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NNLO QCD Corrections required to reduce theoretical uncertainty



Diphoton Production
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Figure 11. Differential cross sections measured as functions of pT,γ1 , pT,γ2 , mγγ and | cos θ∗|(CS)

(black error bars) compared with the predictions from Diphox NLO, Nnlojet NNLO and Sherpa
MEPS@NLO (lines with coloured bands). At the bottom of each plot, the ratio of the prediction to
the data is shown. Uncertainty bars on the data represent the total uncertainty, while uncertainty
bands (bars) on the predictions represent perturbative scale (statistical) uncertainties. Inset plots
show the core of each distribution on a linear scale. For pT,γ1 , pT,γ2 and mγγ the last bin is only
visible in the ratio inset and includes the overflow events.

which adequately describes the shape of the measured cross section for pT,γ2 ≥ 40 GeV,
but considerably underestimates the rate of photons at lower pT,γ2 values.

Stark features of the theory predictions can be seen in the mγγ spectrum. The shape
of this distribution is governed by the transverse-momentum requirements placed on the
individual photons, with the region mγγ < pT,γ1 + pT,γ2 being suppressed and only pop-
ulated through γγ+multi-jet configurations. Such configurations are not modelled well at
NLO accuracy in Diphox, but benefit significantly from the higher-order contributions
included in the Nnlojet and Sherpa predictions. The predictions from Nnlojet and
Sherpa agree with the data within uncertainties, while the uncertainties in the Diphox
prediction are severely underestimated judging from the higher-order predictions. At high
mγγ , the Sherpa predictions are compatible with the data, while Nnlojet underestimates
the rate slightly.
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It is a probe for the SM, and check of the validity of pQCD

Important channel for Higgs studies

Irreducible background for NP searches

Possible alternative channel for measuring top 
quark mass

[Kawabat, Yokoya ’17; Dugad, Jain, Mitra, Sanyal, Verma ’18]

Interesting framework to asses size of massive 
corrections at NNLO

[ATLAS (2017) arXiv:2107.09330]



State of the Art

NNLO QCD corrections with five light quarks flavours

Necessary scattering amplitude elements for N3LO analysis 
(massless case)

First-order Electroweak\QED corrections

NLO top quark mass effects in the gluon fusion channel

[Catani, Cieri, de Florian, Fererra, Grazzini ’12 ’18]
[Campbell, Ellis, Li, Williams ’16]

[Schuermann, Chen, Gehrmann, Glover, Hofer, Huss ’22]

[Bern, De Freitas, Dixon; Coal, Chakraborty, Gambuti, von 
Manteuffel, Tancredi; Chawdhry, Czakon, Mitov, Poncelet; 

Agarwal, Buccioni, von Manteuffel, Tancredi; Badger, 
Gehrmann, Marcoli, Moodie]

[Cieri, Sborlini ’21; Binoth, Guillet, Pilon, Werlen ’00;

Chiesa, Greiner, Schoenherr, Tramontano ’17]

[Maltoni, Mandal, Zhao ’19; Chen, Heinrich, Jahn, 
Jones, Kerner, Schlenk, Yokoya ’20]
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Massive Corrections

Massive corrections !(α2
s )

gg

qq̄

qg

Diagram

Diagrams

Diagrams

[J.M.Campbell,R.K.Ellis,Y.Li,C.Williams]

Original results and main focus of the talk

Evaluated for the final result

γγ γγj γγjj

[F.Buccioni,J-N.Lang,J.M.Lindert,P.Maierhofer,

S.Pozzorini,H.Zhang,M.Zoller]

EPS-HEP2023

Massive Contributions at NNLO

Double-Virtual Contribution [MB, Bonciani, Cieri, 
Coro, Ripani ’23]

One-loop box Contribution [Campbell, Ellis, Li, 
Williams ’16]

Real-Virtual Contribution

Double-Real Contribution



qT Subtraction Scheme

For the production of a singlet-colour system F in hadron collision

dσF
(N)NLO |qT≠0 = dσF+jets

(N)LO

Singular behaviour of the cross section for the system F+jest, at qT=0, known

dσCT = dσF
(LO) ⊗ ΣF(qT /Q) ΣF(qT /Q) =

∞

∑
n=1

( αS

π )
n 2n

∑
k=1

ΣF(n;k) Q2

q2
T

logk−1 Q2

q2
T

Singular behaviour from resummation of logarithmic contributions at small transverse 
momentum [Parisi, Petronzio ’79; Collins, Soper, 

