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(1) Read	chapter	9:

(2)	Solve	exercise	sheets
(3)	Who	is	summarizing	next	week?	

16th Lecture	 13h00	– 15h00	Chapter	9:	tight-binding
18th		Lecture 10h00	– 12h00	Chapter	9:	Quantum	Oscillation
23th		Lecture 13h00	– 15h00	Chapter	9:	Quantum	Oscillation		(Hand-in	exercise)
25th		Lecture 10h00	– 12h00	Wrap-up
30th Exercise	 13h00	– 15h00 (Hand-in	exercise)
01st Lecture 10h00	-- 12h00	Exam	focus
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Luttinger's theorem states that the volume 
enclosed by a material's Fermi surface 
is directly proportional to the particle 
density.
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Luttinger’s Theorem



Hall	effect:	Carrier	density

12 

Figure 4 | Normal-state Hall coefficient.  

Hall coefficient RH(T) of Nd-LSCO as a function of temperature for p = 0.20 and 

0.24, measured in a magnetic field of 15 T. Below 12 K, the 0.20 data are in 33 

T, a magnetic field strong enough to fully suppress superconductivity [see 

Supplementary Information]. The dashed blue horizontal line is the value of RH 

calculated for a large cylindrical Fermi surface enclosing 1 + p holes, namely RH 

= V / e (1 + p), at p = 0.24. At p = 0.20, the rise in RH(T) at low temperature 

signals a modification of that large Fermi surface. The upturn is seen to coincide 

with a simultaneous upturn in r(T) (reproduced in grey from Fig. 1) and with the 

onset of charge order at TNQR as detected by NQR (see text and ref. 21). 
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Fermi	surface	reconstruction
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Shubnikov-de	Haas	effect	=	
Quantum	oscillations	with	resistivity

De	Haas–van	Alphen	effect	=	
Quantum	oscillations	with	magnetic	susceptibility	

Nature	455,	952	(2008)

carried out in a standard 4He cryostat at the LNCMP pulsed field
facility in Toulouse using the same contact configuration. For the
torque measurements, small pieces of the same crystals were attached
to sensitive piezoresistive cantilevers and mounted in a dilution refri-
gerator in a second magnet cell at LNCMP.

Figure 1a, b shows interlayer resistance (RH) data and magnetic
torque (t) data with the field oriented close to the c axis for two
different Tl2201 crystals at temperatures below their zero-field super-
conducting transitions (Tc < 10 K). For both sets of data, an
expanded view near the field maxima reveals clear oscillations whose
amplitude grows with increasing field strength. Figure 1c shows the
oscillatory part of the magnetization Dt/B plotted versus inverse
magnetic field 1/B. The observation of oscillations, periodic in 1/B,
in both the magnetization and the resistivity, at fields well above the
upper critical field Bc2, confirm these as quantum oscillations.
Strikingly, as shown in Fig. 1c, these oscillations are more than one
order of magnitude faster than those found in underdoped
YBa2Cu4O8.

The frequency (F) of the oscillations is directly related to the
extremal cross-sectional area A of the Fermi surface normal to the
field orientation, via the Onsager relation, A 5 2peF/". Figure 2a
shows the fast Fourier transform of the data in Fig. 1c. A single, sharp
dHvA frequency of 18,100 6 50 T is obtained, corresponding to a
Fermi surface extremal cross-sectional area A of 172.8 6 0.5 nm22

and average kF of 7.42 6 0.05 nm21
. The temperature dependence of

the Shubnikov–de Haas amplitude is shown in Fig. 2b. Fitting this
with the standard Lifshitz–Kosevich theory, we obtain a cyclotron
effective mass m*5 4.1 6 1.0 me, where me is the free electron mass.
Finally, Fig. 2c shows that the field dependence of the amplitude of
the dHvA oscillations follows the expected exponential decay, from
which we estimate l 5 320 Å.

All these numbers are in excellent agreement with those deduced
from other measurements in the same material with similar doping
levels. The Fermi surface topology deduced from ADMR6,14 is repro-
duced as a solid black line in Fig. 2a inset. Its area agrees extremely
well with the measured dHvA frequency, and corresponds to ,65%
of the Brillouin zone of Tl2201 and a doping level p 5 0.30. In addi-
tion, given that for a two-dimensional Fermi surface, the electronic
specific heat (Sommerfeld coefficient) is cel 5 (pNAkB

2a2/3"2)m*
(where kB is the Boltzmann constant, NA is Avogadro’s number,
and a 5 3.86 Å is the in-plane lattice constant15), our value of m*
corresponds to cel < 6.0 6 1.0 mJ mol21 K22, in excellent agreement
with that measured directly16 for overdoped polycrystalline Tl2201
(7 6 2 mJ mol21 K22). Hence, in contrast to the previous work2–5, we
can make quantitative comparisons between quasiparticle properties
derived from quantum oscillations at high fields and those measured
directly by transport and thermodynamics at zero field. This good
overall consistency suggests that the Fermi surface is composed
entirely of the single quasi-two-dimensional sheet that we observe.
DFT calculations predict that the bare band mass in stoichiometric
Tl2201 is ,1.2me (ref. 9). The difference between the measured and
calculated masses implies strong electron-correlation-driven renor-
malization, even at this elevated doping level.

