions within an FLRW
coordinate framework. This modification is akin to a general relativistic extension of
a Lorentz boost in special relativity, where an observer observes different frequencies
and propagation directions in relative motion. It’s crucial to note that all quantities
mentioned are evaluated at the observer’s position, and the expression remains valid
solely at that position. The reason is that both the angular frequency w and the
propagation direction n’ are quantities measured by the observer rather than being

universally defined fields.

1.3.3 Conformal Transformation

To simplify equations without altering physical conclusions, it is convenient to in-

troduce a conformal transformation:

5 oy _ 1 20
G (1, 2%) = — D& (n,2%). (1.69)

It is established that the photon wavevector must satisfy the null condition k*k, = 0
and the geodesic equation k”k*,, = 0 throughout its trajectory. However, under a
conformal transformation, the geometry undergoes changes while preserving the
manifold itself [41]. Consequently, the covariant derivatives do not remain identical

to fulfill their metricity conditions: V,g,, = 0 and V., 9w = 0.

To relate covariant derivatives in the two metrics, it is convenient to use the
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connecting tensor C}, as:
Vok! =V, k" + Chk, ch,=H (gl,pg‘”’ —onon — 6552) . (1.70)

Thus, it follows that the geodesic equation does not hold for the photon wavevector
k* with respect to @,u in the conformally transformed metric. Nevertheless, through
the re-parameterization of the photon path x* (\) using a different affine parameter
A, we can deduce the conformally transformed wavevector k# for the same null path,
which satisfies the geodesic equation kN vkt within the conformally transformed

metric. So, we define \ as:

~dA ~ dzt
K — L H = —
k k IR k o (1.71)
One can show that % can be obtained up to a proportionality constant C that

represents the additional degree of freedom from the conformal transformation:

dA
— = Cd. 1.72
We can now express a conformally transformed wavevector as:

kit = Ca?k* = Caw (1, —n®)" . (1.73)

It proves convenient to choose the normalization constant Cagsweps = 1 at the
observer position. To show that the product Caw is unity everywhere in the back-
ground universe, we firstly normalize the scale factor at the observer position as

a (Mops) = aops = 1. And then it is obvious that:
Caopswobs = Cagps (apw,) = Cayw,, (1.74)

where p is any point along the background path. In the presence of perturbations,
the combination Caw varies as a function of position. Now it is convenient to define
the perturbation Av in the observed frequency in conformally transformed metric,

in terms of the product:
Caw = —Ca (u k") = —ﬁul;:“ =1+ Av (1.75)

because the four-velocity in the conformally transformed metric is @* = au” and
G, = uy,/a. Therefore our choice of the normalization as Cagpswops = 1 becomes

Kuo = 0 at the observer position.

Now we are at the point where we can discuss the components of the conformal
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wavevector in nonlinear parametrization as:

~

k' = (14 v, —n® — on*)", (1.76)

and the perturbations of the wavevector at the observer position dv, = dv (z,) and
on® = én® (x,) can be written in terms of the tetrad components using k# = Ca2ek®

as:
0V = Ou, — (del) n',  ong =n' (6ef), —Us = — (U + 67 (S? + A{)On’) . (L77)
Then, one may obtain the exact expression of the wavevector in conformal metric:

fgn = — (14 2A+ 6v — Byn® + 2A0v — Bén®) ; (1.78)
b = = (o + 610 + 2Cagn” + Bo + 008, + 2asin’) |

It is convenient to use the notation that replaces contraction with n® with ||, meaning

the parallel to n®. In this notation, the null condition can be written as:

~

R 1
kuk‘“ = v — 5n|| +A— BH — C” — 51/[5” — 2CHa6n°‘ + 2A0v — B,on® + 551/2—

— %5na6na + Asv? — 6vB,on® — Caﬂ5n°‘5n5 =0, (1.79)

and the background relation is trivially satisfied.

1.3.4 Geodesic Equation

Likewise, when considering the geodesic equation, the background can be easily
eliminated, resulting in the propagation equation for the perturbation. Specifically,
the temporal and spatial components of the geodesic equation are as follows:

d

EAN BT —
Vi d\

AU NTERY TUYT .o d « o 7w
ov+ I} k'K =0, MV kS = —adn + I kMR (1.80)
where T are the Christoffel symbols of conformal metric g determined as:

A 1. o ) A
F'lljp - 59“ (gm/,p + 9po,v — gup,cr) s (181)

and the derivative with respect to the affine parameter is obtained from (1.76):

d -, 0 0 0
S WA = (n® ay 2
o k gy (1+ov) 5 (n®+dn )831:0" (1.82)

Since g, in the background is selected to be the Minkowski metric 7, in Carte-
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sian coordinates, it directly implies that the Christoffel symbols f‘fjp vanish in the
background. Hence, we can define the following perturbations, which serve as sources

for the geodesic equations:

ST = f‘z,jfc“l%” = f‘Zn (14 (51/)2—2on (14 0v) (n* + (5n°‘)+f‘zﬁ (n® 4 on®) (n” + 6n”),
(1.83)

o0 =T k'k” = T2 (14 6v)°—205, (1 + 6v) (n® + 6n®) 414, (n + on”) (07 + on) .
(1.84)

It is crucial to emphasize that fgv = 0 in the background due to our choice of coor-

dinates. Otherwise, o1 would introduce additional contributions proportionate to

it.

Subsequently, to derive the formal solution, we integrate the following equations:

A A

ov () — ov (z,) = — / ANOT" () | on® (z)) — 0n® (z¢) = / dN"0T (zy),
0 0

(1.85)

where we set the affine parameter \ equal to zero at the observer position.

1.3.5 Time-Lapse and Spatial Shift at the Observer Position

Because of the metric perturbations and the peculiar velocity U“, the observer’s
position x* (1) gradually deviates from the background position z* (1) in the real
universe. To quantify this drift, we introduce the time-lapse and spatial shift of
the observer today by evaluating the first relation dx* (1) = z# (1) — z# () at the

observer position.
The relationship between the vector field u and the associated observer’s curve
O is defined by the differential equations governing the integral curve. In coordinate

representation, these equations can be expressed as:

dx* (1)
dr

=u"(z;), Vrel0,n], «*(0)=0. (1.86)

These equations can be integrated to yield:

o () = /0 (1) (1.87)

resulting in the time-lapse and spatial shift at the observer:

ot (o) = / ’ dréu (z,), ox® = / dT%L{a (z,). (1.88)
0 0
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The components of u* in cosmic time are represented as:
1 H
ut' = <1 + ou, —Lla) , (1.89)
a

and utilizing the solution in the background universe:

t():/ dT_TO_/H——l—,Z) (190)
0

By combining the last equation with the definitions of u in (1.31) and (1.89), the

background path can be parametrized by the cosmic time as:
= (r=t=0)" =2z (1.91)

It is essential to acknowledge that (1.88) represents formal solutions, as they neces-

sitate knowledge of the entire trajectory to obtain perturbations.

1.3.6 Observed Redshift

By employing the tetrad basis at the source position, we can determine the emitted
light frequency w, and compare it with the frequency w, observed in the rest frame.
As we mentioned before, these frequencies are different because of cosmic expansion.
This phenomenon, known as redshift, occurs due to the expanding universe, resulting

in a lower observed frequency compared to the original emitted frequency:

A——— (1.92)
Wo
We can use the definition of Av from (1.75) for source position to obtain the non-

linear expression for the observed redshift:

1+z=%<1+52>. (1.93)
Now, we are at the moment to define the nonlinear perturbation dz in the observed

redshift as:
1+0z

Qs

=142 (1.94)

Combining the last two equations yields the nonlinear expression for the perturba-
tion 0z in the observed redshift

52 = a, (1 + &) —1, (1.95)
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where the nonlinear expression for Ay, is written as:

Avy = 2A4+Uy — B+ (1 + 2A) (6u + 6v + 6udv)+6n® Uy — Ba)+BUs (1 + 6v) —
—ou (B” + Baéna) + 2U° (CaH + Ca/35n°‘) . (1.96)

It is important to note that while the right-hand side is evaluated at z#, there exists

a dependence of K\Vs on the reference position ¥ through v and dn®.