Sterman ’85; Catani, de Florian, 
Grazzini ’00]



qT Subtraction Scheme

NNLO cross section in qT subtraction scheme

d σγγ
NNLO = ℋγγ

NNLO ⊗ d σγγ
LO + [d σγγ+jets

NLO − d σCT
NLO]

Counterterm for 
small-qt 

singularities

NLO cross section 
for diphoton plus 

jet

Hard virtual 
function

[Del Duca, Maltoni, Nagy, Trocsanyi ’03]NLO (massless) cross section for diphoton plus jet known

NLO (massless) counterterm known [Del Duca, Maltoni, Nagy, Trocsanyi ’03]

One-loop and two-loop (massless) Hard Function contributions known
[Balazs, Berger, Mrenna, Yuan ‘98]

[Anastasiou, Glover, Tejeda-Yeomans ’02]

[Catani, Cieri, de Florian, Ferrera, Grazzini ’14]

We include massive contribution to the cross section at NNLO

[Catani, Grazzini ’07]



Hard Function quark annihilation channel

ℋqq̄,γγ = 1 +
αS

π
ℋqq̄,γγ

NLO + ( αS

π )
2

ℋqq̄,γγ
NNLO + ⋯

All-order relation

ℋqq̄,γγ =
|A(𝚏𝚒𝚗)

qq̄,γγ |2

|A(0)
qq̄,γγ |2

Perturbative expansion

Finite reminder

Born Amplitude

The two-loop massive amplitude in quark annihilation channel is IR finite, after UV 
regularisation

The two-loop massive corrections can be included by simple addition in the two-loop 
Hard Function



Photon Isolation Criteria
Photon production

When dealing with the production of photons we have to consider two 

production mechanisms:

Hq̄

q γ
γ

Hq̄

q

W,Z

γ

Direct component: photon directly 
produced through the hard interaction

Fragmentation component: photon produced 
from non-perturbative fragmentation of a 
hard parton (analogously to a hadron)

Fragmentation function:

to be fitted from data

Single and double resolved (collinear fragmentation)

Fragmentation function:

to be fitted from data

When quark and photon are collinear   →   singular propagator

Calculations of cross sections with photons have additional 
singularities in the presence of QCD radiation. 
(i.e. When we go beyond LO)

HP2 – Munich – Germany September  2012
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Calculations of cross sections with photons have additional 
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Direct Component: photon 
production from hard interaction

Fragmentation Component: photon 
production from non-perturbative 

fragmentation of hard Parton

Experimentally photons have to be isolated

Isolation reduces fragmentation component

We use smooth cone 
isolation [Frixione ’98]

γ
r q ∑

r<R

Ehad
T ≤ ϵpTγ

χ(r; R)

χ(r; R) = ( r
R )

2n

IR-Safe Cross 
Section

r->0: No 
fragmentation 
Component



Two-loop Amplitude 
for the quark 

annihilation channel



Strategy of the Computation

Missing ingredient for a complete NNLO analysis of diphoton production with top quark mass dependence

Analytic structure of Feynman integrals involves elliptic geometries

We evaluate numerically the integrals using power series expansion technique [Moriello ’18]

Feynman 
Diagrams

Form 
Factors

Master 
Integrals

Power 
Series



Form Factors Decomposition

We consider scattering amplitudes for diphoton production in quark annihilation channel

𝒜qq̄,γγ(s, t, m2
t ) =

4

∑
i=1

ℱi(s, t, m2
t )v̄(p2)Γμν

i u(p1)ϵ3,μϵ4,ν

The amplitude can be decomposed as sum of four independent tensor structures

Γμν
1 = γμpν

2, Γμν
2 = γνpμ

1 , Γμν
3 = p3,ργρpμ

1 pν
2, Γμν

4 = p3,ργρgμν

We compute the two-loop form factors contribution coming from diagrams with heavy quark loops