Despite strong electron–electron interactions, the observation of
quantum oscillations implies that quasiparticles exist at all points on
the Fermi surface of overdoped Tl2201. The observation of genuine
quantum oscillations in Tl2201 supports the recognized idea that
generalized Fermi-liquid theory can be applied on the overdoped
side of the phase diagram. Moreover, the observation of quantum
oscillations on both sides of optimal doping, albeit with very different
frequencies, suggests that the quantum oscillations observed in
underdoped copper oxides directly probe the Fermi surface there,
rather than some anomalous vortex physics17, and raises the intri-
guing prospect that quasiparticle states may survive, at least at some
loci on the Fermi surface, across the entire doping range, from the
insulating/superconducting boundary to the non-superconducting
metal on the heavily overdoped side.
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Figure 1 | Quantum oscillations in Tl2201. a, Raw data on interlayer
resistance (RH) with B//c for a Tl2201 single crystal at T 5 2.8 6 0.1 K.
RH(B) rises rapidly above the irreversibility field Birr, passes through a small
plateau, then grows quasi-quadratically with field up to 60 T. Inset,
magnified view of the high-field region of the down sweep. Small but well-
defined oscillations are clearly resolved in the raw data, with an amplitude
that grows with increasing field strength. The maximum amplitude of the
oscillations is only 0.5 mV. b, Averaged magnetic torque data (from five
sweeps at temperatures between 0.6 K and 0.8 K) with B close to the c axis for
a different Tl2201 crystal. The temperatures of the torque sweeps are subject
to an additional uncertainty of 150 mK due to the weak thermal link inside
the dilution refrigerator5 and the high currents needed to observe the
oscillations. Below B 5 14 T, the torque shows hysteretic behaviour due to
flux trapping and expulsion in the superconducting mixed state. Again, well-
defined oscillations are clearly resolved in the expanded region shown in the
inset. The value of Tc for both crystals is 10 K (defined by their zero-resistive
state), compared with the maximal Tc in Tl2201 of 92 K. The torque crystal
showed a very small kink in the zero-field rH data around 20 K, suggesting
that some fraction of the crystal, presumably the surface layer, had a higher
Tc value. Note that the difference in Birr exhibited by both crystals is
amplified in the pulsed magnetic field because the sweep rate dB/dt for the
higher Birr sample is greater. a.u., arbitrary units. c, The oscillatory
component of the torque data shown in b plotted as green dots against 1/B
(the corresponding B values are shown at the top of the panel), after a
monotonic background has been subtracted. The black line superimposed
on the data is a fit to the Lifshitz–Kosevich expression for dHvA oscillations
in a two-dimensional metal29. Also shown (blue), for comparison, is the
oscillatory component in the torque signal on underdoped YBa2Cu4O8.
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Outline:

(1)	Landau	quantization	/	Landau	levels:
Gives	an	understanding	of	why	quantum	oscillations	exist.

(2)	Onsager	relation:
Gives	a	quantitative	relation	between	the	oscillations	
and	the	Fermi	surface	area
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carried out in a standard 4He cryostat at the LNCMP pulsed field
facility in Toulouse using the same contact configuration. For the
torque measurements, small pieces of the same crystals were attached
to sensitive piezoresistive cantilevers and mounted in a dilution refri-
gerator in a second magnet cell at LNCMP.

Figure 1a, b shows interlayer resistance (RH) data and magnetic
torque (t) data with the field oriented close to the c axis for two
different Tl2201 crystals at temperatures below their zero-field super-
conducting transitions (Tc < 10 K). For both sets of data, an
expanded view near the field maxima reveals clear oscillations whose
amplitude grows with increasing field strength. Figure 1c shows the
oscillatory part of the magnetization Dt/B plotted versus inverse
magnetic field 1/B. The observation of oscillations, periodic in 1/B,
in both the magnetization and the resistivity, at fields well above the
upper critical field Bc2, confirm these as quantum oscillations.
Strikingly, as shown in Fig. 1c, these oscillations are more than one
order of magnitude faster than those found in underdoped
YBa2Cu4O8.

The frequency (F) of the oscillations is directly related to the
extremal cross-sectional area A of the Fermi surface normal to the
field orientation, via the Onsager relation, A 5 2peF/". Figure 2a
shows the fast Fourier transform of the data in Fig. 1c. A single, sharp
dHvA frequency of 18,100 6 50 T is obtained, corresponding to a
Fermi surface extremal cross-sectional area A of 172.8 6 0.5 nm22

and average kF of 7.42 6 0.05 nm21
. The temperature dependence of

the Shubnikov–de Haas amplitude is shown in Fig. 2b. Fitting this
with the standard Lifshitz–Kosevich theory, we obtain a cyclotron
effective mass m*5 4.1 6 1.0 me, where me is the free electron mass.
Finally, Fig. 2c shows that the field dependence of the amplitude of
the dHvA oscillations follows the expected exponential decay, from
which we estimate l 5 320 Å.

All these numbers are in excellent agreement with those deduced
from other measurements in the same material with similar doping
levels. The Fermi surface topology deduced from ADMR6,14 is repro-
duced as a solid black line in Fig. 2a inset. Its area agrees extremely
well with the measured dHvA frequency, and corresponds to ,65%
of the Brillouin zone of Tl2201 and a doping level p 5 0.30. In addi-
tion, given that for a two-dimensional Fermi surface, the electronic
specific heat (Sommerfeld coefficient) is cel 5 (pNAkB

2a2/3"2)m*
(where kB is the Boltzmann constant, NA is Avogadro’s number,
and a 5 3.86 Å is the in-plane lattice constant15), our value of m*
corresponds to cel < 6.0 6 1.0 mJ mol21 K22, in excellent agreement
with that measured directly16 for overdoped polycrystalline Tl2201
(7 6 2 mJ mol21 K22). Hence, in contrast to the previous work2–5, we
can make quantitative comparisons between quasiparticle properties
derived from quantum oscillations at high fields and those measured
directly by transport and thermodynamics at zero field. This good
overall consistency suggests that the Fermi surface is composed
entirely of the single quasi-two-dimensional sheet that we observe.
DFT calculations predict that the bare band mass in stoichiometric
Tl2201 is ,1.2me (ref. 9). The difference between the measured and
calculated masses implies strong electron-correlation-driven renor-
malization, even at this elevated doping level.