1.3.7 Observed Source Position

Now, when we know the observed redshift, we may determine the relationship be-
tween k and the null light path:

dzt (X)

- — kM (x)), Yae[o,N], z(0) =z’ (1.97)

Considering background level, integrating the differential equation gives:
M — 1o = A, Ty = —An?. (1.98)

This equation demonstrates the relationship between the affine parameter A and
the time coordinate of the background light path. However, due to the fact that
coordinates are defined up to diffeomorphisms, ambiguity arises. To address this [42],
one can utilize the observed redshift z to define an unambiguous time coordinate 7,

along the light path in the background:

1+2z=

1
a(n.)’ (1:99)

and this time coordinate is associated with the affine parameter A\, defined by:

_ = odY . " 0 - w
0

Here, 7, is the comoving distance out to redshift z in the background. Following
physical parameterization may be used to denote the reference position of the source
in the real universe:

Ns =Ns + 0ns =1, + Ans, x§ =20 + 028 =3¢ + Az, A=A, + AN, (1.101)

S

Here, the subscript z denotes evaluation at A,, while the subscript s denotes evalu-
ation at A,. It is important to note that we use the lowercase delta d to represent

perturbations around the background source position parameterized by A, whereas
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we use the uppercase delta A to indicate perturbations around the background
source position parameterized physically by the observed redshift. These two types

of perturbations are generally distinct; for instance, dn, # Ans.

We emphasize that the parameter \,, unlike A\, has been introduced to param-
eterize the light path in the background, where the source position S is precisely
identified by the scalar z. In the case of the real universe, one should account for
the perturbation Alg.

With these definitions, we can derive useful nonlinear relations. At the source

position, we obtain:
Azt = ok + &t — 38 = da! + AN (1, —n™)* (1.102)
with boundary relation:
2 (T0;0) = 0, AN, = 0, An, = dng # —, Azd = dz5 # 0. (1.103)

Using the relation between 6z and 7, in equations (1.94) and (1.99), we derive the

exact relation between An, and dz:

a (1), + An)

146z = _
a(7.)

(1.104)

In addition to the observed redshift, we can employ the observed angular position
n', parameterized by the angles 6 and ¢, to fully specify the real location of the
source in terms of quantities defined in the rest frame of the observer. These angles

are related to n' by the following expression in Cartesian coordinates:
n' = (sin 6 cos ¢, sin fsin ¢, cos §)" . (1.105)

The parameterization we adopt for the source position is then:

zt = (0, + Ans, (7, + dr) sin (0 + 60) cos (¢ + d9)
(7, + or) sin (6 + 60) sin (¢ + d¢), (7, + or) cos (6 + §0))", (1.106)

where Anjg, or, 60, and d¢ are the nonlinear perturbations determined by (z, 0, ¢),
it’s important to note that technically, the perturbations (dr,d6,0¢) should be de-
noted as (Ar,, Afy, Ag,) for consistency. However, we maintain the current notation

convention as it presents no risk of confusion.

We reiterate that z, n?, 0, and ¢ are observables, and thus their values remain

unaffected by our choice of coordinate-based description.
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1.3. GAUGE-INVARIANT EXPRESSION FOR LUMINOSITY DISTANCE

1.3.8 Source Position Distortion

By isolating the perturbative components in (1.97), we find:

ddxH
d\

= (dv, —on*)". (1.107)

This equation holds true at any point along the light path. Integrating this equation

yields the formal solution:

As As H
dat! = (ons, 0z = (5770+/d)\(5u, (5332‘—/6[)\5710‘ : (1.108)
0 0
Now, utilizing equation (1.88), we derive:
As As "
oxt = | onp + N\Ov, — / dX (As — A) 617, 62 — A\ ,on% — / dX (\s — \) 6T

0 0
(1.109)

Combining the last expression with (1.103), we obtain a nonlinear expression for the

distortion in the source position with respect to z%:

)\S
Any = AN + 01 + AOv, — / dX (Ay — \) L7, (1.110)
0
>\S
Az® = —AAN® + 02% — A\,0nS — /d)\ (As — A) oL, (1.111)

0
If we solve the first equation for A\, and utilize the solution for én® in equation
(1.88), we can derive a more convenient expression for the spatial distortion at the

source position:

As
Ax§ = dzd —n® (Ans — on,) — /d)\ (0n® —n%v). (1.112)

0

Here, we condense the expression by leaving the perturbations on® and v un-
expressed. It is important to note that the integration limit A\s also includes a

perturbative part A\,.

1.3.9 Physical Volume, Area Occupied by the Source

Now that we have analyzed the distortion in the photon’s path, we can proceed

to calculate the physical volume occupied by the observed source galaxies. This
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calculation considers small intervals in observed redshift dz and observed angles
(d, d¢). To express this volume in terms of the observed quantities, we may use the
approach from [7]. Since the true positions 2% of source galaxies are parameterized
based on the observed quantities, we can express the physical volume in the rest

frame of the observed source galaxies in a covariant manner as:

(1 +(5z)
(1 +z)

+eaupd”

J(z¢ + Az*) 0 (ff + Amﬁ) 0 (Z7 + Azx”)
(1+dg) {577@%(1"”5“) P 50 90 +

0 (! + Axt) 0 (z¥ + Ax”) 0 (T2 + AzP)
- = 50 dzdfde. (1.113)

dv =

The background contributions to the homogeneous and isotropic universe indeed

reduce to the background volume element:

TA2

AV = ——*——dzdQ, (1.114)
H,(1+2)°

and we define the dimensionless volume fluctuation §V as:

~2
dV = — = (144V)dzdQ. (1.115)

H,(1+2)°

The definition for the physical area is:

m
dV = dA (nu%) dz. (1.116)
z S

So, with this expression, we can rewrite:

8m 0xg

dA = \% gﬁl“’(fus s 80 agb

= d9de, (1.117)

where propagation direction at the source position n# can be expressed as:

K 1 k:“
n'g’ = __5 -+ u‘g’ = — ( Z\ -+ u“) y ('I/L#ny)s = 1’ (n“u#)s - O (1118)
1+ Ay,

1.3.10 Luminosity Distance

Galaxy samples are frequently defined by their observed flux or the rest-frame lu-
minosity, which is inferred from the observed flux. The variation in the luminosity

distance at the observed redshift z is defined as follows:

DL (Z) :f)L (Z) (1+(5DL), ﬁL == (1+Z> fs (Z), (1119)
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where the fluctuation 6D is dimensionless. Recognizing that the luminosity dis-

tance is connected to the angular diameter distance as:

Dy

Da(2) m,

(1.120)
we can leverage the calculations of the photon path measured by the observer at
the origin to determine the angular diameter distance. Remarkably, the fluctuation
in the angular diameter distance is identical to the fluctuations in the luminosity
distance.

The relation between the physical area occupied by the source dA and the ob-

served solid angle df) element defines the angular diameter distance D 4:
dA = D%dS, (1.121)

which we can split into the background and the perturbative parts:

A A r
Ds=D4(1+ 6D Dy = c . 1.122
A=Da(1+0D,), R ( )

Then, solving (1.117) for diameter distance:

2
D% = D2 (2) [L+ 64] = D (=) [1 + 20Dy + 6D%] = —PA (11 6) (1 + 62)°

~ 72sind
X |Epapy (1+6 >(”a+5n°‘+ua>8(‘ff+Axﬁ)a($Z+Ax7)+
a u ————
" 1+ &y o0 09
~ AL 0 (78 + AxP g 2
e U ov ﬁ‘\l/ Su (z8 + A2P) 0 (27 + AxY)
1+ Av a0 99
n? + dnf 5\ 0(z% + Ax”) 0 (22 + Ax?)
A o : : 1.123
Heapuold ( 1+ Av ) 90 99 —
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Linear-Order Perturbative

Calculations

In this chapter, we will do an exercise to better understand the theoretical ideas
we talked about before. Up until now, we have not done many direct calculations
and have kept our expressions in a general form. Now, we want to find the specific
expression for perturbations in luminosity distance in terms of metric quantities.
We will start with basic examples and then, in the next chapter, we will expand this
approach to the second order. This exercise will help make the concepts clearer and

easier to understand.