ℱi = ℱ(0)
i + ( αB

S

π ) ℱ(1)
i + ( αB

S

π )
2

ℱ(2)
i + ⋯



Massive Quark Contribution

Contribution from heavy quark loops appear at order 𝒪(α2
S)

ℱ(2)
i,𝚝𝚘𝚙 = 4παemδklCF [Q2

qℱ(2)
i,𝚝𝚘𝚙;𝟶 + Q2

t ℱ(2)
i,𝚝𝚘𝚙,𝟸]

Three different kind of contributions

Federico Coro 7

Two-loop Feynman diagrams
At partonic level the scattering process is: q(p1) + q̄(p2) → γ(p3) + γ(p4)

Feynman diagrams generated with FeynArts [T.Hahn]

External particles on-shell and the top quark running in the loop

PLA NPL PLB

EPS-HEP2023

CF =
N2

c − 1
2Nc

Qq

Qt

Light-quark electric charge

Heavy-quark electric charge



UV and IR structure

Since diagrams with a heavy quark loop start contributing at two loop, ℱ(2)
i,𝚝𝚘𝚙

does not have IR singularities

All the divergences are of UV origin

Renormalisation is performed in a mixed scheme

ℱR
i = Zqℱi (αB

S → ZαS
αS)

On-shell Scheme Light-quark MS
Heavy-quark OS

ℱ(2)R
i,𝚝𝚘𝚙 = ℱ(2)

i,𝚝𝚘𝚙 + δZ(2)
q ℱ(0)

i + δZ(1)
α,Nh,OS ℱ(1)

i

Zq = 1 + ( αS

π ) δZ(1)
q + ( αS

π )
2

δZ(2)
q + ⋯

ZαS
= 1 + ( αS

π ) (δZ(1)
α,Nl,MS

+ δZ(1)
α,Nh,OS) + ⋯



Scalar Integrals Topologies

Federico Coro 9

Master Integrals

Now we have 
42 MIs 

for all the 
process!

EPS-HEP2023

Form factors written as linear combination of 72 Master integrals (MIs)

ℐtopo(n1, . . . , n9) = ∫
𝒟k1𝒟k2

Dn1
1 Dn2

2 Dn3
3 Dn4

4 Dn5
5 Dn6

6 Dn7
7 Dn8

8 Dn9
9

MIs can be cast into three independent scalar integrals topologies

Two Planar Topologies, PLA and PLB, analytically computable 
in terms of Multiple Polylogarithmic functions

[Aglietti, MB, Bonciani, Caron-huot, Ferroglia, Henn, 
Mastrolia, Penin, Remiddi,… ]

Non Planar Topology, NPL, analytic structure described by 
elliptic geometry

Only numerical 
evaluation

[Maltoni, Mandal, Zhao ’18; Chen Heinrich, 
Jahn, Jones, Kerner, Schlenk et al. ’20]



Elliptic Sectors

Non-Planar 
Triangle
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Maximal Cut

The homogeneous part of the DEs contains elliptic functions This is verified by the Maximal Cut 

y2
c = (z8 + t)(z8 + s + t)(z8 − z+)(z8 − z−)

y2 = x2(x2 − 1)(x2 − b+)(x2 − b−)

Genus one

[J.Broedel,C.Duhr,F.Dulat,B.Penante,L.Tancredi]

The elliptic curve  degenerates to 

 in the forward limit 

y2
c y

t = 0 [G.Fontana]

EPS-HEP2023

Analytic solution written in terms of elliptic 
generalisation of MPLs (eMPLs)

[von Manteuffel, Tancredi ’17]

[Broedel, Duhr, Dulat, Penante, 
Tancredi ’18]

Geometry of the analytic structure described by 
the elliptic curve

Federico Coro 12

Maximal Cut

The homogeneous part of the DEs contains elliptic functions This is verified by the Maximal Cut 

y2
c = (z8 + t)(z8 + s + t)(z8 − z+)(z8 − z−)

y2 = x2(x2 − 1)(x2 − b+)(x2 − b−)

Genus one

[J.Broedel,C.Duhr,F.Dulat,B.Penante,L.Tancredi]

The elliptic curve  degenerates to 

 in the forward limit 

y2
c y

t = 0 [G.Fontana]