Despite strong electron–electron interactions, the observation of
quantum oscillations implies that quasiparticles exist at all points on
the Fermi surface of overdoped Tl2201. The observation of genuine
quantum oscillations in Tl2201 supports the recognized idea that
generalized Fermi-liquid theory can be applied on the overdoped
side of the phase diagram. Moreover, the observation of quantum
oscillations on both sides of optimal doping, albeit with very different
frequencies, suggests that the quantum oscillations observed in
underdoped copper oxides directly probe the Fermi surface there,
rather than some anomalous vortex physics17, and raises the intri-
guing prospect that quasiparticle states may survive, at least at some
loci on the Fermi surface, across the entire doping range, from the
insulating/superconducting boundary to the non-superconducting
metal on the heavily overdoped side.
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Figure 1 | Quantum oscillations in Tl2201. a, Raw data on interlayer
resistance (RH) with B//c for a Tl2201 single crystal at T 5 2.8 6 0.1 K.
RH(B) rises rapidly above the irreversibility field Birr, passes through a small
plateau, then grows quasi-quadratically with field up to 60 T. Inset,
magnified view of the high-field region of the down sweep. Small but well-
defined oscillations are clearly resolved in the raw data, with an amplitude
that grows with increasing field strength. The maximum amplitude of the
oscillations is only 0.5 mV. b, Averaged magnetic torque data (from five
sweeps at temperatures between 0.6 K and 0.8 K) with B close to the c axis for
a different Tl2201 crystal. The temperatures of the torque sweeps are subject
to an additional uncertainty of 150 mK due to the weak thermal link inside
the dilution refrigerator5 and the high currents needed to observe the
oscillations. Below B 5 14 T, the torque shows hysteretic behaviour due to
flux trapping and expulsion in the superconducting mixed state. Again, well-
defined oscillations are clearly resolved in the expanded region shown in the
inset. The value of Tc for both crystals is 10 K (defined by their zero-resistive
state), compared with the maximal Tc in Tl2201 of 92 K. The torque crystal
showed a very small kink in the zero-field rH data around 20 K, suggesting
that some fraction of the crystal, presumably the surface layer, had a higher
Tc value. Note that the difference in Birr exhibited by both crystals is
amplified in the pulsed magnetic field because the sweep rate dB/dt for the
higher Birr sample is greater. a.u., arbitrary units. c, The oscillatory
component of the torque data shown in b plotted as green dots against 1/B
(the corresponding B values are shown at the top of the panel), after a
monotonic background has been subtracted. The black line superimposed
on the data is a fit to the Lifshitz–Kosevich expression for dHvA oscillations
in a two-dimensional metal29. Also shown (blue), for comparison, is the
oscillatory component in the torque signal on underdoped YBa2Cu4O8.
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carried out in a standard 4He cryostat at the LNCMP pulsed field
facility in Toulouse using the same contact configuration. For the
torque measurements, small pieces of the same crystals were attached
to sensitive piezoresistive cantilevers and mounted in a dilution refri-
gerator in a second magnet cell at LNCMP.

Figure 1a, b shows interlayer resistance (RH) data and magnetic
torque (t) data with the field oriented close to the c axis for two
different Tl2201 crystals at temperatures below their zero-field super-
conducting transitions (Tc < 10 K). For both sets of data, an
expanded view near the field maxima reveals clear oscillations whose
amplitude grows with increasing field strength. Figure 1c shows the
oscillatory part of the magnetization Dt/B plotted versus inverse
magnetic field 1/B. The observation of oscillations, periodic in 1/B,
in both the magnetization and the resistivity, at fields well above the
upper critical field Bc2, confirm these as quantum oscillations.
Strikingly, as shown in Fig. 1c, these oscillations are more than one
order of magnitude faster than those found in underdoped
YBa2Cu4O8.

The frequency (F) of the oscillations is directly related to the
extremal cross-sectional area A of the Fermi surface normal to the
field orientation, via the Onsager relation, A 5 2peF/". Figure 2a
shows the fast Fourier transform of the data in Fig. 1c. A single, sharp
dHvA frequency of 18,100 6 50 T is obtained, corresponding to a
Fermi surface extremal cross-sectional area A of 172.8 6 0.5 nm22

and average kF of 7.42 6 0.05 nm21
. The temperature dependence of

the Shubnikov–de Haas amplitude is shown in Fig. 2b. Fitting this
with the standard Lifshitz–Kosevich theory, we obtain a cyclotron
effective mass m*5 4.1 6 1.0 me, where me is the free electron mass.
Finally, Fig. 2c shows that the field dependence of the amplitude of
the dHvA oscillations follows the expected exponential decay, from
which we estimate l 5 320 Å.

All these numbers are in excellent agreement with those deduced
from other measurements in the same material with similar doping
levels. The Fermi surface topology deduced from ADMR6,14 is repro-
duced as a solid black line in Fig. 2a inset. Its area agrees extremely
well with the measured dHvA frequency, and corresponds to ,65%
of the Brillouin zone of Tl2201 and a doping level p 5 0.30. In addi-
tion, given that for a two-dimensional Fermi surface, the electronic
specific heat (Sommerfeld coefficient) is cel 5 (pNAkB

2a2/3"2)m*
(where kB is the Boltzmann constant, NA is Avogadro’s number,
and a 5 3.86 Å is the in-plane lattice constant15), our value of m*
corresponds to cel < 6.0 6 1.0 mJ mol21 K22, in excellent agreement
with that measured directly16 for overdoped polycrystalline Tl2201
(7 6 2 mJ mol21 K22). Hence, in contrast to the previous work2–5, we
can make quantitative comparisons between quasiparticle properties
derived from quantum oscillations at high fields and those measured
directly by transport and thermodynamics at zero field. This good
overall consistency suggests that the Fermi surface is composed
entirely of the single quasi-two-dimensional sheet that we observe.
DFT calculations predict that the bare band mass in stoichiometric
Tl2201 is ,1.2me (ref. 9). The difference between the measured and
calculated masses implies strong electron-correlation-driven renor-
malization, even at this elevated doping level.

Despite strong electron–electron interactions, the observation of
quantum oscillations implies that quasiparticles exist at all points on
the Fermi surface of overdoped Tl2201. The observation of genuine
quantum oscillations in Tl2201 supports the recognized idea that
generalized Fermi-liquid theory can be applied on the overdoped
side of the phase diagram. Moreover, the observation of quantum
oscillations on both sides of optimal doping, albeit with very different
frequencies, suggests that the quantum oscillations observed in
underdoped copper oxides directly probe the Fermi surface there,
rather than some anomalous vortex physics17, and raises the intri-
guing prospect that quasiparticle states may survive, at least at some
loci on the Fermi surface, across the entire doping range, from the
insulating/superconducting boundary to the non-superconducting
metal on the heavily overdoped side.
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Figure 1 | Quantum oscillations in Tl2201. a, Raw data on interlayer
resistance (RH) with B//c for a Tl2201 single crystal at T 5 2.8 6 0.1 K.
RH(B) rises rapidly above the irreversibility field Birr, passes through a small
plateau, then grows quasi-quadratically with field up to 60 T. Inset,
magnified view of the high-field region of the down sweep. Small but well-
defined oscillations are clearly resolved in the raw data, with an amplitude
that grows with increasing field strength. The maximum amplitude of the
oscillations is only 0.5 mV. b, Averaged magnetic torque data (from five
sweeps at temperatures between 0.6 K and 0.8 K) with B close to the c axis for
a different Tl2201 crystal. The temperatures of the torque sweeps are subject
to an additional uncertainty of 150 mK due to the weak thermal link inside
the dilution refrigerator5 and the high currents needed to observe the
oscillations. Below B 5 14 T, the torque shows hysteretic behaviour due to
flux trapping and expulsion in the superconducting mixed state. Again, well-
defined oscillations are clearly resolved in the expanded region shown in the
inset. The value of Tc for both crystals is 10 K (defined by their zero-resistive
state), compared with the maximal Tc in Tl2201 of 92 K. The torque crystal
showed a very small kink in the zero-field rH data around 20 K, suggesting
that some fraction of the crystal, presumably the surface layer, had a higher
Tc value. Note that the difference in Birr exhibited by both crystals is
amplified in the pulsed magnetic field because the sweep rate dB/dt for the
higher Birr sample is greater. a.u., arbitrary units. c, The oscillatory
component of the torque data shown in b plotted as green dots against 1/B
(the corresponding B values are shown at the top of the panel), after a
monotonic background has been subtracted. The black line superimposed
on the data is a fit to the Lifshitz–Kosevich expression for dHvA oscillations
in a two-dimensional metal29. Also shown (blue), for comparison, is the
oscillatory component in the torque signal on underdoped YBa2Cu4O8.
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carried out in a standard 4He cryostat at the LNCMP pulsed field
facility in Toulouse using the same contact configuration. For the
torque measurements, small pieces of the same crystals were attached
to sensitive piezoresistive cantilevers and mounted in a dilution refri-
gerator in a second magnet cell at LNCMP.