2.1 Metric-Related Quantities and Observed Four-

Velocity
We can compute the inverse metric using the relation g,,¢g” = d}:
P07 = o (L 2AGLE). e (0.) = — B (1,3,
a’ (1) a*(n)
gos (1.7) = — 1 (07 — 2077 (1, 7)) . (2.1)
a*(n)

To obtain the determinant of metric, we need to proceed with additional computa-

tions:

det (exp {g}) = exp {Tr [g]}. (2.2)

As long as exp {L} = g, then:

det (g) = exp {Tr [L]}, (2.3)
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2.2. DISTORTION IN THE CONFORMAL WAVEVECTOR

g = det (g) 214 {(Tr[ N —6Tr [¢°] (Tr[g])” + 3 (Tr [92})2 8T [¢7] Trlg] - 6Tr [94]}
With explicit calculations, we may obtain: (2.4)
Trlg = 2a (14 C° — A),
Tr[g*] =4a* (1 +C2 + A), .

A)
)
Tr[g°] = 2a° (1+3CS —3A),
Tr[g'] = 4a® (1 +2C +2A).

Now, one can easily obtain:

—det (g) = a*\/T+2A4+2C> =a* (1+ A+ CY) =a*(1+dg). (2.6)

The Christoffel symbols are:

Lon = A

I, =Aa,

= Cly 5 (Bas + Baa).
(2.7)

Fﬂv Cﬂ'y +Ch, +Chp

g, =5 - L gy -8,

Iy =-B%+ A

Consequently:

o0 =T bk = A" — 24+ By +C'y, (2.8)
O = Ty R = A% = B + B + B — 2C'j + 2}t + Cjf. (2.9)

where the subscript || should be understood as the convolution of 4-vector with n®,
meaning B = B,n®.
To obtain the perturbed expression of the observer four-velocity, we can use the

timelike normalization w,u*:

Su = —A, (2.10)

and therefore, components of u,, are:

u, = —a(l+A), Uy = A (Uy — Ba) = aVy. (2.11)

2.2 Distortion in the Conformal Wavevector

By accounting for (1.88) together with (2.9) or (2.8), it is easy to show that:
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vl = (B —2«4)|Z—/dr (A-By—cy). (2.12)
0

(2.13)

Ne’

onals = — (Ba — 2Cq)) |, - /df (A-Bj-¢y)
0

From the definition and the orthonormality condition, we derive the spacelike tetrad

components at linear order as:

de] = 08 U — Ba),  Sij = 679 Cap. (2.14)

Then, we need to use the expression for an antisymmetric part from [40], and

write down the whole expression for dv, and (dn,), as:

ovo = — (A+U = By),, (2.15)
(0ng), = — (Ua +Co + Cloyp + €Oﬂ-jnin) . (2.16)
2.3 Observed Redshift
The scale factor at the observer position to the linear order is:
a (M, + 0me) = a(n, + dt,) = 1+ H,yot,, (2.17)

where H = %/ is the conformal Hubble parameter.

Further, we want to use expression (1.88) as explicit form of dt,:

to to
5t, = / dtsu () = — / dtA(z,), (2.18)
0 0

and similar for dz% from (1.88), one may have:

to 1
520 — / e (7). (2.19)
o a
As we have seen before, combining (1.96) and (1.95):

0z = a, (1 +A+Z/{H —B” +5V) —1= 7'[05t0+5v+.»4+u” _BH‘ (2.20)
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2.4. DISTORTIONS IN THE SOURCE POSITION

2.4 Distortions in the Source Position

Firstly, it is important to calculate temporal distortion expanding:

521
= (M0t + 0v+ AU+ B)). (2.21)

Ans
Tl T A,

For the spatial component, we will use (1.112):

Axg = dz8 —n® (Ans — on,) + / Cdr (0n® —n%v). (2.22)

Using parametrization given in (1.106), we find:

5r = — A + / " drén =
0

0 =
= (5330||(5t0 — ,H—Z + / dr (.A — B” — C||H) , (2.23)
z 0

7,00 = 0,02% + / 70 0n® = 0,025 + 7.0, (I + B* +2Cf1)| —

— /OTZ dr {Ga (B*+2Cf) + (?) % (A-B - C||)} , (2.24)

Ty sin Qé(b = (ba(sl'? 4 / # df¢a6na = ¢a5$g + fz¢a ((57’},0‘ + B¢ + QCﬁ) ’0 _

_ / . {% (B 4 20) + (u) % (A- B, _c“)} . (2.25)

rsind

2.5 Lensing Magnification
The distortion in the solid angle d€2 at the observed (6, ¢) and the (unobserved)

source (0 4 660, ¢ + 0¢) is described by the deformation matrix D (inverse of the

magnification matrix), and it is conventionally decomposed as:

_0(0+00,9+00) _(r 0 B 0 w (o
b= 2(6,9) - (0 Ii) (—w 0) (’yg —71>' (2:26)

Given this definition, we can compute the determinant of the distortion matrix

as
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detD =1 — 2K + K> — v* + w’. (2.27)

To the second order in perturbations, the determinant of the deformation matrix

is given by:

detD = + 5590+ 9 5o+ 56—5¢ - —5¢—59 (2.28)

sin (6 + 90) 0 0
[ d¢ 9¢ 99

sind

To the linear order, one may obtain the following:

0
—2K = <c0t0 + 80) 06 + a—¢5gz5 (2.29)

2.6 Luminosity Distance

As it is shown in [7], one may rewrite the expression (1.123) as

1
0D, =0z — Kk + 5_7” + = (C — C||H) (2.30)

T
Expanding this relation, using (2.20), (2.23), (2.29), one may show that
0

1 0
0Dy, = Ho5t0+5V+A+U|| —B||+§ {(Cote + 89) 60 + 3_925&4 +—

or 1
+5 (€ =)

(2.31)

2.7 Newton Conformal Gauge

Here and after, we will use the combination of zero-shear temporal gauge and spatial
C-gauge condition. This is commonly referred to in the literature as the Newton

Conformal Gauge. In this gauge, the metric to the linear order can be written as:
ds® = —a* (1 + 2¢) dn* + a* (1 + 20) dapdz®dz”. (2.32)
It simply means that we can use the following relation for metric quantities:
A=, B,=0, Cup=0up0. (2.33)
With this definition, 4-velocity is simply:

u, = —a(l+1), Ug = ald,,. (2.34)
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2.7. NEWTON CONFORMAL GAUGE

Together with distortion in wavevector

W, = — (Y +Uyn"),, (2.35)
50 = —2 + thy — (Unn®), — /df (W — o), (2.36)
0
observed redshift
0z = Hodt, + Un® — )| — /dr (Y — o), (2.37)
0
and source position
0z T2 B
Or = 0xo| + 0ty — — +/ (v — @) dr, (2.38)
H. 0
e = — (ua +Cp O+ Ef‘jnin) , (2.39)
0,01 1 [T F,—7\ 0
=—2 v - — r — — A4
0= g L (V2 o] e
OO Y b 1 /T’z [/F. -7\ O
= — — (v — 241
°9 7, sinf + sinf  7,sinf J, dr rsind ) 0¢ (=2 (241)
we may use an identity
0 1 0
— ] 6° — % = —2n° 2.42
<Cot9—|—86)9 +sin68¢¢ n (2.42)
to get
NOxe i T,—T 0? 0 1 0?
=20 o Fl = — —t ——— —¢). (24
K ~ +nold +/dr<2m:) (892+60t980+sin298¢2)<¢ $). (2.43)

o

This results into:

0Dy, = <H05t0—|— (Uyn® — 1) Z /dr(wqb)') (1 - ) —nauw&—
0

) Hor .
T\ [ 0 1 o2 17
—/dr( T ) (w—l—coteﬁ—i-sirﬁea?ﬁg) (?/f—@“‘g/(w—ﬁb)"‘ﬁb,
(2.44)
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where:

5ty = — / " (@) dt, (2.45)
0

to
§zo = / Ly z) dt. (2.46)
0
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Chapter 3

Second Order

3.1 Gauge Choice

As we did in the previous chapter, we will again consider a gauge choice. Let‘s recall

scalar-vector-tensor decomposition:

A=, B. = B+ Ba, Cap = Ghas + Yas + Clogy +CO. (3.1)

Again, we will choose spatial C-gauge, and for temporal gauge, we will consider

zero-shear gauge, meaning y = a (7' + () = 0, altogether this means that:

v =0, cW =0, B=0. (3.2)

We also add flat universe condition and metric elements to the second order:

A=y B,=BP,  Cus=0¢"D6,5+CL). (3.3)

Here, we can see that to the linear order, it is exactly the Newtonian conformal

gauge.

3.2 Intermediate Steps

Now, we would like to find § A to the second order in this gauge. To achieve this, we
will use the expression provided in [7]. Firstly, we need to rewrite some intermediate

expressions.

3.2.1 Metric-Related Quantities and Four-Velocity

The second-order perturbation in the determinant of the metric in generic form:
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1 1 1
6g=A+Co — §A2 + 5B Ba+ AC + 5cg;cg —CPC,p.

After applying the gauge given in (3.3), this turns to:

9=+ 30+ C — 507 + 39+ S0 (3.4

It is important to note that all terms written linearly in this expression should
be understood as second-order expressions, while those presented in quadratic terms
are first-order. For example, the first term can be written as ¢, while the fifth

term as 31 (Vo). This distinction may seem insignificant at the moment, but it will

become more useful later.
Consequently, S0 and 6T
OT" = A" = 2A + By +C[ +20v (A — Aj) — 24 (A — 24+ By +C) —
=200 (Ao = By = Coy)) = B* (A = By + 2Bpa) — 2Cy + 2Ca) ) = Cja)

o

ST = A BB B ~2C[ +2Cf ~C, v <2A=a — 2B B+ B 2c|’|“> _
—on7 (B = B 20— ACG ) +2C), ") + B (A + By +Cly — 24,) -
—2C%7 (2C — Cyiy + An — B, — 2By 4 — 2C},)

Will be used as:
O =4 = 20 + By + ¢’ + Cfjy + 200 (¥ — ) =20 (' = 20 + &) -
—26n® (Vo — d'na), (3.5)

5fwa = w,a — B/a - BH’a + BOé” — Q(b/na — chﬁl + 2 ((bna)’“ + 2Cﬁj” — ¢,a - C”H ,a+
200 (1 = ¢/n®) = 2007 (/02 — (¢n°) , — %0, + (6m,)" ) -
—20 (2(¢n) — 6 + ¥ —20n") . (3.6)

Perturbed expression of the observer four-velocity without gauge conditions:

3 1
ou=—-A+ §A2 + 5@1‘% —U,B>,

and after applying the gauge:

1
b= i+ 21/12 + U U, (3.7)
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3.2. INTERMEDIATE STEPS

3.2.2 Time-Lapse and Spatial Shift

Again, the expression of time-lapse at the observer:

to 1 1 1
Sty = 5:6@‘((%575)‘6 + / dt (—A + §A2 + 5uaua —U°B,, — aua5t7a>
0

Tt

will be simplified to the form

ot, = 01(9,01)| + /O i (—w + %W + %uaua - éua5t7a> j (3.8)
Analogously, spatial shift:
oxy = 5xfj(8u5£ta)|6 + /Oto dté U* + AU - Llﬁéxo‘,g) )
after applying, the gauge turns into
to 1
ozl = 0xk(0,02%)| + /0 dt ~ U + U —U 52" ) (3.9)

Consequently, the second-order expression for the time-lapse in conformal coor-

dinates:
1 2
on, = 0ty — 57—[55750
with use of (3.8) can be written as:
1 2
— 57—[(—)6250 . (3.10)

Tt

fo 1 1 1
oy = 5xg(aﬂat)\6+/ dt (—1/) + §¢2 + 52,{&2,{,1 — Euaét,a>
0

3.2.3 Distortion in the Conformal Wavevector

First of all, let us take a look at the dr expression:

ovf* = [Axi—‘(aﬂéV) } + /0 Car (m v vs — 5na<5y,a)

TF

that with use of (3.5) will take form of:

ovl] = [Axt@.00)], | + /0 dr (MV’ NV + ) — by + By + 6+

o

+Cly+20v (' =) —2¢ (¥ — 20 4+ ¢') — 260" (Y0 — gb'na)) (3.11)

7
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At the observer’s position:

3
oy, = ( —A—-U + B+ 5.42 —Cy U*+B*)+A (ull - 26“) —UBot

o’

1 -
+ UM+ (U = B%) Ol +Eaij (U™ = B%) nzW) +0zk [0, (—A—=Uj + By)]

o
the rewritten expression will take the form:

0V, = (—?/J—UJFBIJF;WJFUI (v — ¢)+%Uaua+€aiyua”im>+5$g [0 (=0 = 1)] |

o

5

(3.12)

We will repeat the same with

|2 = [Aat(@n7)], | - / dr (81 = o' + snon®
o 0

Tr

to get:

5na’2 = |:A$?(au5na)|jf}f - /Tz dr (wva _ B/a . BH,a + BQ,H i 2¢/na . 20/ﬁ4+
© 0
+2(én%) ) + 207 = ¢ = Gy * + 200 (¥ — ¢'nf) —
_267’L’y <¢’5$ — (ana)ﬁ o 6$¢,” + (¢n7)’a) . 2¢ (2 (qﬁna)’H B gb:& n w,a B 2¢,na> B

—Svdn'® + 6n’on® 5) (3.13)

At the observer’s position:
sne =y (A0 reo BB — e~ La.00 1 Leara, — Scfee — etk
o Yo 7 [ 2 1 2 2 2 7 2 % k 2 (] (7, kB
1 B Lrp o) b1 &) Bk L L ~a Lo pra o LaBra)
— 50/37(1'6 + 50 (i€ kﬂQ — 50(1‘758 Q4+ gC ,iOg’ + §Ci’ C st 5(}(10 ¥

— icﬁ,(icalﬁ) n' 4 0z [0, (U™ + Con' + Cl ' + e%yn' Q)]

s}
the rewritten expression will take the form:

1 1 1 4
— ong = U+ (A% + ¢0F + CF — SUU* — 507 + 56700 — gqs?(s;v) nt

o

b 8at [0, (U + Con' + <®yni)]

. (3.14)

o

where we used

o ; | ‘
556 )kﬂan’ = (5?80‘ s+ 5,8018%5) OFn! = 3 (6% +ex®) V' =0.  (3.15)

N | —
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3.2. INTERMEDIATE STEPS

3.2.4 Perturbations in the Observed Redshift

In order to express ¢z in terms of the metric perturbations and the observer velocity,

we first need to rewrite the expression

- 1 1
Av(#.3,) = dv-+ AUy =By +ov A= S A+ AB) +0na (U — BY)+5U Un 20U

that together with (3.3), (3.11) and (3.12) will be written as:

~ 3 1 .y
Av(Z,;x,) = ( - — U+ B + 5@/12 +UY (Y — o)+ iuau"‘ + 6aijuaanj) +

o

+ / df(éuéu’ — 6%V + " — 20 + By + ¢ + Of 4200 (¥ — ) —
0

1
+ +UH — B” + oy — §¢2+

Ty

1
+ on U™ + §uaua + 2¢UH. (316)