EPS-HEP2023

y2
T = z(z + s)(z − a+)(z − a−)

Analytic solution currently unknown

Geometry of the analytic structure described by 
the elliptic curve

y2
db = (z + t)(z + s + t)(z − b+)(z − b−)

a± =
1
2 (−s ± s(s + 16m2

t )) b± =
1
2 (−s − 2t ± s(s + 16m2

t ))



Differential Equations

We compute the MIs by means of differential equations method (DEQs)

d ⃗f( ⃗x, ϵ) = d A( ⃗x, ϵ) ⃗f( ⃗x, ϵ)

Vector of kinematics invariants

⃗x = {y, z}, y =
s

m2
t

, z =
t

m2
t

Analytic Boundary conditions fixed at ⃗x0 = {0,0}

Semi-Analytic solution obtained through 
generalised power series expansion

[Moriello ’18]

DEQs for planar topologies in 
canonical form

d ⃗fP( ⃗x, ϵ) = ϵ d AP( ⃗x) ⃗fP( ⃗x, ϵ)

DEQs for nonplanar topologies 
in split form

d ⃗fNP( ⃗x, ϵ) = ϵ d ANP( ⃗x) ⃗fNP( ⃗x, ϵ) + d ÃNP( ⃗x, ϵ) ⃗fNP( ⃗x, ϵ)

d-Logarithmic 
Contribution

Elliptic sectors 
Contribution



Generalised Power Series Evaluation

We exploit the Generalised Power Series method as implemented in DiffExp

Series Solution around 
singular points of DEQs

⃗f(t, ϵ) =
∞

∑
k=0

ϵk
N−1

∑
i=0

ρi(t) ⃗f (k)
i (t), ρ(t) = {

1, t ∈ [ti − ri, ti + ri)
0, t ∉ [ti − ri, ti + ri)

, ⃗f (k)
i (t) =

∞

∑
l1=0

Ni,k

∑
l2=0

c(i,l1,l2)
k (t − ti)

l1
2 log(t − ti)l2

Numerical evaluation of MIs in whole phase-space

Suitable for phenomenological applications

[Hidding ’20]

The method does not depend on the functional space of the solution



Numerical Evaluation

We evaluate the MIs directly in the physical phase-space region

s > 0, t = −
s
2

(1 − cos(θ)), − s < t < 0

We build a numerical grid for the Hard function

−0.99 < cos θ < 0.99, 8 GeV < s < 2.2 TeV

pi,j :=
si = s0 + (sf − s0)

i
572

tj = −
si

2 (1 − cos θj), cos θj = cos θ0 + (cos θf − cos θ0)
j

23

Evaluation time 13752 points

Planar 
Topology:

O(2.5h)

Non-Planar 
Topology:

O(10.5h)

Single core laptop

�

s

Figure 4: Schematic representation of the procedure exploited to optimise the grid construction
within DiffExp. Red dots represents the points in which the MIs are evaluated and the blue dashed
lines connect the sequential evaluations.

where s0 = 64GeV2, sf = 4.4TeV2, cos ✓0 = �0.99, cos ✓f = 0.99 and the indices i, j take the values
i 2 [0, 572], j 2 [0, 23]. We constructed the grid by performing sequential numerical evaluations of
the MIs in DiffExp as depicted schematically in figure 4. Starting from the boundary conditions
for the systems of differential equations, we perform a first evaluation in the physical point p0,0.
From this point, at fixed value of s, we move along the ✓ axis, from cos ✓ = �0.99 to cos ✓ = 0.99,
up to the point p0,23. Then, we increase the value of s and we move in the other direction along
the ✓ axis up to the point p1,0, and so on so forth. In order to optimise the grid generation, for
each evaluation we use as boundary conditions the value of the MIs obtained at the previous point.
This procedure effectively increases the efficiency of the evaluation for the MIs. In particular, we
managed to evaluate the MIs in all the points of the grid, with a 16 digits accuracy, in 2.5 hours
for the system PLA and 10.5 hours for the system NPL, on a single core laptop.