Figure 1a, b shows interlayer resistance (RH) data and magnetic
torque (t) data with the field oriented close to the c axis for two
different Tl2201 crystals at temperatures below their zero-field super-
conducting transitions (Tc < 10 K). For both sets of data, an
expanded view near the field maxima reveals clear oscillations whose
amplitude grows with increasing field strength. Figure 1c shows the
oscillatory part of the magnetization Dt/B plotted versus inverse
magnetic field 1/B. The observation of oscillations, periodic in 1/B,
in both the magnetization and the resistivity, at fields well above the
upper critical field Bc2, confirm these as quantum oscillations.
Strikingly, as shown in Fig. 1c, these oscillations are more than one
order of magnitude faster than those found in underdoped
YBa2Cu4O8.

The frequency (F) of the oscillations is directly related to the
extremal cross-sectional area A of the Fermi surface normal to the
field orientation, via the Onsager relation, A 5 2peF/". Figure 2a
shows the fast Fourier transform of the data in Fig. 1c. A single, sharp
dHvA frequency of 18,100 6 50 T is obtained, corresponding to a
Fermi surface extremal cross-sectional area A of 172.8 6 0.5 nm22

and average kF of 7.42 6 0.05 nm21
. The temperature dependence of

the Shubnikov–de Haas amplitude is shown in Fig. 2b. Fitting this
with the standard Lifshitz–Kosevich theory, we obtain a cyclotron
effective mass m*5 4.1 6 1.0 me, where me is the free electron mass.
Finally, Fig. 2c shows that the field dependence of the amplitude of
the dHvA oscillations follows the expected exponential decay, from
which we estimate l 5 320 Å.

All these numbers are in excellent agreement with those deduced
from other measurements in the same material with similar doping
levels. The Fermi surface topology deduced from ADMR6,14 is repro-
duced as a solid black line in Fig. 2a inset. Its area agrees extremely
well with the measured dHvA frequency, and corresponds to ,65%
of the Brillouin zone of Tl2201 and a doping level p 5 0.30. In addi-
tion, given that for a two-dimensional Fermi surface, the electronic
specific heat (Sommerfeld coefficient) is cel 5 (pNAkB

2a2/3"2)m*
(where kB is the Boltzmann constant, NA is Avogadro’s number,
and a 5 3.86 Å is the in-plane lattice constant15), our value of m*
corresponds to cel < 6.0 6 1.0 mJ mol21 K22, in excellent agreement
with that measured directly16 for overdoped polycrystalline Tl2201
(7 6 2 mJ mol21 K22). Hence, in contrast to the previous work2–5, we
can make quantitative comparisons between quasiparticle properties
derived from quantum oscillations at high fields and those measured
directly by transport and thermodynamics at zero field. This good
overall consistency suggests that the Fermi surface is composed
entirely of the single quasi-two-dimensional sheet that we observe.
DFT calculations predict that the bare band mass in stoichiometric
Tl2201 is ,1.2me (ref. 9). The difference between the measured and
calculated masses implies strong electron-correlation-driven renor-
malization, even at this elevated doping level.

Despite strong electron–electron interactions, the observation of
quantum oscillations implies that quasiparticles exist at all points on
the Fermi surface of overdoped Tl2201. The observation of genuine
quantum oscillations in Tl2201 supports the recognized idea that
generalized Fermi-liquid theory can be applied on the overdoped
side of the phase diagram. Moreover, the observation of quantum
oscillations on both sides of optimal doping, albeit with very different
frequencies, suggests that the quantum oscillations observed in
underdoped copper oxides directly probe the Fermi surface there,
rather than some anomalous vortex physics17, and raises the intri-
guing prospect that quasiparticle states may survive, at least at some
loci on the Fermi surface, across the entire doping range, from the
insulating/superconducting boundary to the non-superconducting
metal on the heavily overdoped side.
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Figure 1 | Quantum oscillations in Tl2201. a, Raw data on interlayer
resistance (RH) with B//c for a Tl2201 single crystal at T 5 2.8 6 0.1 K.
RH(B) rises rapidly above the irreversibility field Birr, passes through a small
plateau, then grows quasi-quadratically with field up to 60 T. Inset,
magnified view of the high-field region of the down sweep. Small but well-
defined oscillations are clearly resolved in the raw data, with an amplitude
that grows with increasing field strength. The maximum amplitude of the
oscillations is only 0.5 mV. b, Averaged magnetic torque data (from five
sweeps at temperatures between 0.6 K and 0.8 K) with B close to the c axis for
a different Tl2201 crystal. The temperatures of the torque sweeps are subject
to an additional uncertainty of 150 mK due to the weak thermal link inside
the dilution refrigerator5 and the high currents needed to observe the
oscillations. Below B 5 14 T, the torque shows hysteretic behaviour due to
flux trapping and expulsion in the superconducting mixed state. Again, well-
defined oscillations are clearly resolved in the expanded region shown in the
inset. The value of Tc for both crystals is 10 K (defined by their zero-resistive
state), compared with the maximal Tc in Tl2201 of 92 K. The torque crystal
showed a very small kink in the zero-field rH data around 20 K, suggesting
that some fraction of the crystal, presumably the surface layer, had a higher
Tc value. Note that the difference in Birr exhibited by both crystals is
amplified in the pulsed magnetic field because the sweep rate dB/dt for the
higher Birr sample is greater. a.u., arbitrary units. c, The oscillatory
component of the torque data shown in b plotted as green dots against 1/B
(the corresponding B values are shown at the top of the panel), after a
monotonic background has been subtracted. The black line superimposed
on the data is a fit to the Lifshitz–Kosevich expression for dHvA oscillations
in a two-dimensional metal29. Also shown (blue), for comparison, is the
oscillatory component in the torque signal on underdoped YBa2Cu4O8.
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Tl2Ba2CuO6+x

carried out in a standard 4He cryostat at the LNCMP pulsed field
facility in Toulouse using the same contact configuration. For the
torque measurements, small pieces of the same crystals were attached
to sensitive piezoresistive cantilevers and mounted in a dilution refri-
gerator in a second magnet cell at LNCMP.