- 2¢ (W - 277Z},H + ¢,) — 20n” (¢,a - ¢/na)>

That means that we are ready to rewrite

_ 1 __ _
02(xs; 7o) = Ho0Mo+Av(Z,; mo)+§ (’Hg + ’Hg) 5773+7—[55770A1/(@; z,)+Azk(0,Av) 5.
(3.17)

using (3.10) and (3.16), into the:

to
0z(zs;x0) = Hs <5xé‘(8u(5t)|6—%7{65t3+/ dt <—¢ + %¢2 + %uaua - %UO‘(St,a)
0

)+

3 1 o
+ ( —¢Y—U+ B+ 5@02 + U (Y — o)+ EUaua + €m-juo‘n19]> +

(]

+ / dT(éV&V’ — 5n°‘51/7a —+ Ib, — 277Z)7H + B”,H + qf)/ —+ C|/|H + 26V (77/1, — 77/}7”) —
0

=29 (¢ =20 + ¢') — 200" (Y0 — ¢'na)>

1
+Y+U|— B+ vy — 51/124-

T

1 1 —~ —~
+on U + §Z/{°‘Ua + 20U + 5 (HZ + ML) on2 + Ho0n,Av(Z.; xo) + Azt (0,Av) ..
(3.18)
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3.2.5 Distortion in the Source Position

First of all, we will write down the expression for temporal and spatial distortion:

2 / 2
MR LA

q
H. 2 H. H. (3.19)
Azxd = / Cdr [6n* — n%6v + v (A2’ + n*An') — on” (Az® 5+ n*Ang)]
0 7
+ 62g = n®(An, — dn) + [Aat 9, (Aa” +noAn) |, |, (3.20)

which we will leave in this form. But we rather compute the radial and transverse
distortion:

51 = naAa® + % (66 + sin® 0 5¢2) |
7,00 = 0, Az — 5756 + %cos@sin@ 562 (3.21)
T,sin00¢p = ¢, Axy —sinf 6régp — 7, cos 400¢ .

With the use of (3.19), (3.20), (3.18):

or = —7,

1 1 1 3 3
6+ C = JUf — S+ VU — 50" — v+ B+ 50+ U (P - 9) +

1 o tor
+§uaua+amjuamﬂ —i—naéa:f)‘(aﬂéxa)‘é—i-na /0 dta(wwua—u%ﬂﬂ)

&t

; 5 1 .
_ 'H_Z [( — Y — UH + BH + §¢2 —}-L{H (1/1 — ¢) 4 éuaua + €aijuaan]>_+

o

+ / dr |:(5V(51// — % v, + - 29+ By + ¢+ Cﬁ“ + 20v (w’ — w,H) —
0

+

TF

=2t (¢ =20 + ¢) — 200 (Y0 — ¢/na>:|

1 1
+ 1+ U — By + dvip — 51#2 + Onald” + SU U + 20U+

LHIEHL (62
2 H, H.

= (H2+ HL) 002 + Hodn,Av + Aut(9,A0)

(i)

1 z 7
+ 57{6(5253 + N [Am‘; 0, (Az® + n”An) |{E} + N / dr
T 6 O

DN | —

Tz

+

Tt

fo 1 1 1
5xt(0,0t)|. + / dt (—w + = + U U, — —U"5t a)
° 0 2 2 a ’

—on” (Az® 53 +n“Ang)
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3.2. INTERMEDIATE STEPS

+ v (AZ" +n*An') — (7, — 7) ( — Svdn/* +6nPon® 5+ — B — B, “+ B -
— 2¢'n® — QC’ﬁ‘ +2 (gbn‘j“),H + 200 — &% = Cy* + 20v (P — o'n®) —
—20n” (35 — (on), = 02, + (6n,)) = 26 (2(¢n") ) = 67 + ¥ = 20/n") +

+n® (5V5V/—5na51/7a+¢/—2¢,”—|—B7||—|—§Z5/+C|/|—|—25V (1/1, — 1/17”)—277/} (2[1, — 2’@/)7” + qb,) —

+ % (667 + sin? 0 66, (3.22)

Ty

s o))

50— L 9{
T2z

‘ 1 1 1
U*+n' (Aai+¢5g+q.a— §u,-ua - EQiQO‘+§6§‘Q’“Q,€— ;gb?ag)]

o
z

+ 0} (9,027 | + {Awé‘ O (A 4 nAn) |] 5

to
+/ dté (U + U —UP52° )
0

+/ Z df[— 5n® (A 5 + n®An g)
Tt 0

+ov (A’ + n®An') — (7, — 7) ( — Ovon'* + onPon® 5+ — B'Y — B+ B —

or '

1
_ 77_(5(9 + 5 cosfsinf 5¢*. (3.23)

— 2¢'n® — QC/ﬁ + 2 (¢na)’“ + QCﬁi” — % = Oy + 20 (P — o'n®) —

20w (9105 = (on),, = 626, + (6n,)" ) 26 (2 (o) — ¢ + ¥ = 20/ ) )]

The expression for d¢ is analogous to that of d0 up to replacing 6, with ¢,/ sin @
and —%59 + % cos fsinf §¢* with —f.,—:égb — 7, cot 0 006¢.

3.2.6 Distortion Matrix Perturbation

Our goal in this section is to write down the expression for distortion in the physical
area and to do this, first of all, we need to recover distortion matrix perturbation

as:

) 0. 9.0 o 0 9 9 1,
5D = <cote + %) 30-+53500+ 550055005200 5560-+cot 060 (%59 + a_¢5¢) 500

(3.24)

Now we can substitute previously obtained expressions for 66 and d¢:
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0D =

— (cot9+aa@) (1 0, {—fz

52t (,00%)| + [A:pﬁ! 0, (Az® + n“An)

| 1 1 1
U+ (A%+¢55‘+Cf—éuiua—igimgammk—;&@)]

o

z to
] + / dté (U + pU —UPS2° ) | +
1.

+ / dr [ — o0 (Az® g+ n*Ang) + ov (Az'® + nAn') = (7. = T) ( — von"+
0

+06n6n® 5 +4* — B — B

— % = Cy™ + 260 (Y — ¢'n®) — 2607 (gzﬁ'ég‘ —(on®),, — 050, + (anw)’a) -

+ BOiH — 2¢/7’La — QClﬁ + 2 (qﬁno‘l” + QCl(l)i”—

—2¢ <2 (Qﬁna),” — ¢+ — 2¢/na> >

o
0\ 7,sinf "

+ 024 (9,027 | + [Afvé‘ Ou (Az® + n®An) |:zI

1
} — 5_1”59+ —cos@sm@ 5¢2)

o

Uu*+n' (A“Z—irqﬁé"‘—i—Ca——Z/{L{a——Q Qo‘—i— 5“9'“ ——¢25a)]

to
+ / dté (U + U — U 52" 5)
0

Tt

+ / ) dr [ —on’ (Az® 3 +n"Ang)
T 0

+ Ba’”_

g

L0 0 a 1

+ov (A2 + n*An') — (7, — 7) < — dvon'™ 4 onPon® 5 + ¢ — B’ — B

—2¢'n™ — ZC'/W +2 (gzﬁna)’u + 207 — ¢ = Oy * + 20v (P — ¢'n®) —

200" (9102 = (6n%), = 56, + (6n,)" ) =20 (2(6n%) | = 6 + v — 29/n°) )]

— 5—T(5¢ — 7, cotf 596¢>

Let us rewrite it using:

0 1 1 0 .
<C0t9+89) |:9(XF_ZF +A:| ea_(b |:¢a_ F +B:|

- 9 1 L0 de 011

Kwt“%)e meaﬁ“} EF {eaae%meagb] P
9 10

(C0t0+80>A+ 1n98¢B

L o ba O] 1 0 1 0
= f_znaF +{9a60+sm98¢ —F 00t0+89 A+s1n98¢>B (3.26)
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where the identity with the unit vectors has been used:

0\ I N
(cot0 + %) 0 + sin@%(b = —2n°. (3.27)