Finally, in order to validate our results, we performed numerical checks for the MIs against
independent numerical evaluations done with the AMFlow package [126], which implements the
auxiliary mass flow method [133, 134]. The MIs have been checked for several points in the physical
phase-space region, finding an agreement between the two independent evaluations up to 200 digits
of accuracy. In the table 2 we show explicitly the agreement up to 60 digits, for the non-planar
double-box integrals, in a point of the physical region. As a proof of concept of the numerical checks
we show in figure 5 our results for the double-box MIs in the non-planar topology NPL.

4 Conclusions

In this paper we presented the computation of the two-loop form factors for diphoton production
in the qq̄ channel, where the full dependence on the top quark mass has been retained. This
computation represents the only missing ingredient, at two loops, in order to be able to perform a
phenomenological study for diphoton production at NNLO [1] which fully takes into account the
dependence on the top quark mass in all the relevant channels.

The non-planar topology which contributes to this process contains two sectors of MIs whose
analytic representation cannot be given in terms of MPLs. In order to be able to exploit our re-
sults for phenomenological applications, we computed the MIs by means of differential equations,
exploiting the generalised power series technique. This method proves to be of great use for phe-
nomenological applications, especially in cases where the functional space for the MIs contains not
only polylogarithmic functions.

– 14 –



Phenomenology



Framework

Massive corrections encoded in new version of 𝟸γ𝙽𝙽𝙻𝙾
[Catani, Cieri, de Florian, 

Ferrera, Grazzini ’16]

We exploited fast integration routines of the  framework𝙳𝚈𝚃𝚞𝚛𝚋𝚘
[Camarda et al. ’20]

Kinematical 
parameters

s = 13TeV

Photon transverse momentum: phard
Tγ

≥ 40GeV, psoft
Tγ

≥ 30 GeV

Photon rapidity:  Excluding |yγ | < 2.37 1.37 < |yγ | < 1.52

Isolation cone 
parameters

Federico Coro 17

Fiducial 
cuts

 s = 13 TeV

 pHard
Tγ

≥ 40 GeV

 pSoft
Tγ

≥ 30 GeV

|yγ | < 2.37

Smooth isolation 
 cone

χ(r; R) = ( r
R )

2n
Ehad

T (r) ≤ ϵpTγ
χ(r; R)

Excluding 1.37 < |yγ | < 1.52

R = 0.4

ϵ = 0.09

n = 1

EPS-HEP2023

[The ATLAS Collaboration]

Final Results

ATLAS 
Collaboration 
Parameters

Scales choice

μ ≡ μF = μR = Mγγ

Theoretical uncertainty: seven-point 
variation scale by factors {1/2,2}



NNLO Invariant Mass Distribution

Lower Panel: ratio between fully 
massive and massless NNLO

Mγγ ≤ 2mt
Massive corrections smaller than massless 

one. Peak at top-quark threshold

Mγγ > 2mt
Massive corrections larger than 

massless one. Maximum deviation at 
2.3 times top-quark threshold

Effect of massive corrections: 
deviation from massless one in the 

range [-0.4%,0.8%]



Hard Function

Upper Panel: ratio between fully 
massive and massless NNLO

Smaller, in whole invariant mass range, 
than the massless one

Lower Panel: ratio between one-
loop box and massless NNLO

One-loop box asymptotically behaves as a 
6 light quark contribution

( ∑
nf=6

e2
q)2/( ∑

nf=5

e2
q)2 = 225/121 = 1.8595...

Size of both ratios around negative peak: -15%

Most sizeable massive contributions at NNLO 



Double-Real and Real-Virtual Contributions

Double-Real Real-Virtual 



Summary of Massive Contributions

Ratios of each massive contributions with 
respect to massless NNLO

Two-loop quark annihilation and one-
loop box dominant massive contributions

Real-Virtual Contribution subdominant.

It reduces the size of the negative peak 

at the top threshold

Size of massive Double-Real Contribution 
tiny and not relevant for phenomenology



Conclusion and 
Outlook



Conclusion and Outlook

We computed the fully massive corrections to diphoton production at NNLO

The two most significant contributions are the one-loop box and the two loop qq channel

Massive corrections relevant at the top quark threshold but also for large values of the invariant mass

Future Developments

Constraints on top quark mass

Inclusion of partial N3LO massive contributions

qT Resummation



Thank you for your 
attention!