Figure 1a, b shows interlayer resistance (RH) data and magnetic
torque (t) data with the field oriented close to the c axis for two
different Tl2201 crystals at temperatures below their zero-field super-
conducting transitions (Tc < 10 K). For both sets of data, an
expanded view near the field maxima reveals clear oscillations whose
amplitude grows with increasing field strength. Figure 1c shows the
oscillatory part of the magnetization Dt/B plotted versus inverse
magnetic field 1/B. The observation of oscillations, periodic in 1/B,
in both the magnetization and the resistivity, at fields well above the
upper critical field Bc2, confirm these as quantum oscillations.
Strikingly, as shown in Fig. 1c, these oscillations are more than one
order of magnitude faster than those found in underdoped
YBa2Cu4O8.

The frequency (F) of the oscillations is directly related to the
extremal cross-sectional area A of the Fermi surface normal to the
field orientation, via the Onsager relation, A 5 2peF/". Figure 2a
shows the fast Fourier transform of the data in Fig. 1c. A single, sharp
dHvA frequency of 18,100 6 50 T is obtained, corresponding to a
Fermi surface extremal cross-sectional area A of 172.8 6 0.5 nm22

and average kF of 7.42 6 0.05 nm21
. The temperature dependence of

the Shubnikov–de Haas amplitude is shown in Fig. 2b. Fitting this
with the standard Lifshitz–Kosevich theory, we obtain a cyclotron
effective mass m*5 4.1 6 1.0 me, where me is the free electron mass.
Finally, Fig. 2c shows that the field dependence of the amplitude of
the dHvA oscillations follows the expected exponential decay, from
which we estimate l 5 320 Å.

All these numbers are in excellent agreement with those deduced
from other measurements in the same material with similar doping
levels. The Fermi surface topology deduced from ADMR6,14 is repro-
duced as a solid black line in Fig. 2a inset. Its area agrees extremely
well with the measured dHvA frequency, and corresponds to ,65%
of the Brillouin zone of Tl2201 and a doping level p 5 0.30. In addi-
tion, given that for a two-dimensional Fermi surface, the electronic
specific heat (Sommerfeld coefficient) is cel 5 (pNAkB

2a2/3"2)m*
(where kB is the Boltzmann constant, NA is Avogadro’s number,
and a 5 3.86 Å is the in-plane lattice constant15), our value of m*
corresponds to cel < 6.0 6 1.0 mJ mol21 K22, in excellent agreement
with that measured directly16 for overdoped polycrystalline Tl2201
(7 6 2 mJ mol21 K22). Hence, in contrast to the previous work2–5, we
can make quantitative comparisons between quasiparticle properties
derived from quantum oscillations at high fields and those measured
directly by transport and thermodynamics at zero field. This good
overall consistency suggests that the Fermi surface is composed
entirely of the single quasi-two-dimensional sheet that we observe.
DFT calculations predict that the bare band mass in stoichiometric
Tl2201 is ,1.2me (ref. 9). The difference between the measured and
calculated masses implies strong electron-correlation-driven renor-
malization, even at this elevated doping level.

Despite strong electron–electron interactions, the observation of
quantum oscillations implies that quasiparticles exist at all points on
the Fermi surface of overdoped Tl2201. The observation of genuine
quantum oscillations in Tl2201 supports the recognized idea that
generalized Fermi-liquid theory can be applied on the overdoped
side of the phase diagram. Moreover, the observation of quantum
oscillations on both sides of optimal doping, albeit with very different
frequencies, suggests that the quantum oscillations observed in
underdoped copper oxides directly probe the Fermi surface there,
rather than some anomalous vortex physics17, and raises the intri-
guing prospect that quasiparticle states may survive, at least at some
loci on the Fermi surface, across the entire doping range, from the
insulating/superconducting boundary to the non-superconducting
metal on the heavily overdoped side.
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Figure 1 | Quantum oscillations in Tl2201. a, Raw data on interlayer
resistance (RH) with B//c for a Tl2201 single crystal at T 5 2.8 6 0.1 K.
RH(B) rises rapidly above the irreversibility field Birr, passes through a small
plateau, then grows quasi-quadratically with field up to 60 T. Inset,
magnified view of the high-field region of the down sweep. Small but well-
defined oscillations are clearly resolved in the raw data, with an amplitude
that grows with increasing field strength. The maximum amplitude of the
oscillations is only 0.5 mV. b, Averaged magnetic torque data (from five
sweeps at temperatures between 0.6 K and 0.8 K) with B close to the c axis for
a different Tl2201 crystal. The temperatures of the torque sweeps are subject
to an additional uncertainty of 150 mK due to the weak thermal link inside
the dilution refrigerator5 and the high currents needed to observe the
oscillations. Below B 5 14 T, the torque shows hysteretic behaviour due to
flux trapping and expulsion in the superconducting mixed state. Again, well-
defined oscillations are clearly resolved in the expanded region shown in the
inset. The value of Tc for both crystals is 10 K (defined by their zero-resistive
state), compared with the maximal Tc in Tl2201 of 92 K. The torque crystal
showed a very small kink in the zero-field rH data around 20 K, suggesting
that some fraction of the crystal, presumably the surface layer, had a higher
Tc value. Note that the difference in Birr exhibited by both crystals is
amplified in the pulsed magnetic field because the sweep rate dB/dt for the
higher Birr sample is greater. a.u., arbitrary units. c, The oscillatory
component of the torque data shown in b plotted as green dots against 1/B
(the corresponding B values are shown at the top of the panel), after a
monotonic background has been subtracted. The black line superimposed
on the data is a fit to the Lifshitz–Kosevich expression for dHvA oscillations
in a two-dimensional metal29. Also shown (blue), for comparison, is the
oscillatory component in the torque signal on underdoped YBa2Cu4O8.
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Another noteworthy feature of this result is that quantum oscillations
have been observed in a metal for which one key signature of a Landau
Fermi-liquid, namely a purely quadratic temperature dependence of the
electrical resistivity at low temperatures, is absent. According to ADMR
experiments on overdoped Tl2201 crystals with comparable Tc values,
the scattering rate contains two temperature-dependent components; a
dominant isotropic component, which varies quadratically with tem-
perature and is characteristic of fermionic quasiparticle scattering, and
an anisotropic component, maximal near the Brillouin zone boundaries
and varying linearly with temperature down to very low temperatures14,
consistent with the observed form of the in-plane resistivity11,18. This
unusual form of the scattering rate has been associated with proximity
to a quantum critical point19,20 or to the Mott insulating state21, but its
origin is as yet unknown. The fact that quasiparticles arise, despite there
being a linear-in-T contribution to the scattering rate, is in agreement
with theoretical predictions22,23. However, to actually see the effect of the
anomalous contribution to the self energy in the temperature depen-
dence of the oscillations would require following them to much lower
temperature23,24.