So now, the expression for the distortion matrix:

_m {51:5(8#&“)‘6—1—

Tz

6D = | 2Uy + 2¢ + 20y — U — Qf + QFQy, — 3¢

e}

z to
| +/ dt% (U™ + U — U5 )
0

o

+

Tt

+ [Axg 9, (AT + n®An)

[
0

+0n70n% s+ — B — B 4 B — 26/ = 20" + 2 (¢n) | + 20—
— ¢ = O™ + 200 (Y — ¢'n®) — 260" (cb’éﬁ = (9n%),, — 050, + (va)’a) N

1 0 o O i o
‘}+F_z (ea% + siHQa_qﬁ) {5$o(8u5x )L—,‘“

z to
o) +/ dti(uquua—uﬁaxaﬁ)
0

o

TF

—on’ (Az® 5 +n"Ang) + ov (AL +n“An') — (7, — 7) < — dvdn'*+

—2¢ (2 (n®) | —¢* + ¢ — 2¢Ina) )

+ [Axi—‘ O, (Az® + n”An) +

Tt

+ / Z dr
0
+0n70n% 5+ = B = B 4 B = 26/ = 20" + 2 (én) | + 20—
07— O 200 (1 — ™) — 2607 (6185 — (gn) | — 850, + (9n)") -

1
‘ }—i—(cot@%—g) (—?59—1—5 cos@sin95¢2>+

—on’ (Ax® 5 +n"Ang) + ov (A2 +n“An') — (7, — 7) < — dvon'*+

—2¢ (2 (Cbna),u — ¢+ — 2¢,na> ) 90

1 o or. o 0 o 0
+ 50590 < — 56— 7, cot 595¢> + 55009500 — 55003500+

Tz

+ cot 060 (259 + 9

1 2
5 a¢5¢> - 500 (328)
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Chapter 4

Distortion in the Luminosity

Distance

According to equation (1.123), the fluctuations in the physical area occupied by
the source and the angular diameter distance are identical. Combined with relation
(1.26), this implies that the perturbation in the angular diameter distance is equal

to the perturbation in the luminosity distance.

4.1 Distortion in the Physical Area

Now, we are at the point where we are ready to substitute everything in expression

for the physical area. In general form, it can be written as:

—~ 9 )
0A = 25Z+5g—AV—|—2f—r+5D+5n||+5u+z/[||—A (—2% + 2; — C||> -H/{” (BH - UH) —

1 0 u(;ﬁ 0 or or 57,. ) 1 ' )
—(u 09+sin98_¢)An 2“(2— Cn) 2 C||||+— —59 5 (sin6d¢)

o 1 o
+ Av (U +Cyy) + 36 Uy + dng) — W {(ue + 6ng) — 89 g Uy + 0ny) 8_¢] S

—(59886(57’ +sin 6 0¢ (U + dny) + 5¢—¢(57“ + 022 + 20269

T2
+(2dz 4+ dg) <—A + 2(;— — 2Kk — C”)—f-AJZ“au (2 dz+06g9— A+ U+ on — &/) .
(4.1)
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So, the result is

to
§A =2|H, (5m’;(6“6t)\0—%7{65t3+ / dt (—¢ + %@/ﬂ . %uaua - éua5t7a>
0

)+

1
+ 436+ CF + 50+

+ 5 (M2 +HL) o2 + HonoAv (. w,) + Al (9,80)]

x

N | —

3 3 1 o
+ 3¢9 + §¢2 - ( —Y+U + B+ §¢2 +U (Y — @) + 51/1&?/{“ + Eaz‘juo‘n’QJ) +

[¢]

+ / df(éuéu’ —0nov o+ =20 + By + ¢+ Cj + 20w (v =) —
0

- 2770 (W - 277Z),|| + Qb,) — 20n” (w,a - ¢/na) >

) + 22Uy — By + dvip+

Ty

—i[(—w—un+B||+g¢2+un(¢—<b)+

2
+ on UY +U U, + 2¢UH + —
7, H.

1 o Tz
X éuaua i gaijuaanJ) o+ /0 dr [5V§1/ —on%ova+ U =20 + By + ¢+

o

_|_

Ty

+ Gy + 200 (¥ —¢y) = 20 (¢ = 20 + &) — 200" (Y0 — ¢’na)}

1 1 1
+ ¢+ U — B+ vy — 5@&2 + onald® + U Uy + 20U + 3 (H2+H.) omo+

2
~ ~ VH2+H, (62
+ Hadn Ay + At (0,80)], | + 5= (H_) _

+

Hs fo 1 1 1
B A H _ o2 Iy o
< ) 1) [5960(8“&)‘°+/o dt( Y+ 2¢ + 2u U, au 5t7a)

1 (i
+§H05t§—/ dr [ (7, —T) (5u5u’—5n‘“5u,a+w’—2¢,“+B,||+¢’+C|’|,,+25y (¥ =) —
0

T

=20 (¢ =20 + &) — 200" (Y0 — $'na) ) - % (56> + sin® 0 56%) | +

T
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z

+

1 d  ¢o O i N i 0w
= (9‘“89 + Sin08¢> {(5%(8“5&: )|+ [Aa:; 0, (Az® + n”An) |jiL+

lo
+ / dt% (U + U — U 52" )
0

+ / Cdr [ —on” (Az™ 5+ n“Ang) +
T 0

t

+ov (AZ'* + n®An') — (7, — 7) ( — Ovon'® + onPon® 5+ — B'Y — BH’a—i-

-+ Ba7” _ 2¢’n0¢ _ 20/“? +9 ((bna)’H + QCﬁ” . ¢,o¢ _ CHH N + 285y (w@ _ ¢/na) B

—20m™ (05 — (o), — 56,1 + (9m)* ) =26 (2 (9n%) ) — 67 + 4 — 26/n" ) )

}+
or 2

0 1 , 9 1 or _
+ (cotQ—l—%) (—f—Z(SQ—I—ﬁcos@smH Y0, ) +@a¢(—g5¢—rzcot9 5«95¢>+

8 0 o 0 ) 9 1,
+ 95905500 = 55005500 + cot 06 (%59 + a_¢5¢> — 500% —

—na/ dr [@Z)’Q—B'a—B’a—i—Bo"—2¢'na—20'ﬁ+2 (¢n®) | +2C7 = =Cyy “+20v (P — d'n®) —
0

— 2007 (/05 — (9n%),, = 050, + (9m,)") = 26 (2 (9n) | — 6 + 9" —2¢'n°) —

—(51/(5n’°‘+(5n5(5na 51 — (—L{+¢+C’”—lu2—1§22+19’“9k—§¢2) —1) (—2,% + 2{1 - ¢> —Z/{||2—

- 2 2 2 2 s 7,

1 0 U, 0 or or ot 1 _, 1, 9
- E (Z/{@% + @@) A?] — 2K <2f_z — ¢) - 277_Z¢+ 7:2 - 5(59 - §(Sln85¢) +

—~ 1 0 1 0
+ Av (UH +¢) + 80 (Up + 0ng) — 77_2 (UQ+5TL9)%+E(U¢+5TZ¢)8—¢ or+
+ ldﬂg&“ +sin @0 (U + ongy) + l&bgér +62% 4+ 26209+
7, 00 R Y J

+ (202 + dg) <—¢+2i—r — 25—¢> + Az*0, (25z+5g—1/1+uu + ony — Ku) :

(4.2)

4.1.1 First-Order Quantities and Other Simplifications

We are ready to introduce some additional simplifications.
First, let us set €2; = 0, as it is an arbitrarily chosen quantity. Secondly, for the
first-order quantities, we can use the Einstein equations to the first order, resulting

in a well-known expression. Therefore, for linear expressions, we will use:

¢ = —1, B, =0, Cop = 0apd = —0ap. (4.3)

Additionally, there is another “simplification”. We initially wrote U, but if it
happens to be a first-order quantity, it is scalar only, so U* = —0*U. In the

