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Exercise Storm. In this exercise, you will create a simplified model to find conditions that
are necessary to have a storm. You can use the approximation ∆P � P , ∆T � T , h� RT

and consider the atmosphere as an ideal gas. Let’s consider a small vertical cylinder of
atmosphere, having height H and radius R.

a) What is the total external force (~Ftot) applied to the cylinder by pressure, if it changes
with altitude (p = p(h))?

The total vector force on the side of the cylinder is zero by symmetry. The force applied by
pressure on the downside base is |~Fdown| = p(0) ·A, where A is the cylinder base area and the

altitude of downside base is defined as h = 0. On the upside base, we have |~Fup| = p(H) ·A.
The two forces have opposite sign, and hence:

~Ftot = A · (p(0)− p(H))

b) Assuming the cylinder is at the equilibrium (~Ftot = 0), find the function p = p(h) using
the approximation g = const. ≈ 9.81 m/s2.

The gravital force of the cylinder is |~Fg| = mg = ρV g = ρAHg. Hence:

A · (p(0)− p(H)) = ρAHg ⇒ p(H) = p(0)− ρHg

this is true only if ρ is almost constant (|∆ρ
ρ
| � 1). The infinitesimal version - always true -

is dp = −ρgdh.

c) Given the adiabatic equation pV γ = const. and the equation of state, derive the adia-
batic equation as a function of (p, T ) instead of (p, V ).

The equation state can be written as (pV/T )γ = const.. Using adiabatic equation we can
derive:

pV γ/ (pV/T )γ = const.⇒ p1−γ/T γ = const.

d) Using the results obtained in c) and b), find the function Tad = Tad(h) in the adiabatic
hypothesis.
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We have
Tad(h) = T (0) · (p(h)/p(0))

1−γ
γ = T (0) · (1− ρhg/p(0))

1−γ
γ .

since we are considering ∆T << T =⇒ ρhg/p(0) << 1 :

Tad(h) ≈ T (0)

(
1−

(
1− γ
γ

)
ρgh/p(0)

)
.

The derivative is

dTad(h)/dh = −1− γ
γ

ρgT (0)/p(0).

e) (extra) Which conditions on dT
dh

are necessary to have an unstable equilibrium (storm)?

dTad(h)/dh is the temperature gradient of a mass of air moving adiabatically in the
atmosphere. Let’s imagine we have the atmosphere with T = const.. If a air mass moves
upwards, the air will get colder because dTad(h)/dh = −1−γ

γ
ρgT (0)/p(0) < 0 and then it

will go back down since it is heavier than the surrounding hotter air. Therefore, we have
a stable equilibrium. This condition is valid until dT (h)/dh > dTad(h)/dh. In the opposite
case (dT (h)/dh < dTad(h)/dh), when a mass of air goes up it will get colder (dTad(h)/dh =
−1−γ

γ
ρgT (0)/p(0) < 0) but it will be still hotter than the surrounding air (dT (h)/dh <

dTad(h)/dh) and hence it will continue to go up. This is an unstable equilibrium. The air
will continue to go up until water vapor condenses to form cloud drops.

Points (10 pt)

a) 4 points.
b) 4 points.
c) 3 points.
d) 3 points.
e) (extra).

2