Finally, our measurements offer strong support for the scenario25

that beyond a critical doping level within the superconducting dome,
the pseudogap vanishes—that is, that the pseudogap and the super-
conducting gap are not coincident in the overdoped regime. We
stress here that closure of the pseudogap is not field-induced, as
the Fermi surface parameters we derive are entirely consistent with
zero-field transport11, thermodynamic17 and spectroscopic7 data. The
task now is to determine whether this large Fermi surface evolves into
a collection of small pockets or into a series of disconnected arcs at
low doping. In other words, does the carrier density decrease
smoothly from 1 1 p to p, or does a competing order—such as anti-
ferromagnetism26, d-density-wave27, orbital loops20 or stripes28—
cause a Fermi surface reconstruction along some critical line in the
(p, T) phase diagram? Given the excellent agreement between dHvA
and ARPES results evident in overdoped Tl2201, combined measure-
ments on the same underdoped compound seem to be essential to
help resolve this long-standing controversy.
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Figure 2 | Features of the oscillation data. a, Fast Fourier transform (FFT)
of the data shown in Fig. 1c (field range 50–58.8 T), revealing a single, sharp
dHvA frequency of F 5 18,100 6 50 T, corresponding to an average Fermi
surface radius kF 5 7.42 6 0.05 nm21. Inset, a cross-section of the Fermi
surface topology of overdoped Tl2201 (Tc 5 15 K) deduced from ADMR6,14.
The area of this tubular Fermi surface is in excellent agreement with our
measured dHvA frequency. b, Temperature dependence of the
Shubnikov–de Haas amplitude. According to the standard
Lifshitz–Kosevich expression for the oscillatory magnetization29, the
thermal damping factor RT 5 X/sinh(X), where X 5 (2p2kB/"e)m*T/B and
m* is the quasiparticle effective mass that is enhanced over the band-mass by

many-body interactions. Error bars, 1s. c, Field dependence of the
amplitude of the dHvA oscillations shown in Fig. 1c, divided by RT. Each
point represents a fit of 1.5 oscillations to A/(RTB) sin(2pF/B 1 w). From the
fit to the exponential decay, we tentatively estimate a mean-free-path of
l 5 320 Å. The actual mean-free-path may be up to a factor of two longer
than this, because the limited field range of our measurements does not
allow us to rule out a low frequency beat with another close frequency, as
expected for a quasi-two-dimensional Fermi surface such as this30. The
transport mean-free-path in the best crystals, as estimated from in-plane
resistivity measurements11, is of the order l 5 670 Å. Error bars are deduced
from a combination of systematic error and standard deviation.
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F ¼ 530 T correspond to an extremal area, AF ¼ 5.1 nm"2, which represents only 1.9% of
the first Brillouin zone. This is in sharp contrast with the high frequency of quantum oscillations
found in overdoped Tl2Ba2CuO6þd at p$ 0.30, assuming a similar phase diagram in the different
families of hole-doped cuprates (see inset of Figure 3), where F ¼ 18,100 T corresponds to
a Fermi surface cross-section area,AF¼ 172.8 nm"2, which represents 65%of the first Brillouin
zone (28).

Quantum oscillations have been observed in a wide range of doping of YBa2Cu3O6þd, from
p $ 0.09 up to p $ 0.16, over which the quantum oscillation frequency exhibits a subtle increase
with doping (39–41). Besides underdoped YBa2Cu3O6þd, quantum oscillations have also been
observed in the related compoundYBa2Cu4O8 (Tc¼ 81K corresponding to p$ 0.14) (42, 43) and
more recently in another family of cuprates, namely HgBa2CuO4þd (Tc ¼ 72 K corresponding
to p $ 0.09) (44), as shown in Figure 3. For the latter, the frequency of quantum oscillations F ¼
840 T corresponds to a Fermi surface cross-section area, AF ¼ 8.0 nm"2, which represents 3% of
the first Brillouin zone.

2.2. Multiple Quantum Oscillation Frequencies

Understanding the origin of the small Fermi surface pocket revealed by quantum oscillations is
challenging for multiple reasons. Firstly, it is unclear as to whether the traditional theory
of quantum oscillations in quasi-two-dimensional materials can be applied to these materials.
Secondly, discerning the correct electronic structure associated with the observed quantum
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Quantum oscillations measured in underdoped YBa2Cu3O6þd by a variety of experimental techniques,
including (a) in-plane four contact resistivity (data from 32), (b) magnetic torque (data from 45), (c) ĉ-axis four
contact resistivity (data from 39), and (d) contactless resistivitymeasured using a resonant proximity detection
oscillator (data from 35).
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QUANTUM	OSCILLATIONS:	
Temperature	dependence

ℏ𝜔0 > 𝑘+	𝑇

Thermal	Condition:

Landau	level	splitting	>	thermal	energy

𝜔0 = 	
𝑒𝐵
𝑚∗

Temperature	dependence	of	the	oscillatory	
amplitude	yield	information	about	the	electronic	
mass.