Newtonian gauge, U is equivalent to v (the velocity potential) because in this gauge,
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4.1. DISTORTION IN THE PHYSICAL AREA

B = 0. In the previous chapter, we have shown that to the linear order:

59— 20, (4.4
to to 1

Sty = — [ dt . 5o = | dt tue 45

/O " . / : (4.5)

Sy = oty = — | dt b, 16

. / " (4.6)

0y = — (w +UH)5 ((5na)o = - (ua - wna)fw (4'7)

ov= -2 (1/1+ /dr¢') + (1/1 _UH)(—)’
0

) (4.8)
5na =2 (na¢ - / Z df¢,a> - (z/{a + W”m)a )
0
Av= (U —v)| -2 / dry, (4.9)
0
oz = (U — ) \j—Q/dw’—’Hﬁ/OOwdt, (4.10)

0

Ans = HL ((U ~ ) EQ/drw”Ho/oowdt) : (4.11)

0

to 1 1 z 7 fo
Axg :/ U dt —n® — ((u -¥) [, - 2/d7’¢/ - (Hs - Hz)/ ¢dt) T
0o @ 7'[z ¢ 0

0

T2 _ a Oﬂ_’z—f&ﬁ afz—f&ﬂ — «@ @
+/0 dr (Qn ¢—2|:(0 7 %+¢ TSIHQ%)])+Tz(ulln -Uu )6’

(4.12)

N 1 e o .
or = /0 au” dt_H_Z ((u - w> ‘o - Z/drqu) - (%6 - HZ)/O ¢dt) +2/(; dT@ZJ,
0

(4.13)

1/ (1, ) N (T =T\ O
565(/; EGOJ/{ dt—T'Z (Gal/l )O—QA dr ( = )@), (414)
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1 ol o (T T\ OV
5¢_min9</0 —Gald® dt — T ($ald )6_2/0 dr (Fsin&)a_qb)’ (4.15)

and again rewriting the result for § A:
. ¢ 1 to 2t 1, 1,
Hs (5% (au</0 dt ¢)) 6—57{0(/0 dt ¢> +/0 dt<—¢+§¢2+§u U,—

L Lo Ly fo : ( o )( N _/)

U (/0 dtw)’a) ft)+2(%°+H°) </0 dmp) Hs /0 dty ) (U —v) | 20/drw +
+ Az (au( U —v) | - 2/df¢’)>

O _ _
1 « 1 Fz — 7 — ! 7 — ! /

—B)—2Up— Ul +§u|2>6+/0 dr<2{2<¢+0/dmb)—(¢—u|)o}(w+/dr¢) +

0

0A =2

Tz

Tz

+¢+3¢+O§+4¢2+(¢—¢—O”—

—{—2{2(710‘1/1—/0 Zdrw’“)—(ua+¢n“)o}{(¢+/ drw’} ' +¢' =2+ By + Oy +
0 ,Q

Tz

+2(—2 <¢+/d”//) + (¢—U)5> (V' =) + 4o —

—2 (2 (n%/) — /0 - dﬂ/}’a) — U~ + wna)a) (Y + 1//%))

Tz

+ (—2 (¢ + /dw’) +(v — u||)o)¢+ <2 (naw_/ofz dw@) — Uy + Pna), )u%r

+ QUH — B||—|—

T

+UU, — 32/[”2 — 29U, —l—fz — ,Hi [( — Y —U|+ B+ ;wQ + 2Uj -+
1. o [ N
+§Uau )0+/0 dr{2{2<¢+0/d7“¢> —(¢—U||>O}<w+0/d7“¢> +

+2{2(naw—/0 zdmb‘“) —<ua+wna>o}{<w+/dw’} +' + ¢ =20+ By +
0 Re'

T2

+Cj +2(—2 (¢+/dr¢') + (¢—U||)c—,) (W =) +40y

0

—2 (2 (n%—/j dw’“) —(U~ + wn‘”‘)o) (Vo + @b’na)}

T2

+ (—2 (w + /drw’) +(v — u||)o)w+ (2 (nw—/orz drw»a> — (U + Yna), )u%r
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4.1. DISTORTION IN THE PHYSICAL AREA

%(’H%LH’) (/;Odt w)2—7{0(/050dt ¢)((u” — 1) }Z2Zdrw’)+

. .7 1H2 + H, 2
+Ams<8u((l/{—¢) ]O—Qo/dm/})) J+§ 30 (u v) |7 —2/dr¢ 7—[/ ¢dt> _
_<%_1> [5xé‘(8u(/0tdw)> O+/Ot° dt (—¢+1w2+§uaua— aua(/ dt w)ﬂ)
+%7—[0(/0{0dt¢)2—/orzdr (7, — )( { (¢+/dr¢) (¢—u||)o}(¢+/dr¢>
+2{2(na¢_/0rz dwa)—(ua +Yn®); }{(;H/ dry’ } a+w’+¢’—2w,u+BH,||+C|’H|+
+2(—2 (¢+Zdw’) + (¥ —u)6> (¢ =) +4¢ ¢,”—2(2(na¢—/;z dma)—
(] /“ () —>
(/ Y di—r. WUy), —2/0 dr (mng) %ﬂ +_i< Sme(% { H(9,60°)
+ [Axgau{/oto auadw/or dr (ww—z{(ea - T‘?g Tsmggz”)
7, (una—ua)o] |]+/Ot dté (U + U — UPs2® ) ;/o dr[ { ( Bap— /0 drw>
_(uﬁ+wn5)o}(“0to %L{adt—i—/orzdf (271‘%—2{(9“ . T?;g+¢ rs;gg—g)bJr

+7 (u”na—ua)o]ﬁJrn?B{%iz((u,—w) j—zo]zdr¢’—ﬂo/0to¢dt>])+

{ (¢+/drw> (w—u)o}{/oto éuadw/; dr<2naw—2{9°‘ - T?;g+

7"81&
T sm@ 0¢

+

It

U o), ) (0t ) )

D*rz (Uym® UQ)O} —(r, —7) <¢’a—¢’a—2¢'n°‘+2(¢n‘”),—B’a B, “+B+

4y (1 = (¥n®) ) + ') 20 +208,~C ’O‘+2{ (v - u||)6—2<¢+/ dw/) } (W+
0

w'n“) +2{ U +yn7),-2 (”W_/orz dw”) } (8 (= o) + on®), + (o)) +
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{ ( i dm//) 2 (6~ Uy). }(w / dew”“>+2(2w—1/fo) {naw— / dfwa} -
0 0 9 [
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—— | (U — -2 [ dr — (Ho — H. d
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_ (T, =T\ O 1
o (u¢)°_2/0 dr (Fsin@) 8_¢) ] 7, sin® 0 ¢ [f (/ pl
| T o ]
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B 7 B 8,¢ fol -
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([ nrwa [ () F) (5[ e
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4.1. DISTORTION IN THE PHYSICAL AREA

Tz Tz 1 a Z/{ a
o o | e — | diye — 7 (Ugg+ saas ) A
2 (UO +2/d7“2/1 ) {n (0 /dm/f }5Hx 7 (u988 + sin93¢> A
0 0 ’ '
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g [ g [ar (%) (g 0955 + o) o1z [ st
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Tz
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1 . 0 a to e
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% T 2 7
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Tz _

(%—%Oﬁ—%/ﬁv—mu—ngowﬁ —

0

fZHZ

Tz

(T, 0? 0 1 02
_/dT< T ><w+€0t9%+—sin2687¢2) w}

o

" to =
+2Az10, | Uy — ¢ — /dmb/ — 7-[0/ Ydt — no‘/ drp, | . (4.16)
0 0
0

4.1.2 Einstein-de Sitter Universe

On first learning of Edwin Hubble’s discovery of a linear relation between the red-
shift of the galaxies and their distance, Einstein set the cosmological constant to
zero in the Friedmann equations, resulting in a model of the expanding universe
known as the Friedmann—Einstein universe. Later, Einstein and de Sitter proposed
an even simpler cosmic model by assuming a vanishing spatial curvature as well as
a vanishing cosmological constant. In modern parlance, the Einstein—de Sitter uni-
verse can be described as a cosmological model for a flat matter-only FLRW metric

universe.