electron-like character of the small Fermi surface pocket (53, 59) and (b) quantum oscillations
with similar frequency have been detected in underdoped HgBa2CuO4þd, a compound free of
CuO chains (44). In the second set of proposals, which are more relevant in explaining the
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(a) Schematic of the Fermi-Dirac distribution fFD ¼ ð1þ ezÞ%1 [where z¼ (ɛ% ɛF)/kBT)]. TheT-dependent step
in occupation number (lines, dotted for higher temperatures) causes the oscillatory density of states
~g ¼ g0ei2pɛ=Zvc (assuming that g0 is approximately constant on the scale of the cyclotron energy Zvc¼ ZeB/m&)
shown by the sinusoidal line (blue) to be thermally smeared by the derivative of the probability distribution
jf FD0 ðzÞj ¼ 1=2ð1þ cosh zÞ (shaded regions). The consequent reduction in amplitude is equivalent to a
Fourier transform of jf FD0 ðzÞj, yielding oscillations } ei(2pF/B) periodic in 1/B modulated by a T-dependent
prefactor a(T) ¼ a0ph/sinhph (where h ¼ 2pkBTm&/eB and a0 is a constant). The quantum oscillatory
magnetization and resistivity can be expressed in terms of the above thermally averaged density of states, hence
the same thermal amplitude factor a(T). (b) Magnetic quantum oscillations (after background polynomial
subtraction) measured in YBa2Cu3O6.56 (p ' 0.108). This restricted interval in B ¼ jBj furnishes a dynamic
range of'50 dB over the range of measured temperatures of 1.1, 1.2, 1.4, 1.7, 1.8, 2.0, 2.1, 2.2, 2.6, 3.0, 3.5,
3.9, 4.0, 4.5, 5.0, 5.5, 6.0, 6.5, 7.0, 8.0, 9.0, 10.0, 11.0, 12.0, 14.0, 15.0, and 16.0 K. (c) Inverse Fourier
transform (red diamonds) of the amplitude of the oscillations versus z. Its comparison with the Fermi-Dirac
distribution (black line) shows excellent agreement. Adapted from Reference 52.
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(1)	Quantum	Oscillation	experiments:	

Electronic	Mass

carried out in a standard 4He cryostat at the LNCMP pulsed field
facility in Toulouse using the same contact configuration. For the
torque measurements, small pieces of the same crystals were attached
to sensitive piezoresistive cantilevers and mounted in a dilution refri-
gerator in a second magnet cell at LNCMP.

Figure 1a, b shows interlayer resistance (RH) data and magnetic
torque (t) data with the field oriented close to the c axis for two
different Tl2201 crystals at temperatures below their zero-field super-
conducting transitions (Tc < 10 K). For both sets of data, an
expanded view near the field maxima reveals clear oscillations whose
amplitude grows with increasing field strength. Figure 1c shows the
oscillatory part of the magnetization Dt/B plotted versus inverse
magnetic field 1/B. The observation of oscillations, periodic in 1/B,
in both the magnetization and the resistivity, at fields well above the
upper critical field Bc2, confirm these as quantum oscillations.
Strikingly, as shown in Fig. 1c, these oscillations are more than one
order of magnitude faster than those found in underdoped
YBa2Cu4O8.

The frequency (F) of the oscillations is directly related to the
extremal cross-sectional area A of the Fermi surface normal to the
field orientation, via the Onsager relation, A 5 2peF/". Figure 2a
shows the fast Fourier transform of the data in Fig. 1c. A single, sharp
dHvA frequency of 18,100 6 50 T is obtained, corresponding to a
Fermi surface extremal cross-sectional area A of 172.8 6 0.5 nm22

and average kF of 7.42 6 0.05 nm21
. The temperature dependence of

the Shubnikov–de Haas amplitude is shown in Fig. 2b. Fitting this
with the standard Lifshitz–Kosevich theory, we obtain a cyclotron
effective mass m*5 4.1 6 1.0 me, where me is the free electron mass.
Finally, Fig. 2c shows that the field dependence of the amplitude of
the dHvA oscillations follows the expected exponential decay, from
which we estimate l 5 320 Å.

All these numbers are in excellent agreement with those deduced
from other measurements in the same material with similar doping
levels. The Fermi surface topology deduced from ADMR6,14 is repro-
duced as a solid black line in Fig. 2a inset. Its area agrees extremely
well with the measured dHvA frequency, and corresponds to ,65%
of the Brillouin zone of Tl2201 and a doping level p 5 0.30. In addi-
tion, given that for a two-dimensional Fermi surface, the electronic
specific heat (Sommerfeld coefficient) is cel 5 (pNAkB

2a2/3"2)m*
(where kB is the Boltzmann constant, NA is Avogadro’s number,
and a 5 3.86 Å is the in-plane lattice constant15), our value of m*
corresponds to cel < 6.0 6 1.0 mJ mol21 K22, in excellent agreement
with that measured directly16 for overdoped polycrystalline Tl2201
(7 6 2 mJ mol21 K22). Hence, in contrast to the previous work2–5, we
can make quantitative comparisons between quasiparticle properties
derived from quantum oscillations at high fields and those measured
directly by transport and thermodynamics at zero field. This good
overall consistency suggests that the Fermi surface is composed
entirely of the single quasi-two-dimensional sheet that we observe.
DFT calculations predict that the bare band mass in stoichiometric
Tl2201 is ,1.2me (ref. 9). The difference between the measured and
calculated masses implies strong electron-correlation-driven renor-
malization, even at this elevated doping level.

Despite strong electron–electron interactions, the observation of
quantum oscillations implies that quasiparticles exist at all points on
the Fermi surface of overdoped Tl2201. The observation of genuine
quantum oscillations in Tl2201 supports the recognized idea that
generalized Fermi-liquid theory can be applied on the overdoped
side of the phase diagram. Moreover, the observation of quantum
oscillations on both sides of optimal doping, albeit with very different
frequencies, suggests that the quantum oscillations observed in
underdoped copper oxides directly probe the Fermi surface there,
rather than some anomalous vortex physics17, and raises the intri-
guing prospect that quasiparticle states may survive, at least at some
loci on the Fermi surface, across the entire doping range, from the
insulating/superconducting boundary to the non-superconducting
metal on the heavily overdoped side.
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Figure 1 | Quantum oscillations in Tl2201. a, Raw data on interlayer
resistance (RH) with B//c for a Tl2201 single crystal at T 5 2.8 6 0.1 K.
RH(B) rises rapidly above the irreversibility field Birr, passes through a small
plateau, then grows quasi-quadratically with field up to 60 T. Inset,
magnified view of the high-field region of the down sweep. Small but well-
defined oscillations are clearly resolved in the raw data, with an amplitude
that grows with increasing field strength. The maximum amplitude of the
oscillations is only 0.5 mV. b, Averaged magnetic torque data (from five
sweeps at temperatures between 0.6 K and 0.8 K) with B close to the c axis for
a different Tl2201 crystal. The temperatures of the torque sweeps are subject
to an additional uncertainty of 150 mK due to the weak thermal link inside
the dilution refrigerator5 and the high currents needed to observe the
oscillations. Below B 5 14 T, the torque shows hysteretic behaviour due to
flux trapping and expulsion in the superconducting mixed state. Again, well-
defined oscillations are clearly resolved in the expanded region shown in the
inset. The value of Tc for both crystals is 10 K (defined by their zero-resistive
state), compared with the maximal Tc in Tl2201 of 92 K. The torque crystal
showed a very small kink in the zero-field rH data around 20 K, suggesting
that some fraction of the crystal, presumably the surface layer, had a higher
Tc value. Note that the difference in Birr exhibited by both crystals is
amplified in the pulsed magnetic field because the sweep rate dB/dt for the
higher Birr sample is greater. a.u., arbitrary units. c, The oscillatory
component of the torque data shown in b plotted as green dots against 1/B
(the corresponding B values are shown at the top of the panel), after a
monotonic background has been subtracted. The black line superimposed
on the data is a fit to the Lifshitz–Kosevich expression for dHvA oscillations
in a two-dimensional metal29. Also shown (blue), for comparison, is the
oscillatory component in the torque signal on underdoped YBa2Cu4O8.
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(a)	RAW	DATA

Another noteworthy feature of this result is that quantum oscillations
have been observed in a metal for which one key signature of a Landau
Fermi-liquid, namely a purely quadratic temperature dependence of the
electrical resistivity at low temperatures, is absent. According to ADMR
experiments on overdoped Tl2201 crystals with comparable Tc values,
the scattering rate contains two temperature-dependent components; a
dominant isotropic component, which varies quadratically with tem-
perature and is characteristic of fermionic quasiparticle scattering, and
an anisotropic component, maximal near the Brillouin zone boundaries
and varying linearly with temperature down to very low temperatures14,
consistent with the observed form of the in-plane resistivity11,18. This
unusual form of the scattering rate has been associated with proximity
to a quantum critical point19,20 or to the Mott insulating state21, but its
origin is as yet unknown. The fact that quasiparticles arise, despite there
being a linear-in-T contribution to the scattering rate, is in agreement
with theoretical predictions22,23. However, to actually see the effect of the
anomalous contribution to the self energy in the temperature depen-
dence of the oscillations would require following them to much lower
temperature23,24.

Finally, our measurements offer strong support for the scenario25

that beyond a critical doping level within the superconducting dome,
the pseudogap vanishes—that is, that the pseudogap and the super-
conducting gap are not coincident in the overdoped regime. We
stress here that closure of the pseudogap is not field-induced, as
the Fermi surface parameters we derive are entirely consistent with
zero-field transport11, thermodynamic17 and spectroscopic7 data. The
task now is to determine whether this large Fermi surface evolves into
a collection of small pockets or into a series of disconnected arcs at
low doping. In other words, does the carrier density decrease
smoothly from 1 1 p to p, or does a competing order—such as anti-
ferromagnetism26, d-density-wave27, orbital loops20 or stripes28—
cause a Fermi surface reconstruction along some critical line in the
(p, T) phase diagram? Given the excellent agreement between dHvA
and ARPES results evident in overdoped Tl2201, combined measure-
ments on the same underdoped compound seem to be essential to
help resolve this long-standing controversy.
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Figure 2 | Features of the oscillation data. a, Fast Fourier transform (FFT)
of the data shown in Fig. 1c (field range 50–58.8 T), revealing a single, sharp
dHvA frequency of F 5 18,100 6 50 T, corresponding to an average Fermi
surface radius kF 5 7.42 6 0.05 nm21. Inset, a cross-section of the Fermi
surface topology of overdoped Tl2201 (Tc 5 15 K) deduced from ADMR6,14.
The area of this tubular Fermi surface is in excellent agreement with our
measured dHvA frequency. b, Temperature dependence of the
Shubnikov–de Haas amplitude. According to the standard
Lifshitz–Kosevich expression for the oscillatory magnetization29, the
thermal damping factor RT 5 X/sinh(X), where X 5 (2p2kB/"e)m*T/B and
m* is the quasiparticle effective mass that is enhanced over the band-mass by

many-body interactions. Error bars, 1s. c, Field dependence of the
amplitude of the dHvA oscillations shown in Fig. 1c, divided by RT. Each
point represents a fit of 1.5 oscillations to A/(RTB) sin(2pF/B 1 w). From the
fit to the exponential decay, we tentatively estimate a mean-free-path of
l 5 320 Å. The actual mean-free-path may be up to a factor of two longer
than this, because the limited field range of our measurements does not
allow us to rule out a low frequency beat with another close frequency, as
expected for a quasi-two-dimensional Fermi surface such as this30. The
transport mean-free-path in the best crystals, as estimated from in-plane
resistivity measurements11, is of the order l 5 670 Å. Error bars are deduced
from a combination of systematic error and standard deviation.
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Figure 4. Temperature dependence of the oscillatory torque amplitudes A(T )
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From our fits, we find that m⇤
therm = 5.8(3)me for Tl10Ka (' ⇠ 0�), m⇤

therm = 4.9(3)me for
Tl10Kb (' ⇠ 45�) and m⇤

therm = 5.0(3)me for Tl26K (' ⇠ 45�). While the masses obtained for
the two Tc = 10 K samples are further apart than might be expected given the high quality of the
fits, a deviation in temperature of the lowest temperature data points beyond our estimated error
could influence the results.

To check for consistency and any field dependence of the dHvA mass (common in heavy
Fermion systems, where m⇤

therm is strongly enhanced by spin fluctuations), we compare our
effective mass values to the zero-field electronic specific heat. For a 2D metal, the Sommerfeld
coefficient is [34]

� =
✓

⇡k2
B NAa2

3h̄2

◆
m⇤

therm, (25)

where NA is Avogadro’s constant. Taking the average m⇤
therm = 5.2(4)me, we obtain

� = 7.6(6) mJ mol�1 K�2 in excellent agreement with the almost p-independent value of
7(1) mJ mol�1 K�2 found from direct measurement of polycrystalline Tl2201 [35].

Comparison with the band mass mb ⇠ 1.7me, given by density functional theory band-
structure calculations (see section 6), reveals a significant enhancement due to electron
correlation effects (m⇤

therm/mb ⇡ 3) that is constant (within our uncertainty) up to at least
⇠ 0.3 T max

c . ARPES measurements showed that the band energies of Tl2201 (Tc = 30 K) [37]
are renormalized by a similar factor over a large energy range of the order of several eV. In
fact, using the tight binding parametrization of the ARPES data given in [36], we calculate an
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(c)	T-dependence
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