We will take the Einstein-de Sitter limit by implementing a simple set of rules:

n
a="1. (4.17)
H:%:g (4.18)

n
U = _9U = %naan (2). (4.19)
M = —3725(37). (4.20)

This leads to a large amount of possible simplifications, for example,

ts i
W =0, / vWdt = —ERs. (4.21)
0

Using this limit, the expression for d A is written as:
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0

4.2 Monopole Calculation

It is evident that expression (4.22) exhibits angular dependence. This arises because
metric perturbations generally depend on coordinates. However, due to the random
nature of these perturbations, this formula does not provide specific information
about our Universe. What is truly interesting are the statistical quantities, such as

the luminosity distance monopole.

4.2.1 What is a Monopole?

The observed luminosity distance anisotropy could be decomposed in terms of spher-

ical harmonics Y}, () as:

SA(R) =) amYim (R), (4.23)

Im

and the multipole coefficients are:

S / RAY? () 6A (7). (4.24)
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4.2. MONOPOLE CALCULATION

The monopole is the contribution that arises from the agg coefficient. Since Yy is

just a constant, we will understand the monopole as the angular average (JA),:

(5A), = / i—faA. (4.25)
The total luminosity distance can be written as:
Dy, =D [1+ 4], (4.26)
where the angular average of this equation leads to
(Dr)g =Dr 1+ (64),]. (4.27)

This averaging simply gives D;, at the linear order in perturbation theory because,
from our theory of initial condition, the mean of every fluctuation is zero. That is
the reason why we need second-order calculations, as they generate a nonvanishing

prediction for the expectation value of the luminosity distance fluctuations.

4.2.2 Contributions to the Monopole

Let us examine some of the terms in (4.22) to qualitatively describe their contribu-
tion to the monopole.
First, consider the terms proportional to R%. Using the Fourier transformation,

we can express the following:

1

R(x) = (27r)3

/ Pk e™*R (k). (4.28)
This implies that the product R? can be written as:

/ 4’k / PPK e KHDI*R (KR (K) . (4.29)
If we take an ensemble average, this results in the following relation:

/ 4’k / PPK DX (R (KR (K)), = / d’k / PPK e ET)x ), (k + K Pr (k)

(4.30)
where P denotes the power spectrum. Typically, the power spectrum is parameter-
ized as a power law, and to get the scale-invariant prediction from standard inflation

theory, it should be proportional to k=3, leading to

© i
/d3kPR(k)o</0 kQEdk:/O = (4.31)
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which is clearly divergent. Therefore, these terms require special treatment, which

will be discussed later.

A similar approach can be applied when calculating the RzRs terms. However,
the terms proportional to RRs are more intricate. Considering z; = 0, we can

write:
/ Pkd’K ™ (R (k) R (K')) ~ / Pkd’K (1 +ik-x+..)(R(k)R(K)). (4.32)

Of course, the second term contains an additional factor of k, but the first term

remains divergent.

The next step will be to take a look at those terms that have the line of sight

derivatives RR; (8||R) . Beginning with the same transformation:

e}

/ { / &k / PKR (k) naa;; (xR (k,)>0} o
_ / { / i’k / KR (k) K o R (kq}dQ’ (433)

one may rewrite the dot product n®k’,, using Legendre polynomials as:
nok = K7k = K| P, (n : k;) , (4.34)

and using well-known relation between Legendre polynomials and spherical harmon-
ics:

nok = |K| 4?” 3 Yim () Y, (k:) . (4.35)

The only thing that remains in integration over angles is:

> / AWy o< Y / dQY1,Yg =0 (4.36)

due to the orthogonality of spherical harmonics with different [. It is easy to see
that if we integrated over d€2Y}’ ,, there will be a non-zero contribution. So, one can

say that such terms contribute only to dipole.

While terms proportional to Rs (R,H)a contribute only to the dipole and therefore

drop out in the monopole computation, terms proportional to (R7||) (R,H) have a

o ¢}

non-vanishing contribution to the monopole, as it is expected from the composition
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4.2. MONOPOLE CALCULATION

of two angular momenta with [ = 1. Explicitly:

/ { / &’k / d’k'n” — M (e™R (k) n ai (eik’XR (k’))o}dgz
= / { / &k / PKnPlsR (k) n®k o R (k/)}dQ ~

x ZZ / Vi Vi d2.  (4.37)

The final integral is recognized as a Wigner 3-j symbol. Integrals of the form:

[ Vi Vi Vi, a2 (4.3
will yield a non-zero contribution if the following conditions are satisfied:

my +mg +mg =0,

(4.39)
=1 <ls <1+ s

Thus, for the specific case where [; = 1 and [, = 1, the possible values of I3 are
0, 1, and 2. This implies that such terms contribute to the monopole, dipole, and

quadrupole.

Also, one may show how to simplify R;9R. To do this, we again refer to:

J{forf s & s
:/ {/ dgk/ PR (k) k'R (K e“‘”‘}dfz (4.40)

To proceed further, one may use decomposition of e’ as:

—_Z”l (K] [2]) Yim (7)Y, (k‘> (4.41)

so the only thing that is left in angular integration is:

> / AQY 1 Y1 (4.42)

Im m/

From the orthogonality condition one may say that only terms with [ = 1, will

survive. The very similar logic can be applied to R (3“72)6.
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4.2.3 Further Problems and Complications

Direct computation of the angular average for (4.22) is a rather complex task, both
analytically and numerically. The most challenging aspects in proceeding further

can be highlighted by the following factors:

e Terms that can cause divergences. As we demonstrated in the section
above, the terms proportional to RR, RsRs, and RsR result in divergent

integrals.

e Linear second-order terms. The contribution of linear second-order terms
in (4.22) is not clear. It also can be somehow written in terms of R, and its
decomposition will have contributions proportional to terms that have been
listed above. However, it is necessary to solve the Einstein equations in the

second order of perturbations to know the exact prefactors.

Despite these complications, this problem has the potential to be solved. As
noted above, solving Einstein’s equations and considering linear second-order terms
can fix the issue of divergent terms. This, in turn, will make it possible to di-
rectly obtain values for the shift in the Luminosity Distance from the second-order

relativistic perturbation theory.
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Conclusions and Outlook

This work investigates the shift in Luminosity Distance using second-order relativis-
tic perturbation theory. Analytical expressions for second-order distortions in the

physical area of an Einstein-de Sitter Universe were derived.

Starting from the generic form of the perturbed FLRW metric (1.29), we derived
the observed redshift, source position, physical volume, and area occupied by the
source, relating them to luminosity distance. Initially, we performed calculations
using the first order of perturbation theory to verify the results against those previ-

ously obtained in the literature.

We then considered the zero-shear temporal gauge combined with the spatial
C-gauge as our gauge choice. In this gauge, metric-related quantities, time-lapse,
spatial shift, wavevector distortion, observed redshift, and source position distortion
were presented. Using these intermediate steps, we obtained the distortion matrix

perturbation and the perturbation in the physical area.

For the perturbation in the considered gauge, we utilized first-order quantities
derived earlier in this thesis. This led us to second-order expressions in terms of

only metric quantities, which had not been presented in the literature before.

Next, we selected the flat matter-only FLRW metric limit, known as the Einstein-
de Sitter Universe, to derive an expression ready for further statistical analysis. We
identified several issues that persist in this area of study and highlighted potential

directions for future research.

The obtained equation can be used for the direct calculation of the monopole

contribution to the luminosity distance. Achieving this result and its subsequent
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analysis may shed light on the current description of our Universe. In the future, it
might allow the exclusion of the controversial idea of “dark energy” from our current
model of the Universe’s expansion. This prospect is incredibly exciting and deserves

a separate investigation.
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